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1961 BECTHHK JIEHHHITPAXCKOIO YHHBEPCHTETA Ne 13 


MATEMATHKA 


E. M. Tonp6epr 


OB OLLIEHKAX’ OB bEMA n-CHMIMWIEKCA 4YEPE3 OB bEMbI 
ErO FPAHEH 


B m-MepHOM e€BKHZOBOM mpoctpanctBe E” k-cuMNAeKCOM Ha3biBaeTcA 
BbIMyKO€ 3aMbIKaHHe CHCTeMbI k-+ 1 TOYeK, HE WexKAaWNX B OHO R- 
MepHOH MaocKocTH. BrinykKpe 3aMbIKaHHA NoAcucTeM u3 p+ 1 TouKH Ha- 
3bIBAIOTCH P-MeEPHbIMH paHAMH. 

Bpenem o603HayueHHaA: 


Gij, .-. Gi, Qij, .+. Aj, 1 
al ee ae nat FRB Braet y 
ale) 4 aa eae ad Co 

i nhs $08 Qipip Qh 5.0% Qi ie 1 

rjj—BeKTOP 43 1-OH BepUIMHEI B /-y!O; Yi, ..-, Yon — KOOPAMHATHI 


BEKTOPa. op. 
O6pem Vp napatmenenunega, MOCTpOeHHOrTO Ha BeKTOPaX 71, ---, Tor; 
papeu (cm. [1], ra. 1X) 


Vem {Wik Vr (1) 


Weg Pee <ip<n 


O6nem A“ k-cumnatexca pape 


k 1 1 ign ots 2 
AM = Vi= >; Eos 1| ’ (2) 
0<ji< <jp<n 
PMe Xi, .--, “gn — KOOPAHHAT HI g-on BepImHHBbl. 


OcHOBHOH pe3yibTaT paOOTb! COCTaBIAeT CNeyloulad TeOpeMa. 
Teopema 1. //ueem mecmo Hepasencmso 
2 1 cht 22 
(irae a(n aeny lip 1 1 Cet* > Cals ; (3) 


1 


20e | npobezaem 6ce p-mepHole 2epanu cumnAeKca. SHAK pasexcmea umeem 
mecmo mozda ul MOAbKO mozda, Koz20a n-cumnAeKC peeyAApeH, mM. e. 


KO20a bce e20 peOpa paéHol. 
Baugy (2) HepapeHcTBo (3) MOxKHO 3anvcaTb B Buse 
Zz 1 1 


DV Wie ay ies [eb ero ua 


EE 
Jat ipst 1/? p 
Favs: d 


ae ee Sippy 1<@ 1<4<...<i<n 


6 E, M. Toaebepe 


M1pH4eM 3HaK PaBeCHCTBa umMeeT MeCTO TOrAa WH TOJIbKO TOrAa, KOT Aa 
n 
YS) in — jn)? = const, bee] PPO Om lee ae 
k=1 


Jlokaxem CHavaJla PAT BCNOMOILaTeJIBHBIX TIpeA10KeHHH. 


Jlemma 1. (OG6o06meHHoOe HepapencrBo Ayamapa). /Iycms b,, ..., On 
n AUHeuHO HeEsasucumEx beKmopos. V (by, ..., bi) — 000em napanne- 
nenuneda, nocmpoennozo Ha BexKmopax by, ..., bi» 1 < ky epee 
To20a cnpasednusnl Hepasencmea 
1-2... (a—k) 
(a—1)...R 
Vi (Bi ei eee, |e [] (ViOs les) = 
; 1<s5,<...< 5,<n : 
Nn 
<mae [leer (4) 
s=1 


SHAK paseHcmsea Umeem MeCMO mMOz20a LU MOALKO mozda, KO20a BeKMOpe 
b; nonapHO OpmozoHarbHol. 


Hepaseuctso (4) Bnepsbie nomyyeHo are [2]. IIpuBoguMoe oKasa- 
TEJbCTBO OOMee MpOcTo. 
JLoka3aTeabcTBo. YcraHOBUM CHayasa MepBoe M3 HepaBeHcrs (4). 
Bocnoub3yeMCA paBeHCTBOM 
2 
Wes. HHI Lineal? n=l 
here ee =| Bit in| 
rae By anreO6pauyeckue fOnonHeHuA 2smemMeHTOB Oj; (cm. [1], ra. I, § 4). 


K mpaBow uacTH 3TOrO paBeHCTBa IpHMeHHM HepaBeHcTBo Ajjamapa, M0- 
ty 4M 


’ 


n i 
[Vpseesisa cel 2 Dy Wea 
lore ee NB ee : 
é!y kh=1 
SHaK paBeHCTBa MMe€eT MECTO TOrZa H TOMBKO TOrAa, Kora 


n 
SB. Bp=0, tf) 0 flee 
k=1 


n 


: Wee 
Ilyctb 0a, ..., bin KOOPAMHATH O;, Torga, corsacHo (1), S) Bai — KBaapat 
i=1 
oObema lapasnelenunena, mocrpoeHHoro Ha BekTOpax 0,, ..., Op—a, 
On+1, y b 
oer © Ne 


TOuHO TaK 2%Ke OWeHHBaeTCA OObEM Ak-MepHoh rpaHu mapamienenu- 
mela uepes OOBEMBI CMe@XKHBIX C Hew Ak — 1-mMepHprx rpaHen. YuurTpipas, 
4YTO Kak fai rpaHb pasmepHoctH k—1 npwHaniexuT n—kR-+1 rpaHam 
pa3smMepHoctun k, BUAMM, 4TO 


k—1 
Il] Vacs, 0g) ee Il PU eee ee 
1<sy<... <sp<n NARS 5 6 SIGH ASS 
JloKaxkem, 4TO JIA BbIMOIHEHUH PaBeCHCTB Me2K TY ABYMA 3SBeHbAMUV 
wenH HepaBeHCTB (4) HeEOOXOMHUMO HU AOCTAaTOUHO, UTOOBI BCe BEKTOPbI 


6; OblIM MOMapHO OpToroHadbHb. JocratounocTh oueBHAHa. JloKaxKeM He- 
oOxonumoctp. Ilycrp B (4) uMeeT MecTO paBeHCTBO, Tora 
n 


SiBuba=0, +f, i, f=l,...,0. 
k=l 


O6 oleHKax O6beMa n-cuMMeKCa Yepes OObEMBI ero rpaneit if 


Kpome TOTO, BCerfwa HMelOT MECTO TOMTECTBA 


> FinBin = 9, i j, Lites 


k=1 


PacqwoTpum Bextoppi B;, ..., By, rae Be =(Bnu, ..., Brn). OHM AMHetHO 
He3aBHCMMBI (MHaYe Napaiedenunex On Obl BEIPOXKCHHEIM) UM OpTOroO- 
HaJbHbl. Tak Kak Kax bli U3 BeKTOpOB bg opToronaien K By, ..., Bra, 
Bri, ..., By, TO OH KOMIMHeapeH BeKTOpy By. CaeqopaterbHo, 0; 110- 
MapHO OPTOrOHaJbHb. 


Caenactsue. [lapatmenenunex sABAdeTCHd MpAMbIM TOra HW TO/IbKO 
Tora, Korja 


bp; — Czby k,j= ik as ey i, Ce const, 
iX;.— XX, 4;—...— Xp; 
JlIemma 2. ITycmse 6;;= —2 aE °/ | mozda 
“tl 
feu aaah | Pie 2 
Wied) > Leis = SS bee erase : (5) 
1<i;< ... <ip<n O<pi<--.<Pp4i<n 


JloxasaTepcrBo Oy em BecTH HHAyKUMeH To k ,cBepxy“. pu k=a 
TOK TECTBO cupaBeainBo. Jlonyctum, 4YTO OHO cipaBequBO npun>k>1; 
mpopepuM ero yaa k—1. 


B (5) 6ymem nocremoBaTebHO MOMaraTb 


XO0k — iF Xik == 0; eee yg Xn—1k = 0, Xnk as O; 
Xorn = 0, Xin, = 1 Ben. bias MCS ee? ==) a=: 
Kon S= 0; Kip, ern Xai = 05 ne 


nozyuuM n-+ 1 paBencTBo. CioxMM Ux UM YOeRAMCA, TO MBI NOY YM 
TpeO6yeMoe TOXKTECTBO, MOMHOMKeHHOY Ha A—R-+1, t 

JleticTBuTeIbHO, pa3JIOXRKUB oMpesemMTemM, croAmMe B MpaBoH yacTH 
mowyyeHHoro TOR AecTBa 7, MO 31eMeHTaM MmpeAnociesHero crowmOma, nO- 
JyUHM CYMMY KBapaTOB ONpesesuTeseh Bua 


eet eee 


HetpyHO BuseTb, YTO B CYMMY BXOZAT BCe ONpexemuTeAM TakOrO Bua 
TOMHO 110 2 —k-+-- 1 pas. 
Jlepaa uactp 7 umeerT Bu 


b b ee, 
a Slo. ++ Yssk—1 5:45) tal) 
he a) Mis. 
SY @+i) a 
qs 
p=0 Tse es <Sp<n bs,1 as Bs ,k—-1 Cees 
V see +t) 
re 
| Q, ecau S;<cp 
qs=| P, CaM S:= P 


—1, ecru S;>p, 


8 E. M. Toaebepe 


Pa3102%xKUM ONpeweANTeAM, COCTaBAAIONMe BbIPaxeHHe (6), 10 91€MeHTaM 
nocsenHero crom6ua. Tloa1y4uM MHOFOWIeH BTOPOH CTeMeHH OTHOCHTEAbHO 
MHHOpoB (k — 1)-ro nopaAaKa MaTpHIbl 


peer 
ica 

O6o3HauuM A (Fj, fo,...,%n—k+1) MATPULY, KOTOPad NOMyuaeTcA W3 Npesb- 

yule MyTe€M BbIYePKHBaHHA CTOMOUOB C HOMePaMH fy, fo, ..., Tn—k+1 


Lt Solar < oe el emt) 

B noayyeHHoM MHorowtene Koaddunvent upu |A (ry,..., n—r+1){? 
paBeH 
n-k+1 . 


> vanan) +S yee) ee 


p=. 0 


l'p CAaraeMbIx 


BuryucauM Kospuuvent npu |A(ry,..., Pa—nti)| 1A (7, -~ +s 7p -n4i) |. He 
Hapyliad OOUHOCTH, MOKHO MOJOKUTb 
PS Fatt let eee ee 
Tora MCKOMBIN KOIPMuLUneE HT OyeT paBeH 
9 ols. AA oy pe Me ee = at 1 1 
Vr) V(r, Hy OO Vee Vr, (7, $1) 
l= p+1 a: 


r, ClaraeMblx 
po tilts ge ay ae ee 
V lee ere 
Ilostomy wepaa yuactb 7 papna (n—k-+1) » | A(r,, 


1<7,< ..< <’n-k41<% 


= 0. 


Geese) 2) 

JlemMMa OKa3ana. 

llpucrynuM K JOKasaTebCcTBy TeopeMH. Bocnouwb3syemca mocaenoBa- 
TeIbHO JIEMMaMH 2, 1, HepaBeHCTBOM M@%KZy cpeAHHM apHdMeTH4eCcKHM 


k 
M CpeHHM reOMeTpH4ecKHM Cy, HCE H, H3MCHHB MOPAAOK CyMMUHpOBa- 
HHA, BTOPHYHO AeMMOH 2, 
ms ES 2 
BO) Qin fA pianahe 
(oR) e |i ie Olea 


AOL 
; i 12 Wkee aR 
: : eee 
1<ij<... <ip<n \l<ji< see STp<n. a % 
1 : : 
ae, \" Dee cos 
; comma > | hiss +Tp 
Die nee “<ip<n WES ESS bE <Jp<n 


ae ar » ys | bi ses i ? 


DSi feriede <ipsnil<i<... <ip<n 


x 


1 


1 xR 

< ————___—_- XPi+++Pro1 | f2 7 

>= 

Di Caan) » Reaawiiarene ty 
1<jfi<...<jp<n 0<Py< .++ < Ppyic<n 

Tpe6yemMoe HepaBeHCTBO MOJ1y4eHO. 


O6 oleHKax OObeMa n-cuMMueKcCa Yepe3s O6bEMEI ero rpanert g 


SHak paBeHctBa B (7) uMeeT MecTO Torma HM TOKO Tora, KOrAa 
CYMMBI, CTOAUIME NOX 3HaKOM MPOM3BeeHHA, PABHBI Mex Ly COGOM, a Na- 
PaIeAeNHNe, MOCTPOeCHHHIH Ha BeEKTOPAaX bp= (On, ..., Onn), MPAMOM. 
Ileppoe osnauaet, uTO Bce R-MepHble paw mMapatwiesenunenza paBHoBe- 
MK. CaefopaTerbHo, mapadaenenunel sBaaeTcA KYOOM, T. e. HMelT 
MCCTQM@PaBEHCTBA 


n n 
¥ by =B = const, J bipbjp = 0, ¢#/, i, j=1,. 


ae oe (8) 
j=1 p=1 
Tloxaxem, 4uTO paBencrsBa (8) 9KBUBaAeHTH paBeHCTBY 
3 
rij e— NS) (xin 5p a == const, i - f, i f =O, | n, (9) 
k=1 


T. €. peryAPHOCTH CHMMeKca. 
lis 7 ne 
O6bemM peryApHoro cuMnaeKca paBeH AM = [AM 13h 


Ilostomy u3 (9) caenyer (8). 
Tloxaxem, uTo u3 (8) caenyet (9). IIpeacraBum b,; cneayloulMM 06- 
pasom: 


EE Re k—1 
bj = Roa (ei — Xn-1y) a Et Ob 
Toraa 
n s to 
; Be = pas 
ath SS Bap |er-1?? +2 _ VED (ay — ani) bony He pa 
Be - 


CpeqHui 4wieH CyMMBI BHIYMCAIAeTCA H3 COOTHOWICHHA 


» Onida—vy = pe (Xnj — Xr—1;) Op—1y + Vea B. 
wea jal 


Orciona |rrx—1|? = 2B. Tak Kak HYMepallHa BEPLWIMH CHMAMeKCa HaXOZUTCA 
B HalleM pacnopsxeHHH, TO Hu BOObUe | rij|? = 2B. 
Teopema j0Ka3ana. 


OQ603HauHM 
1 1 


hei] & Baa 
ty = ((R + 1) Cath] pa » eee 
I 

JloKa3aHHOe HepaBeHCTBO MOXKHO MepenucaTb B Bue 

Un Up (pred, ?.., n—1). (10) 
Vimeer mecto Teopema 2. 

Teopema 2. Cnpasedruso Hepasexcmso 

Up < Up-1 (me oS as a): (11) 

Paeencmeo umeem mecmo mozda u moAbKO moz2da, KO20a CUMNAEKC pe- 


2yAsmpen. 
Tloka3aTeaAbCTBO. PaccMOTpHM KBaspaTH4Hylo dopMy 


f= SM (016) xi xj, 


i,j=1 


10 E. M. loae6epe 


OnpesemuTeTeM KOTOPOH ABAKeTCA OnpesemuTeb ['pama OT CHCTEMbI BeK- 
topos {b}={b,, ..., by} —/'{b}. Tak kak onpegeautTetb Ppama no 11000H 
CHCTeMe JIMHeHHO-He3aBHCHMBIX BEKTOPOB CTporo NOORKUTeTeH, TO Popma 
f NOn02#XUTebHO-OMpe MeeHHad; CeMOBATebHO, MHOTOWICH 


|P4b) NE [Sa CS te CaS acess, (12) 


rae Sp—cpennee apudmernyeckoe raaBHbix k-munopos / {6} (cm. [1]) — 
MMeeT JIMIIb OTPHMATebHbIe HY. 

Tax kak /{b} mpeacrapinetT coOoh KBagpaT oObemMa flapemeienn- 
ea, MOCTpOeHHOTO Ha BeKTOPax cucTembI {b| (cm. [1]), TO, NOmb3syAcb 
nemmMon 1 u cdbopmyso (2), MOXHO MOKa3aTb, 4TO 


R 
oe 


Ho torga (cm. [4], crp. 128) (11) gqoKxa3aHo, mpuyeM HMeeT MeECTO MaxKe 
Ooee CHIbHOe HePpaBeHCTBO 
Eat rhe (13) 

JlocTaTOuHOCTh ycaoBHu paBeHcTBa B (11) uw (13) oveBugaHa. Heooxogu- 
MOCTb Cpa3y cleayeT 3 OKa3aTebCcTBa Teopembl 1. Teopema OKa3aua. 

Ucnopb3yai HepaBeHCTBa Mex Ly KOIPMUUMEHTaMH MOJIMHOMOB, HMElO- 
IHX JIMIUIb BEL[ECTBEHHHIe HYJH OMHOTO 3HaKa, MOMKHO AOKA3aTb PA APy- 
THX @HAJOPHYHEIX HepaBeHCTB. 

Tak, HallpuMep, uMeeT MeCTO TeOpema 3. 

Teopema 3. Cnpaseduuso nepasexcmso 

k n k+1 n 


=p ZS ree 
ie Age > gas hg SO ee ee, 


Pasexcméo umeem mecmo mozd0a u MOAbKO moz0a, KO20a CUMNACKC pe- 
2yARnpen. 
HoKxasateabetTsBo. Tak Kak MOAMHOM (12) uMeeT AMUIb OTPUIa- 
T@JIBHbIe HYJH, TO MOAHHOM 
2-1 d | 


nN 
nu, ar 


VMeeCT TAKXKE JAMMIb OTPHMaTebHBle HY. Jlanee nNOBTOpAem paccyx7e- 
HHA, aHaIOTH4Hble UupesblAyuiMM. Teopema JOKa3aHa. . 

Sameuaune. Bce OKasaHHble TEOPeMbI CMPaBeAVIMBLI H B YHUTAap- 
HOM IMPOCTPaHCTBe, IIPHYeM MOKA3ZaTeJIbCTBA OCTAIOTCA MOUTH JOCAOBHO 
TaKHMH Ke. 

B  3akaioyeHve BbIPaxkalo HCKPeHHIOIO OaroqapHocTh npodeccopy 
J. K. ®anmeeBy 3a BHHMaHHe K pa6oTe u accuctenty IO. JI. Byparo 3a 
MHOPOUMCICHHBIE COBETH, CMOCOOCTBOBABIIHe YJy4NIeHHIO ee KauecrTBa. 


Summary 


An estimation of the volume of a-simplex by the volumes of its 


ne ae faces is given. The equality takes place for a regular simp- 
ex only. 
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A. ®, Jlappuk 


K BHHAPHbIM MPOBJIEMAM AJIIHTHBHOKW TEOPHH MPOCTbIX 
4HCEJI B CBA3H-C METOJOM TPHTOHOMETPHYECKHX CYMM 
MW. M. BHHOTPAJLOBA 


Ilyctb /Tp (x) 4 Q(N) oGo3HayatoT cOOTBeTCTBeEHHO: KOMMYeCTBO Hap 
MpOcTHX 4ncel p, p+ 2k np AanHoM wetoM k>1, mexamux B MHTEp- 
Balle 3aaHHOH WinHb (0, x), uw uncu0 mpeacTaBseHHH ueTHoro N Bs Buse 
CYMMBI ABYX MpOCTHIX 4HCe. 

OrHocutTembHO //p(x) u Q(N) B 1923 r. G. Hardy u I. Littlewood 
[1] Bricka3aqu CenyroulMe runoTesH: 


: pip—2) «x p—l. 
Hy (x)~2]] (p — 1)? In? x I p= 2? 


p>2 plik, p>2 
—2) N p-—! 
Naas | Ae II Boks 
Q( ) 2 (p —1)2. In2N p—2’ 
p>2 pIN, p>2 
rye p mpoberaeT mpoctpie uwucia, a CHMBON ,~“—3HaK acumnToTuye- 


CKOrFO paBeHCTBa. 

H3BecTHble TOAXOZbI K 3THM TuNOTe3aM Ob OCHOBaHbI Ha MpuMe- 
HeHHH HEKOTOPHIX MOAMMUKaNHH ,pemera“ OpaTroceua, paspaOoTaHHblx 
Tpyfamu Viggo Brun u A. Selberg. 

OqHakO, Kak MOKa3bIBaIOT MHOFOUMCeEHHBI€ HCCAeAOBaHHA MeTOJOM 
,»pemeta“, 30eCb y@aeTCA NOMYYATS MOKA TOMbKO pe3yIbTaTH Tua OWe- 
HOK CBepXxy. 

B Hactoameh pa6ote dyuKuun /7p(x) u Q(N) u3yyaiotca 10 MeTOLy 
TpuroHometpuyeckux cymMmM VM. M. Buxorpagosa [2]. IIlpu sro, B 4acr- 
HOCTH, YaeTCA MOKA3aTb, YTO NPHBEAeHHbIe BbIIMe THNOTe3sbl Xapszu— 
JlutTiByqa BepHH ,mouTH ama Bcex Rk“. Bomee TOUHbIe POPMYyAMPOBKU 
NOJYYCHHHIX Pe3YAbTATOB Ce LYIOUMe. 

Teopema 1. Yucuo /[]p(x) nap npocmox uucena p, p+ 2k, rena- 
mux 6 unmepsane (0, x), 6uipancaemcA opmyAoiu 

—2 iG al x 
My (x) = 2 EPO a prea eee 
p>2 pik, p>2 
daa Kancd0z0 0<2k<x/Inx, uckzmuaa He Oonee, vem {Xx/(INx)" u3 
Hux, 20e M>1—npouzeorbHO 3a0QHHOE, U NOCMOAHHOE 6 CUMBONE O 
Uy 3aeuciam Auub om M. 

Metogzom TpuronomMerpuyeckux cymmM HM. M. Buxorpagopa ocrTu- 
raeTCd M 3HauMTebHOe O6OOMEHHe BTOHM TeEOPeMbI Ha Mporpeccuu Cc pac- 
TyueH BMeCTe C X Pa3HOCTbWo. ; i 

Teopema 2. J[ua Kascdoz0 yenozo 0< 2R<x/Inx; Qk=l—l 
(mod JD), uckaim1an ne bonree, rem cx/D (In i) us Aux, coe Mi > V— 
niwbaa nocmonnHas, [Tp (x, D)—4ucno nap npocmux 4uucer p, p+ 2k 
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u3 unmepoanra (0, x), npuHadneHcCaAuUX COOMBbeMCMBbEHHO apupmemu- 
4eCKUM rope Dm+l; Da+l’ ¢ yeaosuemn 


<fo PED UC DSO) a1) Oe ee 


2de A >0 — Anboe Hukcuposannoe, Raa popmy lok 
P(p p-—1 p- xinin D 
Tp (Xx, bd) = 27S =e PTA NGE: ce PaO comer 


o>2 p>2 
pe pie pxD 
20e p npobezaem npocmole 4ucha; 9 — MyxKyun Pinrepa, a nocmosu- 
Hole 6 CUMbONE O Uc 3aBucAmM AUMUbs Om AU M. 

TakuM O6pa30M, mpocTHle unca k-6.1M3HeWbI AIA MOUTH Bcex Rk acHMii- 
TOTHYECKH PaBHOMEPHO pacnpeseaeHb MO BC€M NPHMHTHBHEIM apHdMeTu- 
YECKHM IIPOrpecCHAM, Pa3HOCTH KOTOPbIX HE MpeBOCXOAAT 1000H WaHHOH 
creneHH JOrapHMHyeCKOH WAMHbI UHTepBasa (0, ~%). 

AnaJOrvyHHe yTBepx CHA HMCIOT MECTO H B OTHOWCHHH 4HCa pa3- 
JO#KCHHH YeETHBIX UHCeA Ha CYMMY ABYX MPOCTHIX. 

Teopema 3. usa Kascdoz0 uemnozeo N=Vl 43 l” (mod D) u3 unmep- 
sana (0, x), uckamuan He Gonee, 4em cx/D(In x)" u3 Hux, 2de M > Ons 
A1nboe Oannoe; wucno Q(N, D) pewexnua ypasnexuan 


N= Pict Be 
6 npocmux 4uchax: p’ =l'(modD); p’=l’ (mod D) npu ycaosuu 


ali 02D: (ee D=C_Daro0 < (In N)4, 
20e A >0 — npou3z60AbHaA NOCMOARHAA, denise 8 Bude 


Q(A, sme area! baer wy nN Il ¢ c= + Olan 


p/D p>2 


20e p npobezaem npocmole 4ucna; 9 — @yxKyUuA Dinzepa, a nocmoaK> 
Hole 6 CuMBONe O UC 3aBucCAmM AUUb Om A uM 

OueBHAHHIM CJI€ACTBHEM 3TOH TeOPeMBI ABIACTCA CNPaBeAMHBOCTH. 
runotespnt Xapazu— JluTTipyqa O NMopsgKe pocTa 4MCnNa NpexcTaBAeHuit 
yeTHoro N B Bue CYMMbI ABYX NMPOCTHIX 4HCeT, Baia mouTn Bcex N. 

KpaTkoe H3102%KeHHE Pe3ybTaTOB 9TOH Pa6OTH, a Take OAHOFO MpH- 
JOXKeHHA UX COMepxuTcA B 3ameTKax [3], [4]. 

Hyxe Mbl 2aeM NOAH BHBOR TeopemMb 2, KOTOpaA B Caygae D=2. 
comep#uT Teopemy 1. Uro xKacaeTcA OKa3aTebCTBAa TEOPeMH 3, TO OHO 
B OCHOBHOM aHaJOrH4HO WOKa3aTebcTBy TeOpeMH 2, MpHyemM HeOOXOLH- 
Mbl€ H3MCHECHHA JIA €€ BEIBOMAa Je€rKO YCMATPHBaIOTCA H3 CONOCTaBJIeHHA 
paOotn H. IF. Uygaxosa [5] c gannoli pa6otok. Hakone, 3aMeTHM, 4TO . 
meton M. M. BuyorpagoBa nNO3BOdeT YCTAHOBHTb HOBbI€ (*akTh MH B 3a- 
maye cCueTa MpOcrbxX 4Ncel p U3 HHTepBana (0, +). WIA KOTOPBHIX BCe 
unCa P+ Wy, ..., P+Upy, TAaKKE ABAAIOTCA MPOCTHIMH. 

ITomy Bonpocy 6yAer nocBAuleHa OTAeMbHaA paborTa. 


§ 1. OGo3HayeHHe HW OCHOBHbIe COOTHOLIEHHA 


X > X) — AeWCTBHTeEBHOe NePpeMeHHOe; 
M > 1—«w6an dukcupoBaHHad BeAM4HHa; 
A 
D—nreaoe, 0< D<(Inx)”, rae A >O—3ananHaa mOcTOAHHaA; 
Yi, To, +.» — HOOKHTeABHEIE NOCTOAHHBIC, 3aBHCALNe Ppa3sBe TOAbBKO OT 
Ax M., 
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l’, l” —wnenpie, Menpumnve ‘D vn B3aH MHO NpOcTHe C HHM; 
Pp, p’,, p’ —mpoctne uucaa; 
x(t, 1) Mau Yy,— XapaKTep no moda, j=—1, 2; 
¢ — ®yHKuuA Dhrepa; 
aug—wlejbpe 4HCla, @<q; 
t(m)—uneno RemutTenel uucia m; 
%o —TAaBHBIH XapakTep; 


A==(Inx)s .@=24(M+A-47); n—=A®®. c= xA758, 


TlocrosuHHpre B CHMBOMaxX Ou < 3asucat or Au M. 
Bpenem dyHKuuu 


S' (a, = Vx, D) Y xl’, D) er’; (1) 
x (D) 3<p' <x 

‘Se (a, 1") = sy x(L", D) sy 1 (p", D) Ca BEES (2) 
x (D) 8<p" <x 


rae ~(D) o6o3HauaeT CyMMMpoBaHHe MO BCeM xapaktepam mod D; 7 — 
XapaKTep, CONPAKeHHBIA C y; ix=V—1. Tlomo%xuB, KpOMe Toro, eure 
d=(D, 7)—o6uui nav6onpuui geautens D nu g; gmodd c ycaoBnem 


gqg/d=1(modd); N= gq/dmodq; R(q)=1, ecau (a D) =1, R(g)= 
= 0 B NpOTHBHOM cuyyae. 
Bpegem Takxe MyHKILMH 


@ oni NI ee (a 
fa) Rgye are! Na (3) 
(2) 3<n' <x 
(3) — oni SNe — Pein" («— 5) 


Fog(a)=R(q) 


GN Ue 
q e ») Inn” ; (4) 
(7) San <% 


/ " 


roe » — dyHKuna Mé6uyca; n’, n” npoOeratoT 3HayeHHH HaTyPpaJIbHbIX 
4Hcel. 
B cuay u3BecTHoro cBoficrBa xapakTepoB u3 (1) u (2) caenyer 


Bias G1 )5"(c, 0 3— oD). ©), te ae, OP 
3<p'<x 3<p"<x i 
p'=l' (mod D) p"=1" (mod D) 
=9(D) YS Mp(x, Dyes, (5) 
{|R|~x—8 


rae I7,(x, D)—uucno nap npocTHx uncer p, p+ 2k, nexkauux B HH- 


Teppae (0, <) H MpHHaqexallux COOTBeTCTBeHHO Hporpeccuam Dm + a 
Drei (1, PHO F, 32 56)..3): 
’ A semenctBue (3) u (4) 3akmi04aem 


La ON a) o) = Ute Dyes, | (6) 


1<q<A (a, q)=1 {| R1<x—3 


rye JA COKpauleHuA MOJOMKCHO 
| Wp (x, D)=u(k, Xx) Balk, D); (7) 


u(k, =. SY) ») »y a | (8) 


3<n'<x 3<n"<x k=n'—n" 
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p? (7) Qi = (N (I'—I")—h} 
By(k, D)= Si R (q) Oe ents (9) 


q 
l<q<A (4 a=\ 
(a, q) =1 


Cootuomenusa (5) u (6) Tenepb waroT 


1 : 
S| 9?(D) Mp (x, D)— Vale, D)P = }|A(@)—T(@)P de. (10) 
| k |<x—3 0 
B3alimMeMcA OMWeHKOH cBepxy uHTerpata u3 (10). Jia aToro cocTaB- 


‘ a+a x 
adem pan Papes, oTBeyaioulnh t. Megnantamu qq COCeMHHX pooet 
a 


a’ 
q wg Bech HHTepBasl (0, 1) pas6uBaeTcH Ha 4aCTHYHbI€ MHTepBaJbl. 


a 
Tlyctb Cag €CTb TOT HHTepBal, B KOTOPOM HaxOguTcA Apo6b ae Cu MBO- 


JIOM hag O6O3HAYHM JAWHY 9TOTO HHTepBaula. 
B TaKOM CJlyuae, Kak H3BeCTHO, Oye€M HMeTb 


1 


1 
hag S 1 953 


ee (11) 


a+a’ a 


a= 


Cat | q 


1 q 
fi4#@-T@Pd= YS SD J jA@—TePd. (12) 
0 sie Fhe Caq 
Ho, 3aMeHUB BbIpamenne | 7 (a) — 7 (a)| BEIpaxenHem 
| H (a) — Pag (0) Fag (#)| +| 7 (@) — Fag (@) Fag (2) |, 


MBI pa3Be TOJbKO YBeIMUMM paBylo uacTb B (12). 


CyreoBaTebHo, 
t=! 
[ [H@—Te@Pd<2 S Sf H@—Fa)Fig(a)Paat 
—r-1 1<q<t (a, D=leue 
Th digg de j iT (gy = Fig la) Fane) das (13) 


1l<q<vt(a, q=1C7, 


8/3 - 
Cuvtas, 4TO x Tak BeMHKO, uTO y= A**’ <+, Haligem, uTO nepBpai CyMMa 
B HepaBencTse (13) He MPeBOCXOAUT BeAMYMHEI BbIpaxkeHus 


j | H (a) — Fag (4) Fag (2) |? da + 
1<q<y (a, q)=1 Cae 
n DD |S ep rysiGeye aaa 


a<q<t (a, q)—l Cy, 


ets >} yi ) | Fur (@) Fg (2) da = 


N< <1 (a, q)=1 Cag 
= S, (x, D) + 1.8, (x, D) + 353 (x, D). (14) 
Jlanee, BCJENCTBHE HePaBeHCTBa 
| H (#) — Fag (#) Fag (a)| <|S’(a, ’)|-|S"(@, 1") = Fag (#)| + 
+ 1S’ (a, 0) — Fag (a) |+ | Faa (2) 


’ 
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cymma S,(x, D) B cBolo ovepenb yOBIeTBOpAeT TaKOMY He€paBeHCcTBy: 
Sit, D)<2 Ye YS lSe (a, 1) —Fig(a)?-|S’(@, 0) Pda + 


1<q <7 (a, q)=1 Caq 
+2 2 flse n—Fv@l-|F.@fda= 
yi 1<q<7 (a, ~=1C,, 
roa me DS Hee, Dy. 2S, (ey, D): (15) 
KpOme Toro, HeTPYAHO BUeTH, 4TO 
J | T(@) = Fag (a) Fay (2) Pda < 
1<q<t(a,q)=1 Caq 
| eu ” ” 2 
Fa'g' (x) Fa'g' (a) da + 
l<q'<A (a', g’)=1 
aq#aq 


+2 Mf | Fea (a) Fig (a) |? da =28, (x, D) +25,(x, D). (16) 


q>A (a, Q)=1C), 

CoequHad Brpaxenua (12)— (16), 6yqem umMeTb 

1~1—1 

{ |4(2)—T(a)[Pda < S,(x, D) + S,(x, D) + 

—l 

+ S,(x, D) =- Sex, Dee es. D) + S,(x, uD); (17) 
B qaibHeHWleM 3aHMeMCH ONeHKaMH cBepxy no x u D BbINHCaHHbIX B 
(17) @yHkuwk; mpu y9TOM, uHTepBaan (0, +1) wu (1 —*77}; 1) o6benuHS- 
1OTCH B OJHY COBOKYNHOCTb TOUYEK. 


<2 


1<q<t(a,q)=1 Ca, 


§ 2. OwenKa cymmpi S, (x, D) 


Ouenxa S,(x, D) uz (14) mpon3BonuTcH Ha OCHOBe (yHJaMeHTaJb- 
HOrO pe3yAbTaTa aAMMTHBHOH TeOpHH uNce, MpHHannexamero HM. M. 
Buyorpanospy [2]. 

Teopema H.. M. Bunorpadosa. [Tycmo 0 < D <(Inx)*, ede A>O— 
00aad nocmosHHaa, (a, q)=1u (Un x) <q<x(Inx)’, 


s(q)= » poh, 


3<p<x 
p=l'(mod D) 


Tozda npu Anmb60m 3adanHom M 
a\! x 
S a — 
| q |S pany ; 
CCAU MOALKO BbeLNOAHEHO ycrosue: > 64(M+A-+7). 
JloKa3aTebcTBO 3TOH TeOpeMbI cocTaBAseT comepxanue ra. VI KHurH 
Xya Jlo-Keua [6]. 
3necb MU B JabHeHuUIeM MBI OYMeM TaKKE MOMb3OBaTbCA 3aKOHOM 
MpOCTHIX 4HCe B MporpeccuHsAX. 
Teopema (Siegel—Walfisz). Ecau q<(Inx)’; (4, 97) =1,"<x, mo 
“uuCAMO NpPOCmox 4uCceA <n 6 ApupmemurecKkou npoepecuu gt+l ecmpo 
lin —c, Vinx 
TT (3g, )) + O( xe ; ee 
° (9) 
20e lin —unmeepanonolit aozapugm uw nocmosHnHole 6 cumBbone OX Cy 
3aeucam om A 
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Ilyctb Tenepb #C Cag, a= +8; (a, g)=1; n<q<+. Torga Aaa 
S,(x, D), onpemereHHOH B HepaBeHCTBe Aye HMeeM 
| S, (x, D) € 


Jloxa3saTeabcTBoO. Tak Kak 
SiGrly =e (Dy) Spee 


<p’ Rae, 
p'=l'(mod D) 


TO, B culy Teopemp Siegel—Wallfisz, 


(18) 


D (in Pen ; 


ani P 
Say l)— (DF < 
3<p<x 
p=l' (mod D) 
Qni (+8 iT | 
<¢(D)} & te : -€ *JSi< 
38<p<x 
p=l' (mod D) 


<e(D) (81 ae 


u60, BCeacTBue omeHKH (11), 


Cae : (19) 


ane 


IB] < S66 =_. 


IipuMeHaa Tenepb Teopemy HM. mA beter, 3 mpuy o=—8/38 u omeHKy 
(19), 6yneM MMeTb 


VA x * 
stele (a; Orns arr Diinxy"6 Spanx : 


YuMTHIBAaA Malee, TO HHKAaKHe ABa H3 PaCCMaATPHBACMBIX HHTEPBaJIOB HE 
mepeceKaloTcaA, MOMYIaeM 


So (UD) == »> » . ee (a, U’) S” (a, Ul”) Pda < 

1<q<t (a, q)=1 Cag 

ee ere ae J 1S"@, U)hda< 
1<4<* (a, Os 1S Sag Ca 


: 17 v ge (D) x? __ , 
Son fis Asist D (in x)@t6 Pee eee 


4TO HM WOKa3piBaeT oneHKy (18). 


§ 3. Ouenka cymm S,(x, D) u S,(x, D) 


M3 onpenenenna PyHKOHA ng (a), Fe (a) Hw omeHKH dyHkKunn Oi- 


jepa 
e(q)Ing> Yq (20) 
nowy 4aem 
| Fag (a) PHN: << me 45) » aa) Cae 5) ae KS. 
38<n<x 


Orcwsa, PEE Ma BO BHHMaHHe, 4TO AaHHa Cy aq He MpeBOCXOAMT BewH- 
UMHBI (gt)—!, Haliqem 


K 6nHapHbIM HpOOseMaM a AuTHBHOK TeOPHH MPOCTHIX 4HCe We 


Su6s hie de () | Fea (2) Fag (2) [ da< 


N<q<t 18, D=1Cag 


D4ixc4 Dix x4 D4x4 D4x3 x3 
K<= D> 3B 5K y <= ae oa Sigqeyee 2D) 


Q<q<t (a, q)=1 q=[q]+1 
AxnafudHo 
Sapo S o) laa (@) Fan(a) da < 
q>A (a, q)=1 C 
pe D4xk x3 
AOD SS aa aee (22) 
{A]+1 


§ 4. Ouenka cymmpi S,(x, D) (cm. H. [. Uygaxos [5]) 


VMimeem: 


Bac Di) 


1<q<z (a, q)=1 Cy, 


ink hay G) Pag (aledae 103) 
1<q'<A (a’, qg')=1 
a'q¢aq' 


Mmeem: a==+8; aCCyg. Benencrsue mepnoguunocra  byHKuHH 
”q q Pp yh 


Quim («— ; ; % a’ a. ie 
e KaxKOH 1po6u We (a’, g’)=1 oTBedaeT eCAMHCTBEHHaA ApO6b 


— (HM HaO6oOpoT), YAOBeETBOPAIOWaA yCIOBHAM 


lee) ee gt (24) 
Farg’ (a) = Hare (a); Farg’ («) = a (<). (25) 

CaemOBaTebHO, Np x > xX OyeM HMeTH 
seer ge pte So ‘-) 
a—2|>|£—4)-\8)> 5/5 —-4 (27) 


B BUY TOTO, 4TO ; ; 
3ameTuM Takxe, 4TO mpH |¢|< 5/67 | 
| sin ¢ | > Ye¢- i (28) 


OweHumM NO/BIHTer pavlbHY 10 yHKyMIO BhIpaxenun S,(x, D), us (24) — (25) 
ce y eT 


DE x Fea (a) F ala! (2) | 


teigh <A(a', Ci) as 1 


a'q#aq’ 
<i ya eran 
| Neq'<A g(a _ 8 ne c 
Ka b OP Raty: (8) Fora: (a) | (29) 
rp eae a * ohh} i 
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A peaencrBue OeHOK (26) — (28) HaxOJMM 
” 9 1 
| Farg’ (a)l"< 7 


—2ri pees 
Paul st: 
a 
Realy Gh || ekeineee 
ear 73 Ce 
2 gs Le 2, ee la ' pHs 2 
allay q’ alle q q 
: 2 
TouHo Takand 2%Ke OWCHKAa HMECT MECTO H VIA | Forg’ (a) |*. 
Tak To, ucnoup3sys (20), 6ynqem uMeTb 
: i 2 _, Dtq4 In‘ In x 
| Farag’ (#) Farg: (a) |? (ag args (30) 
H3 (23), (29) — (30) u nepaBencrBa Agg <(9t)—' BHIBOAUM 
A2D4 In41n x 3 aN 1 
Sindee SMe SY tans 


1<q<t(a,q)=1  1<q'<A —0,5q' <a" <1,5q' 


a— 


co 


<—ae SD (31) 


t inst? 
s=1 
roe d(s) ecTb vucaO pelleHni ypaBHeHua 
S=aq'—a'q 
B Webx wnctax 1<g<t; l<q < A; —0,5-A < a’ <1,5-A. 
Ho WIA 3aaHHBlx 9g, qg’ u a” 4yucaO a ONpewerAeTCA OJHO3HAYHO, I0- 
STOMY, YYHTHIBAA MHOXKECTBO 3HAYeHHH, NPHHHMAeMBIX g, g’ HU Q@”, Cpa3y 
HaXOJMM 


$(s) < Ax, (32) 
Coeguuad onenkKu (31) — (32), nomyuHmM OKOHYAaTebHO 
x38 
S¢(x, D) « Dinas ° (33) 


§ 5. Ouenka S,(%, D) u S,(x, D) 


Smecb HaM NoTpeOyetca cenyioujand emMa 1. 
JlemmMa 1. 1 dannux m>1u V>2 cywecmeyem 6, yoosszemeo- 
PAIWWAN YCAOBUAM: 
1°. 37 >8 > 4, (Inm(V+3)) 3; 
2°. BoorAb Aomanot P{ot+iV; 1—8+iV; 1—8—iV; ~wo—iV} 
cnpasedAusa oueHKa 
7 (8,1) =0(In? mV), 


20e L(s, y) — An6axn L-PyxKyUuA, OCHOBHON MOOYAb KOMOpOoK <™m; 


3°. Baympu o6zacmu, ozpanurexnod Aunuei P, nem Hye yKa- 


3QHHUX 6 2° L-hyrKyuu, Kpome, Oolmb mMozcem, OOHO2O UCKAILUMEeND- 
HO2O HYAA Y. 
Jloka3aTebcTBO mpuBeneno B ([7|, crTp. 136). 
Cuayasa 3aHfMeMCA TpeoOpasoBaHHeM CYMMBI 
S76, 17) NE NN (Pee (34) 


x(D) 3<p<x 
cuHTas at +. 82. (@,.¢) = 18 = gee geet 


K OunapHbIM mpo6ieMaM alQuTuBHOl TEOPHH NMPOCTHIX 4HCeN 19 
ee Be ee ee ee 


VMmeem: 


a =) ipa 


3<p<x 3<p<x 

Ppxq 

re ¥(¢) — unco pasiM4HEIx MpOcThIx WeIHTeleH q. 
e@, B CHY COOTHOIMeHHH 


21%. @) Xolp, Daag et ecau p=/(modq), (p, g)=1:; 
1 (9) QO 8B Apyrux cayuanx; 


<v(q), (35) 


x 


re ¥,(q) oOo3sHayaeT CyMMUpOBaHHe 110 BCeM ¢(q) xapakTepam modgq, 
BHIUMTaeMoe B (30) 3annmeTCA B BHe 


= ont oe 
st ae. g)e "| DY x@.D) ale, Qe . (36) 
%,(q) \l<j<q 3<p<x 
YunTHBaa Tenepb ouenKy »¥(g)<<Ing mu nonmaraa Jaa coKpamjeHHa 
Sb AGEL 


999 (%1) = 2 aye =, (37) 


1<j<q 
BclencTBue (35) u (36) 6yneM uMeTD 


mae K (P, D) PS wa 24° aq (:)X 


3<p<x x (9) 
x Sx, Due, ner" + O (ing). (38) 
3<p<% 


iia latbHehiuux mpeoOpa3s0BanHi mpaBok uactu (38) nom0%*xuM 


ie pets (OID Pek OG = Pe eas he 
(moi =| 0 B IAPyrux cayuaax; oS) 
WM pacCMOTpHM @yYyHKIHIO 
—2ni ; A(n) —2niBn = tise 
Gin) = Dd) up, me = Sp BE BEM 4 ofa) = 
S<p<x oe 
Tn (hm) — Ty-1 Om oe 2nibn Pe 
Oye), (40) 
3<n<x 
Te MOO#xXeHO 
(GE) = ee OE Oy (41) 
l<n 


Tlaa onenKu 7), (X%m) pacCMOTPHM AOCOIOTHO CXOMALMHCA PAD 


Yea S==o--it, o> I. 


l=1 


EY 
Vis06paxaemaa aTHM payom pyHKyna 7 (S, y), cormacHo Teopeme 24 u3 


Kuuru H. TP. Uygaxosza [7], npn 1<b<2; V>1 yoBaeTBopsxeT coor- 
HOLIECHHIO ne 
TaUm\=—5q { Es Was+RAY, 2), (42) 
b—iV 
e nin?n 


|RA(V, 2)| « Vea Viewer @ IG V + Inn. 


D% 


20 A. @, Jlaepux 


V Vinx x 


1 
Bo3bmMeM b= lee — , TOrWa upH 3<n<xX 


Ri CV, | ox eaten ae (43) 


a [Wid OWeHKM uHTerpasia B (42) ucnomzpsyem aemmy 1 (cm. [7]). Mmea 
B BUY 9Ty emMMy, Teopema Koumin O BElYeTaX aeT 

b+iV 1—8—iV 1--64iV b+iV 

1 jh Ne x 
53 | es aS SE Gan) — + ot: 

b—iV b-iV 


es. x) ds, (44) 


roe E(X¥m) =, CCAM X¥m—TlaBHE xapaktep; E(ym)= — —., eCAM X¥n= 
= 7,, HOPOKMEH MCKJIOUMTebHEIM XapaKTepOM MY exKUNT B OGsacTu P; 


E(X¥m)=0 B MHBIX cyuaax. 
C nomoulpio weMMbI 1 oeHKa unTerpaos B (44) npousBo_uTCA O6nIY- 
‘HBIM ITYTeM MH MMeeT BUT 


K xe Te Vins (45) 


V3 cofioctapaenua oneHoK (42)—(45) saKioyaem 


n+ On, CCAM Xm =Xmo3 
i , 
por | gy ch Rite Ce keene (46) 
0 B HHBIX Cy4aAx; 
IpHueM .¥ 
Tikes he (47) 


PaccmoTpum G(x, ym) B Cay4ae PaBHOrO XapaKTepa Ymo- 
V3 (40), (46) u (47) BprBoaum 


—2nin ier 
ots a Ms : 


Gnas enn 
é| Septem 4 vz « 
3<n<x 8<n<x é 
Pn Pn—1 ane —2niBn —2ni$(n +1) » Py a trek 
<| 3s Sine (e ac ) In ¢ 


3<n<x ; 3<n<x—1 t<n 
—2ni8 —2niB (n—+1 = x2 +. Ving 
eae anes Sie nip (2 * [pl + Va< = eres, 
3<n<x 


rie Oba10 MNpHHATO BO BHHMaHHe, 4TO 


(perreee aeee or < 18 < =< J 


Tt 
CreqopaTebHo, pH ) ae) ee 
= Paitiss («— <) 
G(x, Xn) = 


3<n<x 


(enn WP*), (48) | 


Inn 


Eciu xe X,,=X,, NMOpo*x eH HCKJIOUMTEIBHBIM XaPaKTepOM, TO 10 TeO- ji 
pemMe KOHe4HBIX NpHpamenuh u (46) | oan 


K OvHapHbim npo6eMam adauTuBHol Teopun NpocrTbrx wucen PAE 


— SS \il 
LG(x, al < >; ni rae 1) +1) Pa — Be en inibn & 


3<n<x | 3<n<x 


yn' ti Vin x 
« > Inn 4x6 ; 
3<n<x 


Orcioa, B B CHJY TeOpeuH Siegel [8] 06 ucks104nTeBHOM nyste, ne t= 


—p'm zaa m < (In x)” , Tae ¢ >O—nmpoussorpHoe ucn0; p’=p’ (s) un 
| M, > 0 — «1060e _ukcHpoBaHHoe. 
TMA X%_ =X OKOHYATeEIBHO HAXORUM 


ROR Ca hes Micah Worle ae (49) 


Hakouen, ecu Nee ot es on ay Xin TO B CH/Y NpeABTyUWuX BbIKAATOK, 
ith <ace (50) 
OOpenunnaa (40), (48)—(50), 6Gynem umMeTB 


Ss 


—2nin (.—* fae 
She m)e "FP _ K(x) Nie Stile) (Bt 


3<p<x . d<n<x 


Inn 


re K(x,,) = 1, ecan Xm —=%mo UY K(X,,) =O B mpoTHBHOM culy4ae. 
SamMeyan famee, 4TO 


PECL D) Xa (p, Q=x: (P, m), 
rye m=_t , 4 uTo (em. [9], aemma 1) 
K (Xm) =K (Xp» %q) PaBwo O uau 1 TOADKO B caly4ae, Koraa Xi (Pp, 9)= 


=7(p, 9) maa Bcex pxm u x(p, D) nopoxnen xapaxtepom y(p, @) 
- mMonyan d= (p, D), T. e. 


_ fxs, 4), aaa pxq | — ; 

Xi (0, 9) = 0 B mpoTHBhom cayyae J ~4 (Xp» P)» 
NOJO%KUB ele 

ere Bag (Xq (Xp» P))s 

edt dD 0, eCIM Xp) He MOpoxseH HUKaKuM x, mod d, 


u3 (37), (38) u (51) 3aKka04aem 


—2nxin gees 
Dieta _ Vag (ho) NN aden ( dl |. 


ie (p, Q (q) A | Inn 
3<p<x okie: 3<n<x Ving 
<(q) xe * 1 ining < xe (52) 


rye MpHHATO BO BHUMaHHe, 4TO 1<q< 7%. 
CnenopateibHo, (34) u (52) gaior 


. 7 eon («— =) 
Shas) =a > x", D) Vag (Xp) >, ian 


x (D) B8<n<x 


eT Dice Dew 6 
(D) 


Co 


Q 


22 A. @, JIaepuk 


Ho sp cuy aemmpr 2 u3 [9] 


SH ls Dag (4) = R (9) () genes (54) 
° (0) a (4) 


roe R(q) u N onpeenenbt B Haase § 1. 
Tak 4To, coequHaa (53)—(54), Oyem HMeTb OKOHYATebHO pH 1 < 


<q<7 


|S” (a, 2”) — Fag (a) | K xeT YO (55) 
AvaJiOrwyuHoO MomyuaeTca OWeHKa 
|S! (a, L)— Frag (a) |K xe (56) 


C momMompio omeHoK (50), (56) Haxoqum omenKu gua cymM S,(x, D) u 
S; (x, D). Umenxo 


Six, D)= 3). Sal |S, OF Pls Gee 


1<q<y7 (a, q)=1 Caq 


Sate PIN NS le Sie 


1<qxq (4, 9)=1 Cag 


. 1 
K ete NE* TS (a, LY Pda < (57) 


5 Det« inex 
0 


Anasaoru4qHo 


Sa D= YY JSG Ff Ori, @kaK< 


1<9<9 (4, g)=1 Cag 


1 
9 —2y..Vin x ” eee Poe 3 
< ste HVOF FL (a) da < xtemtn® NY < 
q = ff BL Tus Vin x 
0 gr d In2n De 
3<nax 


TakuM o6pa3som, (06) u (57) maior 


Mi x 
S72 (; D) + S; (x; D) < Din xo : (58) 


§ 6. Acumntotuka u(k, x) 
Cuntan O<Rk<x/Inx, Haliaem acumnToTuyeckoOe BHIPAaxKeHHe WIA 


u(R, x) 
WAR, x)= SS » > in n’- Inn" = 


3<n'<x 3<n"<x k=n'—n" 


= perth: 1 
>A > > ln in ys Inn-In(n +k)? 


k+3<n'<x 3<n"<x—k k=n'—n" 8<n<x—k 


u00 AIA 3aqaHHOorO A uNcO 2” onpeneiaeTcA OHO3HANHO. Orciona B 
CHuuIy mpeo6pasoBanua A6eus 


In Ie 

ete | +k 3) 

w(k, x) = a a nari es in +O (Ve). 
BpinoHHB CyMMMpoOBaHue upH ycroBHn O< Rk <x/Inx, nonyunm 


1 (k, =a; (I Oley (59) 


K OvHapHbIM Mpo6eMaM aZAUTHBHOM TeopHn mpocTsIx unceW 23 


§ 7. OcoOnh pag 


Coraacno dopmyve (9) 
= 2 a: ni = {N (t' = 1") =k} 
_ Be) = SYR) lS. ; i 


2{ 4 
1<q<A ¢ i 1<a<q 
(a, q)=1 


Pe 


rie d2=(D, gq), gmodd c ycaopuem x =1(modd); N="! mod gu N= 
=1(modd); R(q)=1, ecan (7) =1uR(q)=—0B ocTanbHBIx Cryuaax. 
IIpexmae Bcero npM 3afgaHHOM uestom L vu yenom S> 1, nom0xXKB 
poe s\. _ v(s) 
Wi(= See (F)s Vals) = FG Wels), (61) 


el(s, L) 


OyJI@M MMeTb 


THe o— (Sel): (62) 


JleHCTBUTeIbHO, CCIM S MeMHTCA Ha KBagkpaT aCAa, NpeBocxosAMero 
eMHHHIY, TO COOTHOIUWeHHe (62) TpHBuaabHO. TlostomMy orpaHHunBaeMca 
--clyuaem S 6eCKBapaTHBIX. 

TIpu (s,, So) ==1 nomyuaem 


Ss 81S 
ruen Pie Son(2) Syee(t)= ¥, ol) = ween 
e,/(S1, L) e,)(Sq, L) e|(S1Sy, L) 


TlosToMy 18 ee t)=1 OyHe€M MMeTb 


Wi (s)= We (t) We(F). (63) 
Ho cornacno ([10], crp. 40) npu (¢, L)=7 
w,O=Ve(Z)—t Me =O. (64) 


elt elt 


Kpome Toro, B CHuy OeCKBagpaTHOCTH 4HCa S HM COOTHOWIeHHH 
Ss Ss rue 
ering ihe 
Ss Sy \Geaeee yh Se 
v.(3)-Dele)=e(2) 9 
e/1 

CoequHaa Tenepb dopmyant (63)—(65), no.y4uuM 
w? (s)p. is 
°08(F) 


Ss | e 
Mp ycOBHH (>; ¢t)=1 uw OecKBagpaTHOM S, 4TO H OKa3bIBAaeT COOTHO 


WMCeCM 


ne 
V.9=Sqe(z)eO = 


menne (62). 


24 A. &. Jaepur 


Tlokawem Tenepb, 4TO 


v Bras ae Js (d). (66) 


B cuay ({10], crp. 999) JA 3a,aHHoro wer0ro us 


ni oe : 
Vie 7=W,(Q). (67) 
l<a<q 
(a, q)=1 


Jlanee, ecan (a D =(7 (2; n)\=(4> d), TO JWIH BCeX g C yCAO- 
Buem R(q)=1 B cuay dopmyap (63) 


WiD=W, (FMD. (68) 
Tak uTO, Nomaran 
L=N(U—0)—k= Bi —h)—k, 
OyMeM HMCTb 
q LN BE’ Seda bing 
(2, 2)=(4, 2 ¢-—#)=(4, &), (69) 
a, BceacTBHe Toro, u10 N=1(modd) aaa k/D, R=V —l’ (mod@), 
(d, L)=(a4, NU’ —P)—k) = (ad, UV -1)—k) = a. (70) 


V3 (68) u (69) Tenepb caenyer 


q q q 
wi()= ela) We (2), 
el(>*) 
W, (d)=d EP = o(d). 
eld 
llogcraBJiad HaieHHble BbIpaxkeHua B (68), OyqeM uMeTB 


W,() = We(2)¢@), 


uTO B COemHHeHHH C (67) ROKa3bIBaeT (66). 
Tenepb cooTtHomenua (66) u (60) ara R=l’—1" (modD) a wr 


Bs(k)= SY Ve (Z)9@= dr SY Ve), (71) 


1<q<A Cpe 
(SD) =3 


Jjanee HeETPyAHO OKa3aTb, ATO 


pS vee > ry FO)" EP 


s<z re es 
(s, Di 1 te (s, Dk)=1 
(s, D)=1 
Ho B Bugy (20) 
p(s) 7 u. (Ss) In? s 
| pa ¢?(s) g2(s)| - < das 3 “a S 
S< > (s, Oh)= 1 s> ae s> - 
(s, Dk) =1 
yt dt \ . 
K jx nya Be (73) 


Aldt 


K 6vHapHbIM Mpo61eMaM aX AHTHBHOH Teopun MpocrTbIxX yHCer 25: 


M, KpOMe Toro, 


p2(t) p(t) pb Int 
| by ¢ (A) >, eo) |< »; 9 »S FS 
ak / tlk alk 


(t, D)=1 


oe 
(s, D)=1 


es ~ din} din1 
«See Si « EK, (1) 


t/k * 


- A 


rye t(k)— u4ucao peautTeneli uucaa Rk. 
TlpHumaa BO BHUMaHHe, 4TO pam (73) abcomoTHO cxO_AUHiCA, a 
BHUMTaeMOe B (16) uMeeT OneHKy <InInx, us (72)—(74) 3aKnio4aem 


co 


= » (Ss) v2 (t) 
DOS D> aa Dice. S: 


s=1 tlh 
Se (s, Dk)=1 (t, D)=1 
(s, D)=1 

din3inx — 


rye COE ere t(R). 


Sameuyaa ee, 4TO 


Dde(@)=D u 1<d<D, 


d/D 
NOJY4YHM BeTeAcTBHe (71) aun R=l’ — 1” (modD), 
is . u- (Ss) v2 (t) D? 1n3 In x 
B,(k=D S) Yh tO ae =(B)). (75) 
s=1 t/k 
(s, Dk) =1 (t, Dy=1 


Uro6n B (75) BbIpaxeHve moa cuMBOmOM O 6bIN0 eHCTBUTeIbHO OCcTAa- 
TOUHBIM YICHOM, HEOOXOAMMO Ha & HaJlOHKNTH AONOAHUTEbHbIE OTpaHu- 
YeHHA, a HMeHHO, NOTpeOyeM, YTOOHI 


a(k)= (In x)”. 


D?z (R) In3 in x D ' 
ON regen kar el ae) 


\ 


B TakoM cayuae 


Kpome Toro, O4@BHHO 


» a6) I] (1 a etal (77) 


s=1 p» Dk 
(s, Dk)=1 p>2 
Ne ay Ad Lege Brae C2) 
tik pik plik, pxD 
(t, D)=1 pxD p>2 


rye A=2, ecan 2D, u X}¥=1 npu 2/D. TlepemHoxaa nepBble wacTu 
(77)—(78), mocae HeCOKHEIX paccyxXTeHHA OyeM UMeCTb 
, 22) (pty? ps 
‘EE Gai Ep @—2) I] = 
D >2 
ae aes pik, gD 
TloncraBlna 9TO BbIpaxeHue B (75), BcMeAcTBHe (76) “uM acHMNTOTHKH 
u(k, x) MOJYYMM ACHMITOTHYeCKOe COOTHOMEeHHeE AIA W, (x, D) B Buse 


26 A. ®. JlaepuK 


+o p(p—2) (G12) De = 
Wp (x, D) a=). I] (p = 1 ie aie mae Opes (79) 
p>2 p|D Fae 
p>?2 p/k, pxD 
22 { 2, ecane2s ep: 
eae h= lt? ecan 2/D; 


upu ycnopuax k=l’ —l’(modD); *(k) < (in bys: 


§ 7. Bpipod Teopem 
O6peyunaa ouenKu (10), (17), (18), (21) — (22), (33) u (58), uMeem 
2 ae . ue: Kae ee 
> 12D) Ms, D)—Vel%, DP <i Zaire ——(80) 


|| <x-3 


re {,; —MOcTOAHHAaA, 3aBHCalad TObKO OT A u M. 

Ilyctb Tenepb mepemMenHoe Rk’ mpoOeraeT MHOXKECTBO 3HAYeHHH MHTEP- 
Bala (2, x/In Ber KOTOPbIe YOBJETBOPAHWT YCJIOBHAM: 

1°. k’' =l’—l’ (mod D); 


SeLAmNin re cS (81) 


O6o03HauuM Yepes Z yNCO 3HayeHuh R’. 


fag 
Torna cymMMa u3 (80) 6yzerT 


sa ees D) — Ww (%, DP > Fae Z (ee) 


Iné x Tne 


Orcioga B cuy omeHKu (80) crenyer 
x My-1 
Z fe) <x [Dn x)" J. (82) 
CaeoBaTebHO, Aad Kaw goro k=l’ — l’(mod D) us3 untepsaua (2, x/In x), 
ucKksiouan He Gomee Z — M3 HHX, CIpaBeAIMBO HepaBeHCTBO, MpOTHBO- 


OOH HOe HepaBeucTBy (81), T. e. 


fay W(x, D) Dx 
My (x, D) = tri + O (apnea) - (83) 


x / 
OctaeTcaA OWeHHTb elle Z, he — uncio uncen & u3 unTepBawa (2, x/In x), 


TaKHX, 4TO 
a k=l —l" (modD); 


« e* CD) Tp, Dy CN aoe 


(Rk) > (In x)™ 
ees paoote 1O. B. JImnnuxka u A. VW. Bunorpagosa [11], npn 


ef ) 


ba aay 
%G 1 
>) a ) ping ln raves WU ee 
Da+l<x/in x p|D 
Ce OBaTeJIbHO, 


(In x)" ine) S tis 5 ’ 


The 
Zi (ay) < trex [D (Inx)"]-* (84) 


K OvHapHbiM Mpo6eMam aQuTHBHOn TEOPHH MPOCTbIX 4HCe 2 


TakHM oO6pa30M, B Cully cooTHomeHnii (79), (82) —(84) maa Kax 
’ ’ MOTO 
2<ok<x/Inx; k=l —l'(modD), uckmoyaa ne Gonee 4eM 


x 
Cliger te) Dany 


M3 Se ae M€CTO aCHMITOTHYeCCKOe PaBeHCTBO 


ii Nie P(p — 2) (pele 7 Ds p—1 
N= GG se Sie Le s 
p>2 p/D p>2 
p>2 pik,pD 


+ (am): 


/ 


wie N=) ecnua 26D, yy Ad up 2/D, u3 KoTOporo serKo cuenyer 
Teopema 2, a 3HauNT uM TeOpema 1. 


Summary 


The method of exponential sums of I. M. Vinogradov is applied to 
the functions //,(x) and Q(N) which denote: /7,(x)—the number of 
twin primes p, p+ 2k not exceeding x; 

Q(N)-—the number of representations of the even integer NV as a 
sum of two primes. 

The correctness of the hypothesis of Hardy-Littlewood and Sylves- 
ter’s on /7p(x) and Q(N) for almost all even integers k and JN is pro- 
ved. Moreover a more general result about the arithmetic progression with 
an increasing difference is obtained. 
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JIuub LisaHb-6nH 
O HEKOTOPbIX 3AJAYAX ®PAHKIA 
§ 1. BBeawenne 


B 1956 r. ®. HW. Opanka, noctaBH 3aqady: HaHTH pery/IApHOe pe- 
meHHne ypaBHeHua Uanvpirnna: 


P(u) =K(y) Uxx + Uyy = 0, (1) 
K(y)y>0, K’(y)>0, (2) 
y HOBJETBOPAIOMWee TrpaHHU4HbIM YCJOBHAM: 

u ts (s), (3) 

BA 
TA Beary Wy Ca) eer s (4) 

ou 
| aes (5) 

AA’ 

u(0, y)—u(0, —y)=fly), —l<y<1, (6) 


rae rpanuya BA 3 anauntuyeckoli oO1acTH — 2%KOPAaHOBCKaA KPHBas;. 


A’ ATG OP — orpesxu XapakTePUCTHK; S— AIMHa NYTH BA, OTCUMTHIBAaeMaA 


ot Touku B, Touxu A, A’, 5, C umewr caexyiume KoopaAnuatl (puc. 1): 
A (0, 1), A’, —1), Bil, 0), C(O), st al. 


ae 
Ilycrb D — o6nacTb, orpaHuueHHad KOHTypom y = AA’PCBA. 

Aaa cayuaa, Korma K(y)=sgny, A. B. 
Bunalse pewua ety 3aqauy [1], q0Ka3ap, 4TO- 
ecuH BA yopsetBopaeT ycaoBuio JlanyHoBa 

dy 
12> >On ecaM qaHHHe v,, b. u f(y) yooB- 


Je€TBOPAIOT yCIOBHIO Teabaepa, TO cytectT- 
ByeT CHHCTBeHHOe pelmeHHe u(x, y), Ta- 
KOe, 4TO 

1) 4 ymoBaeTBopser ypaBHeHulo (1) B. 
o6aactu D, kpome npampx y=O0 ny+x=0; 

2) wEC(D); 7 

3) Uy, Uy HenpeppiBHE B D, ucksl04ad 


xapaktepuctuky OP u TtouKxu A, A’, O, B, 
Puc. 1. C, B KOTOPHIX OHM. HMEIOT, OBITb MOXET, 
Oe€CKOHEYHOCTH NOPAAKa HWKE CAMHUIB; 
4) uw yoBaeTBOpaer rpaHHYHbIM ycroBuam (3), (4), (5), (6). 
Jlaa cayyas, korga K(y)=K(—y) nu l=1, (van B=C), on gOoKa- 


3a TaKKE E€HHCTBEHHOCTh pelleHHa u(x, y) [2], ecau oT u(x, y): 
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(x, y) 
TpeOoBaTb, TOO] ee ,CONpAxKeHHad (yHKuuA v= { (-aydx+ 


(0, 0) 


+ Ku,dy) 6uiaa nenpeppBua BD. 


fO. Jlesuurtanp [3] noka3a1 equHCTBeHHOCTh peryapHoro pewleHna 
PH NOMOUIM MIpHHIwla MaKCHMyMa HW PyHKuUMH 
ee 


(¥, y) 
FAS SY) = \ (Ku? — v*) dy + Quvdx, 
(0, 0) 
KOTOPpad HE 3aBHCHT OT MyTH UHTerpHpoBaHHA B OOmactu D. Ycaosue 
L=1, tam ne nyxHO. B sTo# xe CTaTbe OH JOKa3a TaKxKe C MOMOLIbIO 
MeTona Teanepcrera cyujectBoBaHHe pelleHvA WIA culyyuad, Korga 
Uy)-— ony 
B nepBoi yacTH MaHHOl cTaTbH, uCNOL3yA BapnaHT @— b—c meTo- 
Ma [4], Mb WOKaxeM TeOpeMy E€AMHCTBEHHOCTH KBa3uperyaapHoro peute- 
HWA WA cayuad, Korga K(y)+K(—y)>O0. 3necb KBasuperyanpHEIM 
peuleHneMm, CormacHo Cc ompemenenvem Teanepcreta [5], HasbiBaeTca PyHK- 
mun u(x, y), YROBIeTBOpAIOMad CAeLYIOULMM yCAOBUAM: 


1)u@C(D) u ynoszerBopset ypaBrenuw (1) B o6aacru DOOP: 
B 
2) ute, O) uy (x, 0) dx < «0; 
0 


3) Sf (Kut +u2) dady < 0; 


D(y>0) 
4) teopema ITpuHa octTaetca B CHIe AA UHTerpava { {uP (z)— 
D 


— zP(u)} dxdy B npemenbHOM cmMbICae, T. @. QA m1060H, BHyTpeHHei 
o6nactu D’/CD umeetca 


j ) {uP (z) — zP(a)) dxdy = 
= GK —2ge) (WH) e} 
i : 


(yi —Koutyp D’), uw upu y’—->yY mpezen rpaHH4Horo uHTerpata cyuect- 
ByeT. 

3yeCcb HafO 34METHTb, YTO JIA MAHHOH 3aayn Wy HU Uy MOFyT ObITb 
paspbIBHEI Ha xapaKTepuctuke OP. OT uy HM uy ocTaTOuHO TpeOoBaTb 
H€IIPepbIBHOCTH CBepxXy HM CHH3y Zo OP. Torga u3 HenpepbIBHOCTH u(x, y) 


Ha OP caenyet, TO mpousBogquan (— uy VW —K + uy) nempeppipua Ha OP. 
JleHcTBHTeIbHO, CCH OOO3HAYHM Yepe3s Wt, U COOTBETCTBEHHO mpe- 


menbt u(x, y), Korga (x, y) crpemutca K OP cBepxy u CHH3y, TO Ha OP 
ut+—u-=0, 
HO 
(tet) = —ut VSR +uj; ($0) =a VR +45, 
OP OP 
MOITOMY 
Sy) 2K -ie] ua, VK + uy. (8) 

Bo BTOpo uacTH NOCTaBMM JBe CONPAXKeHHIX APyr c ApyroM 3anaun, 

KOTOPble CXOJHbI C 3agayeh Dpanka. Cuayata AOKaxKeM CHHCTBEHHOCT 


30 Jluno Li3ano-0uH 


peryaaApHOrO peWeHHA 9THX 3aa4d HU Mp NOMOIWM ABYX BaXKHbIX Hepa- 
BeHCTB JOKaxKeM H CYyULleCTBOBaHHe OOOOUEHHOrO PpelleHHA 9STHX ABYX 
CONPARKEHHBIX 3afay. Onpememenne OOOOMeHHOTO pelmleHHA OyeT Uu310- 
*KeHO HHKe. Bce 3TH paccyKMCHHA CXOHbI C TEMH, KOTOPble U3/Jarasla 
Mopaser [5]. 


§ 2. EXWHCTBEHHOCTb KBasuperyAApHOrO peuleHHA 3ala4uH PpanksA 


IIpexze Bcero onpegzemum yHKuUuI0 U(x, y), compaxeHHylo Cc u(x, y) 


CIE YIOUNMM OOpa3som: 
(x, y) 


v(x, y= | wydx — Kuydy. (9) 
(0, 0) 


Cnayaa onpeyzeruM 9TOT HTerpan oTZeabHO B OOmactax A’OPA’ u 
OPCBAO. Vi3 (1) o4eBHaHO, 4TO MHTerpasbl B 9THX ABYX OOMACTAX He 


3aBCAT OT MYTH UHTerpupoBahus. Ho na xapakTepuctTuke OP szuddepenynat 


Geperca B XapaKTepHCTHUeCKOM HalpasieHuu ax = VY —Kdy, nepecexato- 
uleM xXapaKTepuctuKy A’PC mod ocTpbiM yrsoM, 


dv = uydx — Ku,dy =V —K (uydy + u,dx) = V — Kda, 
nosTtomy u3 (8) caexyer 
ad(v+ — v-)=0 uan vt —v-=const = 0. 


Tak Kak v+=-u- B TouKe 0, dyHKuMA U(x, y) TORe HeHpeppHIBHa B D. 
iia uu UV OyeM UMeTb CHCTeMy ypaBHeHHi 


— Uy + VUx=0. 
Ilycth b(x, y) uw c(x, y)— Be MpousBOAbHbIe KYCOYHO-rviagKne 
dyykunu BD. Ouepuyno, 4T0 


Tees f \ ((cKu — bv) (vy — uy) + (bu + cv) (Kay + Vy)| dxdy=0. 
D 
Ha OCHOBaHHU TOK eCTB 
cKtu, + eKuv, = (cKuv), — uv, K, 
—bv0~=(—3 — by? + + POX, 
x 
buvy + buuy = (buv)y — uvby, 
? oKutte=(5 bKu) — 1 wKb,, 
is > 1 
CUVy = G cu Haga Gy 
— cKutly = es x Ken") + Fu (Ke)y 
y 
no mopmyvie [puna nowzyauMm 


a= \j Fs (cK) y— x Kbx| wt — (Ko + by) uv + 


a Ge: .) | dxdy + O{|> bku* +cKuv — + bv" dy + 


+ | peKut—buv— . co | dx} =I, +1). 
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H3 ycnosnit (5), (9) u (10) caenyer, Vy La = H MOSTOMY 
v(0, y)=0. 
Tenepb, ecau B ycnosuax (3), (4) u (6) 
Y=, = f=0, 
TO NOgywitca rpaHnunEii unrerpan 


I, =| _— = (bdy + cdx) + he y bKutdy — 


BA 


ape; (2s Rut oltbay teas) +( (boats 


aa toro, aout /, >0, 4, >0, nocrarouHo, yTo6nt b(x, y) u c(x, y) 
YHOBICTBOPAIN CIE LYIOULUM YCAOBUAM: 


A, =(Ke)y— Kb, > 0, 


A,=b,—cy>0, B D (11) 
A; = (Key + by)? < A,A,, 
po Pele <0 Ha BA, (12) 
1 
J [20 wK(y) +60, —y) k(—y)] #(y) dy <0 (13) 
WU ; 
BONY) I 0 (0) Hay) IE (Se ee a 0, 
bey —K=0 wa A’C: (14) 
MERTO A a war eree (15). 
Bo3bMeM 


Do. C—y pn vy -0. b— 4% — mm c=0 pn y= 0 
rye m mocTOAHHad HM m > max {x}. OueBugHo, ycnosnua (11), (14) u (15) 
D 
y LOBACTBOPAIOTCA. 
JleluicTBHTeJIbHO, 
A, =Kk’y, A,=0, A,=0 Tipu y>O, 
AK (y), Ast AS 0 npn yy 0: 
B Busy sToro uMeeT MECTO CaenyIoMlaA TeOpeMa: 

Teopema 1. EduxcmsexHocms Kea3upezyAnpHoezo peleHua OaKHOk 
3adauu (1) u (2) umeem mecmo, ecau OAA HeKOMOpO NnocmMOoAHHOK 
m > max {x} 

D 


(sm) 2 ty SF <0, ua BA, (12’) 


KO) + MG 9)i 2 07 0 =< 1 (13’) 

SaMeuyaHua: ‘ a 
dy dx y dy y x é 
PebCMes 2.0 .n . —Ouin 20 Nn a MPA FR 


dy 
wan eo ul Oc 2 npu 7 <0, To ycuosue (12’) oweBuqHO yAoB- 


ay 
JeTBopsetca. Ilostomy ycaosue a> >0O na wenoh KpHBoH BA moxuo 


ocma6uTb (OCOGeCHHO B OKPeCTHOCTH TOYUKH A), JIMIb TOAbKO MbI BbIOepeM 
Haie2xkally!o MOCTOAHHYIO 72. 
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2. [laa ypapuHenua Uanapirnna B ra3s0quHaMHKe, rye 


r(1 — 28 
y= {Fe a dt, BS (16) 


a. 


K()= ae 
a(1—v+)* 


H€TPyAHO MOKa3aTb, 4TO (13’) uMeeT mecTO. 
B caMOM jee, CCH MOMO%#KHM tT, HM Tt COOTBETCTBEHHO + Yo UH 


—= Me (O<¥< 1; TO 


Cie 10s Ue m Oy 


pce dt, sam | Gh (17) 


I 


OueBu Ho, 
(aa Aian ee el) 
2t, 2to 4 


Vi3 (17) caegyetT, uTO t} —®@>a—t_, KOTOpoe BMecte c (15) u (16) 


MOKAaA3bIBaeCT, AUTO 
Kyi SK (G5): 


3. Ecau AA 3aMeHeH KpHBOH I,;, CHMMETPHYHOH OTHOCHTeIBHO ocHu 
y=0 u dy <0, a KpaeBble ycOBuaA HMeIoT Ha I) creqylouMi BuZ: 
u(x, Yip =4(%, —y)hp, (Kady —uydx)|, =0, 
TO AA TaKOH OOOOUWeCHHOH 3aa4yH aHamOrH4yHad TeopeMa TOMKe HMeeT — 
MeCTO. 


§ 3. [MocTaHoBka AByYX CONpPs)KeHHbIX 3aa4 


PaccMoTpuM Be 3afaun. 
3anaua 1. Hatitm pemenne ypapuennusa (1), yzoBreTBopsaioulee rpa- 
‘HHYHBIM YCJIOBHAM 


il =e), (18) 
BA+AA 
ty|_ = (4), (19) 
u 
0, )- 320, —y =f), —1<y<1. (20) 


Sanaua 2. Haliru pellienne ypapuenua (1), yqoBeTBopatiomlee rpa- 
HUYHBIM YCAOBHAM 


ue ue) (21) | 


Ox | — 
u a (s), (22) } 
ar |= tal), (23) f 
CB 


K(y) 520, 9) +K(—y) 2, —N=T(y), ~1sy<l. (ae 
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Kak u y Mopapeu, 3TH 3a7a4H MOMKHO CBECTH K 3a2auaM OTHOCHTeVIb- 
HO CHCTCMBI YpaBHeHHH 3.uNTHYeCKOrTO Tuna 


a Lu= g, (25) 


We= (i), Ul»); Oe (oa 2); (Lu), = K (y) + & 


0 Vue ; 
(Ei) IK) 20, KO) > 0; St ey. 


Bo fatpuelimem Koshdbuunext K(y) 
scerla YOBJeTBOpAeT HepaBeHcTBy 


RAN) aK y)S-0, ey ly (96) 
Tenepb MO2xKHO PpaCCMOTpeTb Be COOTBETCT- 
BYFOWMUX 3a1ayH: 


_ Samaua 1". Haiirn pemenue ypasyenua 
(25), yoBneTBopsiomlee rpanu4HEIM ycao- 


SHAM 
ad d 
(u, =~ + 2 | ==) (27) 
BA 
a : 
a OF (28) 
Uy (0, y) — Uy (0, ==) = 0, 
Soy VER (29) Pie? 
Cb 
S3amaua 2’. Hatitn pewtenue © =(o,, ©) ypapHenua Lo—g, yaoB- 
JeTBOPAIOWee TPaHHYHBIM YCOBHAM 
Dy = ==), (31) 
BA 
K(y)e 0, y) + K(—y)o,(0, —y)=0, (32) 
(ee et (33) 
Oo, ea Os . (34) 
CB 


Ecru B (25) g,=O uw pemleHve HempeppiBHO Auddepenuupyemo, To 
u3 (20) nowzy4uuM, 4TO HHTerpat 
(*, y) 


(%o, Yo) 


He 3aBUCHT OT ITYTH HHTeCrPHPOBdaHHA UH YHOBACTBOPACT Y paBHeHHI0 
PE=K(Y) bee + Yyy = Sy (1’) 


rpaHHunble ycaosua (27) — (30) u (31)—(34) coorBeTcTBeHHO CTaHOBATCA 
OMHOPOAHBIMM PpaHHuHbiMu ycaoBuamu (18)—(20) u (21) — (24). SHauut, 
sanaun 1’ u 2’ aBjIAIOTCA YaCTHBIMM cayyaaMu 3agau 1 uw 2 COOTBeT- 
CTBeCHHO. 


§ 4. Onpegenenne o60OmeHHOrO pelmeHns 


Iyctp D,(D_) o603HayaT BepxHiol0 (HMxKHIOIO) OTHOCHTeAbHO OP 
yactb o6mactH D. OnpemeauM HeCKOMbKO BaKHBIX AA MalbHeMWero 
MCCAeCOBAHHA KaccOB PYHKUMH: 


3 Bectuuk JlewuurpagcKkoro yHusepcnteta Ne 13, 1961 r. 
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1. Muoxectso U. Bextop (uy, Uy) MPHHa dle xKUT U; ecau 

a) yn 2, #2€C°(D.)UC(Ds), tt, 4, €C° (D_) UC (D_); 
6) (V— Ku, — 4.) &C(D); 

B) U==(a, U.) yROBMeTBOpAeT TpaHHYHBIM yeroBusaM (27) — (30); 
r) J) lai + (Lupa dedy <0. 


2, Maowechne W. Bextop ©(,, ©) mpnHaniexuT W, ecau 

a) pyHKUWH ©, © €C" (D,) UC (D4), , © €C" (D_) UC (D_): 
6) (V—Ke, — w,) €C(D); 

B) © = (,, ©)) YROBIETBOPHeT TPaHHYHEIM ycOBHAM (31) — (34); 


r) \j [7 (Lon ee (Lo)3| dxdy <0, r=V(x— +a". 
D 


3ecb, M@2KyY MpOUMM, HYKHO MOYePKHYTb, YTO YCIOBHMA 4a", ,0~ 
o6ecneyaT HHTerpHpoBaHue nO uactam no neaoh D. Ilostomy B-6ynyiuem 
MBI He OyeM paccCMaTpHBaTb OTZebHO HHTerpal BD, un D_. 
3. Tlpocrpauctso V. Bextop v(%, U2) UpHHagmexut V, ecan v,. 
U,— Tapa H3Me€pHMBIX PYHKUMH WH HOPMa 9JIEMeHTa UV. 
1 


> 
| 2 2 
loi= (fh ++ U9) dia) << e, 
D ) 
CxamapHoe Mpon3BeeHHe ONPeMeAAeTCA OOIYHBIM OOPasOmM: 


(250) = i (WV, + UgV,) dxdy. 
D 


4. IIpocrpanctspo V*. Bextop u(v%, UV.) mpHHanaexuT V*, ecan Vj. 
UV. — apa H3MePpHMBIX (YHKUMH H ee HOPMa 
1 


jor =(f{ Geta) aed). VOTE 
D 


orpaHnyueHa. CkaApHOe NpousBeweHHe OMpezeaeTca caexyomumM o6pa- 
30M: 


CPR \| & U,V, + U,V») dxdy. 
‘oD e 


5. Tipocrpauctso V,. Bextop U(%, UV.) mpuHaniexuT V,, ecan v., 
U, — napa H3M€PHMHIX PYHKUNH Hu ee HOPMAa 


ro rary 


ll De cit \J (rpU? 4-02) ay 


orpaHnyena. CkaJApHoe NpOH3BeeHHe ONPeMeAeTCA CIE AYIOULMM O6pa30m: 
(AD ae I) (roit,0, + U,V.) dxdy. 
D 


Tlocae ompemeeHuA 3THX MpOCTPaHCTB H MHOXKECTB MBI MO2%KeM On- 
pefeiuTb OOoOmeHHOe Pellienne 3anmayu I’ un Q’. 

O6oOmeHHoOe pemwleHue 3anay 1’ u Q’. 

a) Econ n€ Vy, u aan aro6oro smementa w€& W, 


= = (Lo, it), 


TO H Ha380BeM OOOOULCHHEIM PeINeHHeM 3aauH 1’. 
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on 


6) Ecun ©@V u gaa s1060r0 snementa uEU, 
(4, g)=—(Lu, «), 
TO ® Ha30BeM OOOOUICHHBIM peleHHeM 3ayaun 2’. 
HerpyaHo mpopeputbh Copmazenue O6o0OmeHHOrO pemlenua C peryap- 


HBIM PeWICHHeM, eCJIH OHO ocTaTOYHO raagtKoe. B caMom seve, ecu 
o6oOmleHHOe pellieHve Hu yAOBeTBOpAeT ycnOBHAM ,a“, ,6“ B 


OF TO.86 
opine puna 
—(Lo, 2)=(Lu, 0) — por (Ku,dy — u,dx) — , (u,dx 4- u,dy) 
u3 ycroBul (31) —(34) cuenyet, qa z1060r0 € W, 


(o, = (0, Lu) + | (adx + usdy)o,— J K(y)%(, y)ai(0, ydy+ 
a ar 
i (| WH, (0, y) dy + \ (V —Ko, fb 2) (4,dx + u,dy) + \ WW,AX. 


AA’ A'C CB 


M3 npou3sBombHOCTH BHOOpa © B W nomyuuM, uTo 4=(4,, 4.) yROBaeT- 
BOpaseT ypaBHennio Lu=g Mw rpaHH4Hbim ycaoBuam (27)—(30), T. e. 
Wu — perymapHoe pemenue 3anauu 1’. 


Ec o606ujeHHOe pelleHHe © YJOBIeTBOpAeT ycaoBuaM ,a“, ,6“ 
B W, TO aHalorHyHoO u3 ycaoBuh (27) — (30) nomyunM 


(u, g)=(u, Lo)+ j w, (Ku,dy — u,dx) — Ko,u, (0, y)dz+ 
pS AA’ : 


AB 


+ { (V=Key + ©) (4 V—K + 4) dy + | oud. 
arc cB 

V3 mpou3Bo.ibHoctn BblOopa uw BU cyeqyet, YTO W ABJAAeTCA PeryYAAPHEIM 

peuleHHeM 3ayaun 2’. 


B caenzyrulemM maparpade nowy4uHM Be OWeHKH Wd 98THX compa- 
WKeHHEIX 3aa4, MPH MOMOWM KOTOPHIX MOXKHO Cpa3y ZOKa3aTb TEOPeMbI 
€NMUHCTBCHHOCTH PperyJApHOTO PeCWMeHHH 2STHX 3afayd H CYULCCTBOBAHHE UX 
OOOOWLeHHBIX PeWIeHHH. 

§ 5. OueHKu pellleHHH CONpsAKeHHbIX 3a1a4 

JlIemmMa 1. na 2106020 w&6 W umeem mecmo ouenKka 


Jol, < Bi Lol’, (35) 


ecAu KOXMYP BA ydoslemsopsem Hepasercmey 
1 se 
y *[(x—Ddp—pdx] >kds>0, p=\VKdy, — (36) 
0 
npurem B, ky — HeKOMOpHLe NOAOHCUMEAbKKLE KOKCMAKMOEL. 
TloKka3aTe€AbCTBO. Tak Kak ©,=O/(y), Korga TouKa P BOMb 


XapaKTepHCTHKH Oe cTpemutca K TouKe C, To u3 (33) u (34) caenyer 


o=(0, 0) mpu (x, y)=(d 0). (37) 
Tenepb MO2%KHO HCHOb30BaTb MpeoOpasoBanne 
bW,+¢W,=%, == 
SAAS pai win W=V 2, (38) 
re V= ee Ve 


3t 


JIuno Lleano-6uH 


jew) 
oy) 


Cuayana noayuum dopMaibHo nHTerpaa oTHOCHTeIbHO W, u W, mupH 
nomomn copmyab Tpnna, HO noce BHOopa O(x, y), C(x, ¥) HaM Hao 
Cle IpOBepUTh 3aKOHHOCTh MpuMeHenuA Popmyibl puna m0 wesoH oOma- 
ctu D, Bpkaruaiouleh TouKy C; sro jemaeTCA COBEPUICHHO TaK Ke, Kak 
y Mopapell, NO2TOMY MBI JaquM MOKa3aTe/IbCTBO B COKPallleHHOM BUJe. 


(Loz W) == (VW Wie 
={\{(Fxow!) +(KeW, We — $ (OW). — (SE wi), + (OW. Way + 
D 


+ (4 ew) +5 Wi [Kby—(Ke)y] + WyWo(Kee+ by) + 


W5 
++ oa bd. +¢y)| dxdy =— I, —I, = \| +0. 
D 


Jaa toro uro6n J, >0, goctaTouHo, uTo6p B D ycaosua (11) umeau 
mecTo. M3 rpaHuudblx ycaoBuh W oueBuaHo, 4TO 


bW,+¢cW,=0 Ha BA, 
V—=KW We = 0) na AG 
W,=0 Ha CB, 


TO3STOMY MOAY4HTCA 


I, ==) dh ((KOWi + 2KeW, W, — OW) dy + (KeWi — 26W, W, — 


— ew) dx} = | L(KWi+ Wi (ody — edz) + 


— 


BA 


+1 
+4. | (Kow?+2Kew,W,—0W3) dy =S, +4, 


ay 
rae 
1 +1 i 
=> i | OW, + ew)? — (AE +6) w3] dy. 
=i 


Temepb MyCcTb 


y 
\VKay 
b=x—f t= ——+k|x—I| npn y>O 
VK 
k|x—l| mpH y <0, 


rye k — jocTaTouHo Malad MOCTOAHHAA, TOrAa 


1 ( (Ko) ° A &> +4) K 

=z | Seay + | cK + 1) way + | ee Wdy, 
mo ycaoBuio (32) (Ko,)? — yernaa we x 

J, >0, u60 no (26) 7 PyHkgua oT y mpH «=O, Snauun, 


\ 


Cc By ae a é 
Rn BT r\— Tle R=) (Kas)tdy > 0 


O HekoToppix 3agauax Ppankna 37 


See 


ate J, > 0. Ycnosue (36) moKasnBaet, uro J, > 0 un 


ihe = (settle l Wi kk aw, w ae Wi} dxdy + 


“ ff te K+ K'h| x— li) Wi kK WW > Wi} dxdy, 


D(y<0) , 
~~ 


Ml wo 


Tak Kak p~ = 2 VROy?, K~kK’(0)v mpu yO, To nan ocTarouHO 
Malo R say MNOJYYHTb HepaBeHCTBO 


1, > kJ (roo? + 02) adxdy =k, || WP, 
ID ‘ 
“rye &, — HeKOTOPOe NOMORUTeABHOR YUC.O. 
C apyrok ciopouH, 
\(Lo, W)|< 


k 
NYCTb ¢= a , TOrLa Nosy4uTca 


| Whe < k,|Lol*, rk, >0. 
Ho 


(rb? + K2 . 
lor =| (EES (re Wi) + 260 ("=S\ Vr, Ws, + 
+ (rc? + 6?) W3} dxdy < K, J (r,W? + W}) dxdy. 
D 


CreopaTeibHo, CymeCcTByeT NONOKHTeIbHOe uNcMO 8, Takoe, 4TO (35) 
vmeet MectTo. JlemMMa | OKa3auHa. 
Jiemma 2, Jlaa 26020 u€U umeemca OueHKa 


la, <B Lea ||, (39) 


ecAu Kepasencmeo (36) Ka BA yoobAeMBbOPAEMCA. 
Jloka3aTeabcTBO. PaccmMorpuM nuHTerpal 


D 
no dopmyae [puya, avatornuHO BBILICH3102%KCHHOMY, NOY 4M 


2 
a \j + (Ke) — KOx) — titty (Ke, + by) + (bx — «| dxdy + 
D 


oe p Is Kbuj + Keu,u, — + but) dy + (Xe uf 2; — OU, — £ u3)dx = = 
Sie aia 
B CHy rpaHnunnx ycroBnH gaa U, (27) — (30), 
fp=1 | (VSR atte) (— ody — eax) + 


arc 


= 
b | 5 (Kut + 43) (bdy — ed x) + ( 4 Kouidy. 
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TlycTbh TakxKe 


Vy 


p= x Cate rae tk|x—l|, y>0O, 
re ; y <0. 


Torga u3 (26) noayuntca 


=4 | (V— Ka, + 4,)? (l—*) (1—& VK) dy t 


a'c 
ine 
1 (iv 
+ \-y (Kaj + 43) (x — l)dy— We +k| x—l|fdx }+ 
BA 
ay 
+ | zIK() +K(—y)] Wdy > 0. 
5 
AuHaJOrHyHo 


Lote | (r,u? + u2) dxdy. 
Ho c apyron aiees | 


| || Sa ai [(Kuix ae Uy)” a (tay — Ux)? | dxdy + 


D 


- a) [(bu, + cuy)* + (— Kea, + bu,)"] dxdy< 


1 
Stra 


Lujt + 2 ({ [(0% + Ke) uj + (c? + b°) ul] dxdy < 


D 
ee ‘Whale + Qs NA Upset u? + (c2? + 6°) u2| dxd 
SS te. i es Ps Cre} 9 y. 
iB). 
4K? 0 a 
Tak Kak uc’ + 6? orpanuyenst B D, TO MO2%KHO BHIOpaTb = 0- 
e . 


CTaTOUHO MabIM JIA TOFO, YTOOL! HEpaBeHcTBO (39) HMewO mecTO. 


§ 6. Saknwu4eHHe 


M3 nemmpl 1 cenyer. 

Teopema 1. PezyrzapuHoe pewexue 3adaxuu 2’ eduxncméeeHHO, ecan 
yoosrzemsopxiomcsn (26) u (36). 

Viz memMMbl 2 caenyer. 

Teopema 2. PeevaapHoe pewenue s3adaiu 1’ eGuncmbenHo, ecau 
ydosremsopsioinca (26) u (36). 

Sameuauue. Ecau umMeTb B BUAY TOAbKO ROKa3aTeIbCTBO eHH- 
CTBeEHHOCTH, TO ycOBHe (36) MOXKHO' OC1a6uTb, a HMeHHO, Ry B (36) MO2%KHO 
MOMOXKUTb PaBHbIM HYVI10. 

Tenepb pH nomMouM TeopeMpl Pucca MOxHO 2OKa3aTb i aacneselac leh 
HHe OOOOUIeEHHEIX pelleHnii O6eHX 3amau. 

Teopema 3. AAR 100020 g&V* cywmecmeyem o608uenHoe peuexnue 
3adauu I’. 
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} Tloka3ateabcrso. Paccmorpum (, g)=G(Lw)=G(s) kax au- 
HeCHHHIN PyHKUHOHAT Han Low. Tak Kak 


It £)|<llol lel < Bl Lol | git < B Lol, 


to G(s) orpaHuyen, mostomy G MmoxHo PpaclIHpHTb Ha sce V*, n60 


Lw€ V*. Tlo Teopeme Pucca, Wid AMHefHOrO @ynHKuMOHana G(s) cyme- 
<TBYCT, SEMEHT C€ V* takoh, ato 


, (Lo, t)* = (, g). 
iycth uv, = — a? u, = —t,, Torma uEV, u 
(Loy t)*=—=(Lo, n), 


SHauHT, U=(4,, u,) aBAeTCA OGOOOILEHHBIM pemeHuem s3ayauu 1’. 
Teopema 4. [12 anm6o020 g€ V* cywecmeyem o6obwenHoe peutenue 
3adauu 2’, 
JlokasaTebcTBO TEOPeMbI AHAOPH4HO BBILICH3102%KCHHOMY. 
MMeHHO, H3 JeMMBI 2 HMeeM 


(4, g)|<|4al.lgl* < B'|Lul, 
WM MOTOMY, BCIeACTBHe Teopembl Pucca, cymectByet t@ V, Taxod, uTo 
(Li. t) = (2), 
Bextrop © = —t=(—t,, t,) u 6ymeT O6O6uleHHbIM pewleHuem s3agauu 2’. 


Summary 


The theorem of uniqueness of a quasiregular solution of one of 
Frankle’s problems is proved. Two more self-adjoint problems are con- 
sidered here for the same equation (§ 3). Theorems of uniqueness of 
tegular solutions and theorems of existence of a generalized solutions 
are proved for then. 
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C. T. Muxane 
HEKOTOPbIE YCJIOBHA YCTOMYHBOCTH METOJIA PHTLILA* 
$1 


Ilyctbh Tpe6yeTca ONPeAeAHTb 9eEMEHT Uy = A7*f, rae A — nannpit 
OnepaTOp, MOO2#KHTEABHO ONpPeeeHHHIM H CaMOCONPAKCHHBIM B HEKOTO- 
POM 3afaHHOM Cenapa6ebHOM rvabOepToBomM mpoctpauctBe H, f — naHHblii 
QI€MeCHT 2TOFO MpOCTpaHCcTBa; HHave FOBOPA, TpeOyeTcA pelluTb ypaBHeHHe 


Au=f. (1) 


TipuMenaad 2a 9TOM WerM u3BeCTHHH MeTOR Putua, BHIOupaloT c4yeT- 
Hy}O cucTeMy (HH2Ke MH OyZeM Ha3bIBaTb Ce ,KOOPAHHATHOH CHCTeMOH“) 
TaK Ha3bIBACMBIX KOOPAHHATHBIX 2e€MeHTOB ¢g@H7,, NOAYHHEHHEIX JBYM 


ycOBuaM: 1) B3ATHe B JKOOOM KOHCYHOM 4HCe, ITH 9ICMCHTH JIHHEHHO 
He3aBHCHMBI; 2) KOOPMMHaTHaA CHCTeMa NowHa B H,. Ecan W_ — mocTpoeH- 


Hoe mO MeTOAy Putua mpHO1M2xKeHHOe pellleHne BULA 


TO, Kak Obl10 MOKa3aHO B OoOee PaHHHX paOoTax aBTopa **, BeM4UnHa 
|%n—Uo|, HE BO3pacTaeT C BO3paCTaHHeM 7, H 


1 
| up, -— Bole me 20; Jun|, <|4ns1 la < [Mola = FR IF, 
(es 


3e€cb A, —HH2KHAA paHb ONepaTopa A. 

Mertoy Putua apa yOBIeTBOPHTebHBIe pe3yAbTAaTh! NpH HeOOAb- 
WWuX 7; HEOOXOAMMOCTh MNOBbICHTb TOUHOCTh MpHOAWKeEHHOTO pelleHua 
TpeOopala YyBeHYeHHA YMCA NM, YTO CTAIO BO3MO2XKHBIM Owlaromapa m0- 
ABJICHHIO ObICTPOLeCHCTBYIOWHX CUeCTHHIX MalHH. OOuapy2xxu10cb, 4TO NpH 
Oombuux m MeTOA PutTya MHOrfa MNpOABIAeT CBOeOOpasHy!O HeycTOHUH- 
BOCTb, KOTOPaH COCTOHT B TOM, YTO C BO3PpacTaHHeM # Pe3KO NamaeT TOU- 
HOCTb OnpexeneHua Koa muynenTos at”). B HexoTopoh mMepe 3TO aBAeHne 


Opl10 HCCIeMOBaHO aBTOpOM B 3aMmeTKe [3]; Obl BbIABIeH HeEKOTOPHH 
KacC KOOPAMHATHBIX CHCTeM, JAA KOTOPHIX MeTOX PuTua ocTaBaca ycToH- 
YHBBIM TIpH yBeaMueHHH nm. ABTOP Ha3BaJl CHCTEMbI YNOMAKYTOFO Ksacca 
»HamexuHbIMH“; M, [. Kpefin, panee [4] uc pyro Touku 3peHua uccae- 
WOBaBIUMH 2TH CHCTCMBI, Ha3Bal HX ,Oa3Hcamu H. K. Bapn*. 


* PesyAbTaTbl HaCTOMIWMeH CTATbH B 3HAUMTeEAbHOH GaCcTH CPOPMYAHPOBaHbI B 3aMeTKE 
aBTopa [1]. 3mecb, Kak HW B 3ameTKe [1], 6€3 OroBOpOK M NOACHEHHI MCMOAb3ywrTes Tep- 
MBHOJOPHA H CHMBOAMKA MOHOrpadun [2]. 

** Cm. [2]. B dopmyae (2) MbI H3MEHHIH MpHHATOe B KHHre [2] O603Ha¥eHHeE ap Hai 


n 
), yroOn! NORYEPKHYT 3aBNCUMOCTE KOsh@HUMeHTOB Purua or 7. 


( 
ap, 
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B HacTosmeH craTbe HCCeLyeTCA 3HAYHTeABHO Gomee WIHPOKHH Kwacc 
KOOPAMHATHBIX CHCTEM, IA KOTOPHIX MeTOA PutTya coxpaHaeT ycroiun- 
BOCTb. OfHOBPEMEHHO OyAYT yKa3aHbl HEKOTOPBIe HOBLIe CBOHCTBA Halex- 


HbIX CHCTEM. 


s2 


FigwOMHUM HEKOTOPHIe BaxkHHe AA atbHeluero date. Cucrema 
3JIeMCHTOB 


V1; Pos we Pay ss ey (3) 


NPHHa Ae KawWluX HEKOTOPOMY OaHaXOBY MpPOCTPaHCTBY, Ha3bIBaeTCA MUHU- 
MQAbHOW B 2TOM TIpocTpanctBe [5, 6], ecm BHINepKUBaHHe W6Oro 9aue- 
MeHTa CHCTe€MBI CyxKaeT HaTAHYTOe Ha Hero MOANpocTpanuctBo. Umea B 
BUY NOCIEAYIOMWMe NPHOXKCHHA, MPHMeM, YTO CHCTeMa (3) NpHHazexuT 


HEKOTOPOMY rHuabOepToBy npocrpaucTBy A. Ecam cuctema (3) MHHUMaJbHa 
B Hf, TO B 9TOM MpocTpaHcTBe cyulecTByeT cucTema 


bi, Deon scraty aaige cchent (4) 
OvopToroHabHad kK cucTeme (3), Tak 4TO (%, },)_ = ¢,,. Hao6opot, cu- 


cTemMa, HMetwollad ONOPTOrOHaIbHY1O, MHHHMAJIbHa. 
Besakuh 6a3HC e€CTb MMHHMabHaa cucTema. JlefcTBuTebHO, eCH 


cucrema (3) ecTb 6a3uc B A, TO B 3TOM MpOCcTpaHCTBe CyWMeCTByeT TakaA 


cuctema »,, R=1, 2, ..., uTO aaa m1060ro0 asnemenTa XG umeeT mecTo 
pa3.102 eHHe 


A le Ph) = Pr: 


Ilomaraa X=, HaxOqHM 
Ce sy ($;5 P,)~ Pps 
k=1 a 


Orciona (¢,;, ),)=6,, cuctema (3) uMeeT 6HOpTOrOHatbHy!o MH NOTOMy 
MHHHMa/IbHa. ; 
Cuctema (3) HasbiBaeTcA CUAbHO MUHUMAAHOL [7], ECM CNeKTp MaT- 
publ - 
| J, R=N 
IE OR am hse Pa) ~ | 


7, R= 1 


OrpaHH4eH CHH3Y MOMOHKHTEABHEIM YHCAOM, KOTOPOe HE 3aBUCHT OT ZN. 
Kak 9TO oKa3aHO B [7], BCAKad CHJIbHO MHHMMaJIbHad CHCTeMa IIpOcToO 
MMHHMAaJIbHa. 


§ 3 

Teopema 1. /Iycmp A u B— onepamopbl, camoconpAxceHHble U no- 
NOHCUMEAbHO ONPeOeAEHHIE 8B HEKOMOPOM 2UAbOEpmosOM Npocmpan- 
emse H, u nycms H,CH,. Ecau 9,6H,, R=1, 2,..-, 4 cucmema (3) 
MunumancHa 6 H,, mo ona MUHUMaASHA U 6 IT,. 

V3 ycnosua H,CH, BpirekaeT CYWLeCTBOBaHHe TaKOH MOCTOAHHON 
C>0O, 3ToO IA mw6Oro 9|1eMeHTA xX@H, umeeT MecToO HepaBeHCTBO 
Jx|,< Cl+l,. Honycrum temepb, ato cuctema (3) nemHHMMadbHa B,. 
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Torga 21d HEKOTOporO HOMepa / MOXKHO OyzeT 10 AW6OMy ¢>0 non0o- 


OpaTb QIEMEHTH 9,4 Pp 5 - +s 9; H MOCTOAHHBIE Bis Bax Hadion (pa eebaee 
4TOOBI BbINOJHATIOCb HEPaBeHCTBO 
m 
A y B, ar <eé : 
ee A 
Ho torwa 


> Py Py, Cet 
k=l 


IlocaeqHee HepaBeHCTBO O0Ka3bIBaeT, 4TO CHCTeMa (3) He@MHHMMa.IbHa 
B fg, BOMpeKH MpeANOOXKeHHD. 

Teopema 2. /lycms onepamopo A u B ydossemsopawm ycaosuan 
meopemo. 1, Cucmema, CUALKO MUHUMAADHAA 6 Hg, CUAbHO MUHUMAAD- 
Ha u 6 Ay. 

Ilycrb cuctema (3) CHIbHO MHHMMabHa B Hg. PaccmoTpuM 3/1@MeHTEI 
$1, Go,.... Qq HW COCTABHM MAaTPHILbI 


Es pin kn 
Ra=|[%» Pe] a |i, wat 
ieR— 2 
la=| ly rj? Prd p li. hel’ 
Ilo ycoBuio TeopeMb, COOcTBeHHbIe 4uCa yp” MaTPHIbl fF, OFpaHHyeHEl 


CHH3Y TO/O2%KUTEABHBIM YHCIOM BP, KOTOPOe He 3aBHCHT OTN. fiver G7 
HavMeHbilee COOCTBEHHOe YHCAO MaTpHuoB! Ry. Umeem: 


n 
2) [ 9; Prd a a ;Q), 
(73) eae ole) = 
yy Sh Fr = 
y ae I 
k=l 
fh ‘ = n = 
D [87 Pal g te SM [PH Pa] pn 
=—_ a 1 j,k=1 
a [Pi Pe |p 27% D> lel? 
Rl k=] 
n n ee 
pa [Pi Pe] 4 Ge >) bin-Peily GM 
k= 7,R+1 
> int “= — inf “441 
Dd [2r te], Ue Dd lel? 
Jye=t Ret 
Bropol MHOxKHTeAb CipaBa paBeH pv”), Jlanee, 
n = n 2 
> [Pt Pe], 2 |S IRF k 
j,k=1 __ r= A nD 
n n yee 
» [7 Pe] yg %7n > Pn 
jk=1 k=l B 


~ 


=e : 
Orcioga \” > p}C7? Su C-2 vw Teopema noKasana. 
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Viz treopem 1 4 2 BriTeKaioT Takue caenctBua. Tlyctp ¢,€H 
k=1, 2,... Ecau cucrema (3) opronopmuposaua B Hz, TO OHA CHIbHO 
MHHMMaIbHa B /7,. Ilonaran B=/, rae /—tToxmecTBeHHBit omepaTop, 


MOyuaeM, YTO CHCTeMa, MMHMM@JIbHad (CH.IbHO MHHHMadbHaa) B A, Mu- 
HMM@JIbHa (CHIbHO MHHHMaIbHa) vw B H,. B uactuocru, cucTema, OpTo- 


HOPMHDOBAHHAA B 7, CUIbHO MMHUMadbHa B H,. 
eopema 3. Cucmema, Hadencnan 6 H,, CUAbHO MUKHUMAAbHA 6 9MOM 
npocmpaucmee. 
ItycTb cucTema (3) HaqexHa B NpocTpaHcTBe H,. Coctapym 6ecKo- 


HeyHy10 MaTpuuy R = |\[9,, 9, | 4 lI7 7". Bocuay ognok teopemn M. I, 
Kpeftua [4], marpuua-R—/J onpegeaner B /, onepatop c KOHeyHOL a6co- 
AYOTHOH HOpMOH. CneKTp onepatopa, nmopoxmaemoro B /, matpunet R, 
OUCBHAHO, HEOTPHIAaTeeH; JOKA%KeM, YTO OH CTPOrO MOMOxKUTeTeH. C 3T0H 


Ie/Ib1O "legis OecKOHeuHY!O CucTeMy PuTua, cooTBeTCcTByIOULy!0 ypaB- 
HeEHH1O (1), 


Di lea 014% =(, ;), f= lA we: (5) 
k=l 


TloceOBaTebHOCTh CBOGOJHBIX YWICHOB CHCTeMBI (5) E€CTb 9.1@MEHT 
mpoctpaucrsa J,. JlefictsuteabHo, mom0%*KHM uy—=A'f. Torza (/f, 9) = 
SA Atlas %;,) = [Uo, °, la: Hamee, BCAKad HaleKHad CHCTeMa eCTb 6a3HC 


H. K. Bapn (cm. [4]), koroppii KBayqpaTu4HO 61M30K K HEKOTOPpOMYy OpTo- 
HOPMHpOBaHHOMy B /7, Oasucy: ¢,=o,;+6,, re 


Tenepb 
(i, ¢;) = [4 G4 [t2o, Gla: 


Tlocaegosatembuocts {[Zo, ©,|,} MpMHagnexuT mpocTpancTBy l, Kak mo- 


CHeLOBATCIBHOCTh KOspPunNeHTOB Pypbe; 4TO we KacaeTCA BTOpOrO Cula- 
raemoro, TO 


Dl lo GaP <lolk DING <<. 
ay J=1 


V3 moka3saHHoro caemyeT, uTO cucTemMa (0) eCTb ypaBHeHHe THMa 
Puca — lllaygepa* B /,. JloKaxeM, 4TO OHO paspelIMMO €MHCTBEHHBIM 
o6pa3om. Ilycrh a, j=1, 2,..., —pemienne cCucrembl (5). SameTuM 
mpexze Bcero, 4¥TO pad 

2 4%; (6) 
j=1 
cxonutca B H,. B camom jeue, 


S y= D aot Day 
j=1 j=1 b=4 


* Tak Mbl Ha3bIBaeM ypaBHeHua Bula x +tr—y, rae onepaTop ¢ BOAHE Hermpe- 
PbIBeH B COOTBETCTBYWUEM OaHaXOBOM IIpOCTpaHCcTBe. 
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Tlepppi pag cxomutca B A, kak OPTOPOHA@IbHbIM, CXOJHMOCTb BTOpOrO 
pala BHITeKaeT H3 CeLyIOUleH OMeHKH: 


n+p 2 n+p n+p 

a 2 ) 
Yast < Mla MS lh. 
j=n+l1 A j=n-+1 j=ne+l 


O6o3sHauaa cymMy paga (6) yepe3 W, MBI MOxKeM TepenucaTb cuctemy (5) 
B Bue 


li, ol=U ;), J= p oe 
Orciona lis, het. ¢,]43 cacTema (3), 6yay4M KOOpAMHAaTHOH, MOHa 


B Hf, w NOTOMyY 4. Takum oOpa3oM, pellleHHe O€CKOHCYHOH CHCTEMBI 


PuTya PaBHOCHIbHO pellieHuio ypaBHeHna (1). Orca cpasy caenyert, 
4TO OAHOPOMHad cucTeMa 

> lop-2.1 = 9, Sad, 27. 

k=1 
He MM€eT HETPHBHAIbHBIX PeWeHHH, a CHcTeMa (5) HMeeT OHO HM TOKO 
OHO pelieHue B Jy. 

Tenepb ACHO, UTO HYJb He MPHHaqwexKuT cneKTpy maTpuus R; sTOT 

CHEKTp CTpOrO MOTO#KNTeTeH, MOTOMy 4TO OH crylmlaeTcCA K e2HHHILE. 
Tlyctp 4, — ero HauMeHbiliee 3Ha4yeHHe. Tora 


co 


; DS lew tla nay 
0<4,=min 2 —_______ (7) 


alae 
R=1 


Ecau R,—matpuua Purua nopanka n, u h\”)—ee Havmenbiee co6- 
CTBEHHOE YHCJIO, TO 


[$n Pi] 4 On 
(72) ees 5 1 
A =min ————___—_—_ (8) 
» |e |? 
k=1 
Takum o6pasom, h, u \\” cyt MHHHMYMBI O2HOH HM TOH 2%Ke BeHYH- 
Hbl (7): nepBE — Gesyc1OBHHI, BTOPOH —NpH YCAOBHAX Qns1 = An+2—= 
=. =O Hovrormas ns Ai, H TeopemMa JOKa3ana. 


§ 4 


YeTohuuBocTh MeTOma Puta TeCHO CBA3aHa CO CBOHCTBaMH MHHH- 
MaJIbHOCTH KOOPAMHATHOM CHCTEMBI, Kak 3TO Ov ReT BUAHO H3 MPHBOAMMBIX 
HMKe Teopem. Huxe mpeanosaraetca, 4uTO KOOpAMHaTHaA cHcTema (3) 
YHOBETBOPAeCT yKa3aHHBIM B § 1 ycoBHaM. 


Teopema 4. /Tycms a\); k=1, 2,..., 2 — pewenue cucmemut Pumya 
ft 
Dies 9, | ,aP=f, °;)s i. pee a (9) 
R=1 


Ecau KoopouKamHan cucmema MUHUMAAHA 6B f1,, mo cywecmeyiom 
npedenw 
a, = lima”), (10) 


N—> co 
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Ecau, Kpome mozo, cucmema (4), OuopmozonanoHan K KOopOuHamHol 
cucmeme 6H,, O2panuueHa 6 Mempuke g3moz0 npocmpaxncmea, mo 
cmpemnenue K npedery 8 Popmyare (10) — pasHomepHoe omnocumersuo k. 
M3 dopmyan (2) umeem 
at”) = [Up, bel as 
TaK KAR 2, —> Uy) B METPHKe MpocTpancrBa A,, TO cyulecTByIoT mpeneani 
n) 


Qp = lim ay” = [%o, Yel ,- 


noo 


EciM mp 9Tom cuctema (4) orpanuuyena, |¥,],<C, To 
|e Ap |=| [4n— 4, be] |< Cl tn —Uol,, 


M CXOZMMOCTb B ®opmy.ie (10) — paBHomepnaa. 

MoxHO OKa3aTb, 4YTO OHOPTOrOHadbHad CHCTeMa OrpaHuyuena, ecu 
MaHHad CHCTeMa CHJIbHO MHHHMa@JIbHa (TaKOe MOKa3aTeABCTBO 10 CyULecTBy 
WaHoO B ctaTbe [8]. Bnpovem, ecu KOOPSuHATHaA CHCTeMa CHIbHO MHHH- 
MaJIbHa, TO BepHa ropa3q0 Gomee CHIbHaA Teopema. 

Teopema 5. //ycmb KoopdunamHaa cucmema CUAbHO MUHUMAAbHA 
6 H,, u nycmb ap —npederw (10). Mocaredosame rvnocms 


=| (Ge as ng Ay, Or eitun sd) 
ecmb anemenm npocmpancmea 13; ecau noAox#cums 
AeA, Ae, 5A), 0, . 0), 
mo lim |a”) — aj, =0. 
2 


t— co 
Ilyctp \\” — HauMeHbuee co6cTBeHHOe 4HCAIO MaTpHubl Purya “-ro 
nopaaka R,. KoopaunaTHad CHCTeMa CHJIbHO MMHHMaJibHa B A7,, mosToMy 


>i, roe }—noso2*xUTeABHaA MocToaHHas. Ilo dopmyae (2) umeem 
n n Sette 
. ; 2 
lath [on Srl eee? ler es Sa, | 
1 kh=1 k=1 


J, k= 
M, Tak Kak |#,|[,<|2)|,, TO 
nt ~ 
Yap? <i" apf. (11) 
h=1 
Tem Oo.1ee 


p = 
lar <a |oks a<n. 
k= 


Tlomaraa 30ecb N> co, a 3aTCEM P > ©, Halifem, 4TO 


0° 


= eet 
D lar? <7 [40h 
k=1 
MW, cmefopatenbHo, @G/,. Mycth tenepp m>n uv a™=O0, econ RON. 
Torga 


m 
Ne », (aim) — a\”)) Pp 
k=1 
Tlopropaa mpemmectBylouMe paccyXeHuA, MpHeM K HepaBeHCTBy 


p 

Sr aes! 2 
VY lan? — ay? P<" |an—Unlas p<m. 
k=l 
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ae Ee 
Tlomaraa 30€cb m—> co, a 3aTEM P> &, NOMY4YAaeM OKOHYATCbHO 

n) 2 4-1 2 

Ja — al |p, <2" | Uo — Un ia zoe: 


Teopema 6. Eciu Koopdunamnaad CucmemMa CUAbKO MUHUMAAbHA 
6 Hy, mo pewerue cucmemo Pumya ycmok4uueo no OMHOWEeHU K Ma- 
AblM Uu3ZMeHEHUTM Mampuyo Ry u BekKmOpa, COCMaABAEHHOZO U3 CB0000- 
Hox 41eHos (f, %,;). 

TlonyctuM, 4To sHepreTuyeckoe mponsBeneHve [%,, 9;|, BHIYHCIeHO 


C Mao MOPpeUIHOCTbIO Y{y;—=Yjp, 2 CBOOOZHBIC WICHBI (f, ej) —¢ Manon 
%*Ke NorpemHocTbio 6; BMecro cucTemMbl Putua MbI nOlyaHM CHCTeMy 
nN 


y (1p: ® last tay} Qe” =(f, 9) +4, f=1, 2,..., @. (12) 
k=1 
“O6osHaunmM uepe3s [ MaTpuuy Cc 9eMeHTaMH j,, H yepes OY”, Do 
N-MEPHBIe BEKTOPHI C COCTaBAIOWMMH avy, (f, %;), 6; COOTBETCTBEHHO. 
B otauuve oT mpegmecrByiomero, O603HayHM eme uepe3s a”) BeKTOD 
(a), a,..., a), roe ai”) —pemenne TOUHOH cucTemMb! Putya. Mmeem 
Ra 0b) (CR, 4 Tae 20e 
Orciona 
| —1 —1 —1pn\—1p-ls 
a” —a%=l-- Rab) — le” ++ ea ee 
Matpuunt Ry, Reese MOpO2xX aioT B YHHTAaPpHOM M-M€PHOM M1pocT- 
paHCTBe HEKOTOPble OMepaTOpH, KOTOPble MbI OOO3HAYHM TeEMH 2Ke€ CHMBO- 
namu R,, Ra’ u T. 3amerum, 4to 
= 1/2 
—1 —1 —1 | 
eth=PPPr<is iri<! Vitae 


| Papi 
7, Rat 


B mpegnomoxenuv, uTo |T\| <A, nomyyaem u3 dopmyapi (13) 


ag TP Ya | +2783] 


1 gi Bes) a” | = = : 
Ll ey 

WM, B CHy HepaBeHctsa (11), 

a8? IP I-Ldola AT? I 


(n)’ 


ie ere 


= (14) 
1— aE] 

M HOpMa pasHocTu a)’ — a ckOab YrOAHO Mada, CCAM QOCTATOUHO MavIbt 
BewMUHHE ||| u |S; 9t0 u osHauaer ycToliunBocts metoga Puta, no- 
CKOJIbKY paBaa wacTb HepaBeHctBa (14) He 3aBHCHT OT ZX. 

Cmemaem ene OHO O4eBHZHOe 3aMeuanue. Ecau KOOpauHatHad CH- 
CT€Ma CHJIbHO MHHHMadbHa B A/a, TO 

i 


Sip 


(7) - 
Cy ie << x ‘ (15) 
k=1 j 
Cae =a ‘ 
re Ory — SEMEHTH MaTPHIEI Rn . WeictBureabyHo, HanOobwee COOCTBEH- 
. aa 
Hoe yucO MaTpHit Ry pasBxo [A\”]~*, mostomy, KakoB Onl HH OBL 
BEKTOP X= (X,, X,..., Xn), CMPaBeAINBO HeEpaBeHCTBO 
—1,, (n) }--2 feo) 
|Raox P< [A] <P < hep. 
lloaaras—anech- -+==(0; 0,.2 +9 Oper, 0) 


, Te e@RHHHWa 3aHuMaeT 
jJ-@ MeCTO, MBL HW MOJy4YHM HepaBeHcTBo (15). 


¥ 
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Re ee 


IlyctTb KOOPJHHaTHaH CHCTCMAa HE CHbHO MHHUMaJIbHa B IIpOCTPpaHCTBe 


Ala. Torwa HauMenpulee co6crBenHoe uucao )\” matrpuns Putua Ry MOo- 
HOTOHHO CTPe€MHTCH K HyJIO pH #—+ oo, B TO xe BPemA Han6orpmee 
COOCTBEHHOe YHCIO MaTpuUb Ry He yOurBaeT c Bo3pacTaHHeMm #2. Orciosa 
BbITeKaeT Ceyiomee. 

Ecv KOOPMHHaTHad CHCTeMa He CHABHO MUHHMaabHa B Hag, TO TaK 
HasbiBeeMOe ,4HCIO OOycrOBAeHHOCTH” MaTpHUb! Ry, paBHOe OTHOLIeHHIO 


Mn? |”, MOHOTOHHO CTPeMHTCH K O€CKOHEUHOCTH BMecTe Cc 2. OOpaTHoe 
YTBePKTCHHE HEBEPHO: MOMKET CJLYYHTECA, 4YTO UNCIO OGYCAOBMeHHOCTH 
MaTPHUbl PHTWa CTPeMHTCA K GeCKOHeYHOCTH M TOrAa, KOra KOOpAMHAT- 
Ha CHCT€MA CHJIbHO MHHHMabHa B /74; [WIA BTOTO AOCTATOUHO, 4TOOHI 
MW > oo, Orciona, MEK Ty NpOuwM, caelyeT, 4TO cTpemMmeHHe K OecKO- 
HEYHOCTH YNOMAHYTOFO 4HCa OOYCAOBJeEHHOCTH ele HE BAeYeT 3a CObOK 
HeYCTOHYHBOCTH MeTOZa Putua. 

Teopema 7. //ycmb co6cmeexHue 4ucaa mampuyo Pumya Rp, ozpa- 
HUYEHbL CBEPXY U CHU3BY HE3ABUCAWUMU OM N NOAOICUMEALHUMU 4UCAQ- 
Mu. TO20: npubAuxceHHOe pewexHue (2) yCmoiuuso omHOCcUuMeALHO 
MAAUX U3ZMeHEHUL KOIPHPUYUeEHMOG U CBOOOOHUX 4AEHOB CucmeMol 
Pumua. ; 

B yCOBHAX Te@OPeMbI KOOPAMHATHAA CHCTeMa CH/IbHO MMHMMaJbHa, 
MW CMpaBeWIHBO 3ak10ueHHe Teopemb 6. Ilycth A* — BepxHaa rpaHuta 
COOCTBeHHBIX 4HCeT MaTpHy Purna. O6o3HayuM elle yvepes « mpaByto 
yacTb HepaBeHcTBa (14). Juepretuyeckad HOPMa NOrpelHOCTH, JOMyULeH- 
HOH IIPH MOCTPOCHHH NPVOAMXRKeHHOTO PeWIeHHA Wy, paBHa 


n n 
(By = j = ai) — qr)’ == Geo 
Y @ —aP'Je,) = Vi G@P— ayn’) (ap—ay) x 
k=1 A J, k=l 


i 
xX [Pela <r 23 eee ay ha, 


iy) 
k=1 


MW TeOpeMa fOKa3aHa, TaK Kak BeJMYHHa \*a He 3aBMCHT OT 2, 

OrmeTuM jiBa Cayuasd, Kora ycoBue TeOpeMbI 7 BbiNOMHeEHO: 1) KO- 
OPMMHaTHad CMCTeMa HafexKHa; 2) KOOPAMHAaTHaA CHCTeMa OPTOHOPMHpo- 
BaHa B MeTpuke Hg, rage onepatop B tTakos, 4TO DOB y=SD A). 
JleHcTBuTebHO, B 9TOM MOCeqHeEM Cy4yae cyulecTByeT, B 4aCTHOCTH, 
Takada mocToAHHad C, ¥TO [uz], <c|uz|, 4, CrenoBaTembHO, 

n n 1/2 
= 2 
ApPp —C S | a, | 


i 
[?) Pn 142 y B,P,) S€ 
A hu1 B hal 


n 
aS) 
yaa 

j, k=l k=l 

C TOUKH 3PCHHA M3/02%KeCHHEIX BEIM PeSYJbTATOB HaM KarKeTCA He- 
JHICHHBIM MHTepeca Tayo mpuMep. Ecau pemaetca KpaeBaad 3afaua Ha 
otpeske [0, 1] 419 OOBIKHOBEHHOTO HEBbIPOXRMalouleroca Auppepenunaty- 
HOO ypaBHeHMA BTOporoO MOpAAKa, TO YaCTO UCMOMb3yeTCA KOOPAMHATHAA 
cuctema ¢,(t)=¢*#(1—12). Ona gaeT yOBJeTBOPHTeAbHbIe PesybTaTHl 
IPH HEOOJbINUX 2; CAM 2%XE HEOOXOLHMO HCMOAL3OBaTh OOMbMOe YHCO 
KOOPLMHATHDIX QYHKUMH, TO 9Ta CHCTeMa, MNO-BHAMMOMY, HelpHrosna. 
TlelictputebHo, u3 usBecTHOH Teopempl I. Mionma (cM., HampuMep, [6]) 
caemyeT, UTO 9Ta CHCT€Ma HCMHHHM€IbHa B L, (0, 1); MBI NOKaxKeM elle, 
uTO OHA H€ CHAbHO MHMHUMA@JIbHa B COOTBETCTBYIOINeM mpoctpanctBe /7a. 
TloctatoukoO OrpaHHYuHTECA Cly4aeM, korga OnepaTtop A uMmeeT BHI 

eu 


48 C. IT. Muxaunr 


B 2Tom Cay4ae aHeEpreTuyecKkoe MpONsBeZeHHe ONpenetneTcA PopMy OK 


1 
[2 ,= f¥ (t) v' (é) at. 
Orca : 


1 . . 
[ee = i [eo Ske Se 
0 ee 
~ GAIT + APT 


—1 
Qnement of? matpuust R, YQOBCTBOPAIWT COOTHOUIeHHIO 


Qjko,") se 
G+ RIG +e — UI 
k=1 


Tlo HepaBenctBy Kon 


of?)]2 4j?h 
>I i Dor Geos eo 


Tipu / =” umMeem 
- 4n2k2 ] 
Dera reap < Dee In? 
com 


Orca 


Si 2 > Qn; 


HepaBeHcTBO Bua (15) He HMeeT MecTa, HM CHCTeMa YHKUOMH a 
He ABIACTCA CHIbHO ,MHHUM@JbHOH B COOTBETCTBYIOULeM mpoctpanctTBe Aa. 
Orciofa, MEK TY MpounM, clefyeT, 4TO HAMMeHbINee COOCTBEHHOe YHCO 
MaTpullb! Putya n-ro MOpAAKa CTPeMHTCA K HY, a YH.10 OOYCAOBMEH- 
HOCTH 3TOH MATPHILbI — K O€CKOHEYHOCTH. STO XOPOWO BHAHO H3 MpUBO- 
JIMMBIX HHW2Ke Pe3y/IbTaTOB BbIUHCICHHH, BbINMOAHEHHBIX Ha MalunHe ,Y pai" 
B. H. Ky6anosckoH, 3a 4YTO aBTOP BbIpaxkaeT eH CBOK HCKPeHHIOW MpH- 
3HATCJIbHOCTD. 


Havn6ompuiee co6- Haumenburee co6- Yncao o6ycnoBileu- 
pase eas CTBeEHHOe 4HCI0 CTBeHHOe 4HCIO HOCTH 
2 0,42769839 0,03896821 10,978 
8 0,47572671 0,00270726 Won 
5 0,52695 0,00015 3430 
i 0,5552 0,00007 7700 


M3 MOKa3aHHbIX BBIIMe TeOpeM H, OCOGeHHO, M3 Teopem 5 wu 6 BpITe- 
KaeT, UTO Ha KOOPAHHATHYIO CHCTeMyY Werecoobpa3HO HavlO2x#KUTb, KpOoMe 
ycnopu 1 u 2 § 1, emje m0 Kpafine Mepe caemytomee ycuoBue: 3) KOOp- 
MMHaTHaA CMHCTCM@ CHAbHO MHHHMaJIbHa B 74. STO ycaAOBHe, KOHEYHO, HE 
HEOOXOAHMO, eCC/IH HMeeTCA B BUY MOCTPOHTH rpy6oe IpHOTWKEHME 
C HCIO/b30BaHHeEM MAJOrO YHCa KOOPAHHATHEIX PYHKIMH. 
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§ 5 


Ecim coOpaTb BMeCcTe KaK H3BeCTHBIe paHee, Tak H NOJY4eHHbIE 
B HaCTOAWeH CTaTbe CBOHCTBa cucrem Putna vu ux pelmeHui B 3aBHCcK- 


MOCTH OT CBOMCTB KOOPAMHATHOK CHCTeMBI, TO NOAyyuTCH cremyromad 
KapTHHa: 


I. O koopaunaTHoit cucteme HH4ero 
HenspegfN0, KpoMe Toro, 4TO ee 9eMeHTHI 
NpHHaAexaT mpoctpauctBy HH, 


Cuctema Putya paspeumma pu sm0- 
OOM n; IIpH 3aaHHOM nm MpHOaMxKeHHOE pe- 
IWEHHE ONpeeAAeTCA ENHHCTBEHHLIM OOpa- 
30M. IIpH n> co MpH6awxKeHHOe pemeHne 
CXOMMTCA B MeTpuke //, K MpoekWHu TOU- 


HOrO pelle€HHA Ha MOMMpPOcTpaHcTBO, HaTA- 
\ HYyTOe€ Ha KOOPAMHATHbIe 3eMeHTHI 

Il. Koopaunatupie 91eMeHTHI, B3ATHIC B Cuctema Pxtua oqno3HayHO pa3speuin- 

JIOOOM KOHEYHOM 4HCHe, WHHEHHO He3aBH- Ma mpn a1060M n 

CHMbI 


II]. Koopaunatuas cucrema moana BH 4 [pHOnMxKeHHbIe pelleHHA CXOATCA B 


MeTpuke /7/, kK TOUHOMY 
IV. KoopaunatHad cHcTeMa MHHMMasb- CyujectByioT mperzeabl Kosdbdumnentos 


Ha B HT, 


Purna a, = lim ah”) 
N->+ x 
V. Cucrema, OvoptoroHatbHaa BH, K [peqeabubit mepexon Bs  gopmyse 
KOOPAHHaTHOH, orpaHMyeHa B 1, a, = him a”) PpaBHOMepHbIit OTHOCHTeEAbHO R 
now 
VI. KoopauuatHad CHCTeMa CHAbHO MH- es = - 
al ¢ 
HMMabua B Lf, SI ae? < 00} >? fap2ar) 1S 6, 
k=1 k=1 oe 
rae at”) =0 upn k>n, Cuctema Pura 
ycToHunsa. 
Vil. Co6ctBenupre uncaa MaTpHy Puta IIpvu6auxenHoe pemenne mo Purtiy 
MOJO#KHTeCAbHO OFPaHH4eHbl CBeEPXy HM CHH3Y YCTOHUMBO. 
§ 6 


B 3akJIO¥eHHe MOKa%KeM ONHY TeOPeMy O Hae2%KHBIX CHCTeMAX. 

Teopema 8. /7ycmbe A u B— 06a CAMOCONPAHCEHHUX NOAOHCUMEAb- 
HO OnpedeneHHoLx oOnepamopa, OeiicmByinlmux 6 2uAbdepmoboM Npo- 
cmpancmee H u umenwux o6umyi0 ob6nzacms onpedenrenun. Ilycmb ewe 
onepamop T=A '(B—A) umeem 6 mempuxe npocmpaucmea Ha Ko- 
He4nyIO abdcoAiomuAyio HopmMy. To2zda. smbaa noaxnad 6 Ha cucmema, 
opmozonarvnan 6 Ha u xopmuposannas 6 Hg, HadencHa 6 Fz. 

Ecau uw, v@G D(A), To 

Oh eel Ba Ul | 1, 20) ac (16) 


Papenctso (16) ocraeTcd BepHbIM mM TOrfa, KOrfa 4, v€D(A), Ho 
u, UGH,. JlelicrsutembHo, MyCTb Uy, UgzED(A) ui |[u4”a—4Xl,> 9, 
Ju,— v|,~0. Oneparopsr A u B umewr oOutylo OO1acTh Onpeserenna, 
MOSTOMY CYILECTBYIOT TAKHe MOAOHKUTEAbHBIE MOCTOAHHBIC Cy H C2, YTO 
,|Bx |< Ax| <c,|Bx|; x€D(A)=D(B). : 
Ho torga, B cuy omHOH TeopemBl 9. Xaftuna [9], D(V A)=D(VB) u 


VelV Bx|<(VAx| <Ve.lV Bx); «EDV A) = DVB), 
a 93TO O3HauaeT, 4uTo mpoctpaHctBa Ha u Ag cocroaT 3 OMHUX HM Tex 
2Ke QJICEMCHTOB H HOPMBI B 9THX TPOCTPaHCTBaX 9KBUBaJICHTHHI. ae 
BBITCKAe€T, UTO 9CMEHTH UW, Uy, VU, Uq MPMHAMMe KAT MpOcTpanctBy fig 
[uz —un|,20, |U—VUp|,> 0. Hanucas dopmyty (16) aia s1eMeHTOB Un, 
Un HW MOOKUB 3aTeM Hoo, yOemuMcA, 4TO 9Ta POpMya BepHa ATH 
Q/I@MeHTOB MpoctpanctBa 7a. 


4 Becruuk JlesuurpagcKoro yuupepcenreta Ne 13, 1961 r. 
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IlycTb Tenepb cuctema (3) TakoBa, 4TO ley pla=9, J #R, U1 9;[,=1- 
Mosoxum ©,= 9/[¢j|,, Toraza [oj oel,= 6jx- Tlonoxus B popmy.te (16) 


4 = W;, U== Og, HaleM 
[w,, Op] p= %~ + [Toy Top|,- (17) 
Onepatop 7 umeeT KOHeYHY!O aOcO/OTHY!O HOPMYy, HOITOMy pAT 


wMTog Toelee (18) 


J, -=1 


cxogutca. O6o3HauuM jaa KpatKocru [7;, Tog] ,—ajg. U3 dopmyasi (17) 
BUAHO, ITO G, = (1 + ajj) oj. Orcioga npn J #R 


le; rh Leste id Se ajj) el = App) ajp 
imeem (1 + aj)" =1/],| =|o;|,/] |, <Vc,. Orcwna 


lle; ©, 1—1 <2] Qyel, JH#R. 
Tloastomy cCxomurca pay 


Daas: 1 alts 


Vigel? 


B CHay OfHOH Teopempl ‘M. T. Kpetina [4], cucrema (3) Hagexua B Hg. 
B npumoxeHuax vacto A u B cyTb a1uNTHYeCKHe Tupdepenynap- 
He ONepaTOphl OAHOTO H TOTO w#we MopsAyKa 2/; B 3TOM clyyae YacTO 


° {e) 
traxxe D(A)=D(B)= WY? (2) u Ha=He= W! (2), rye Q—xKoner- 
Had OOaCcTh m-MepHorO eBKANAOBa mpocrpaHctBa. Pasvyoctp B—A ectTb 
nude penmnabHbi OnepaTop HeKOTOpOrO nopaaka S <7. OyHKuua I puna 
onepatopa A umeer mopagox r—-™, B HeKOTOPHIX Ca yuanxX — mopaoK 


1 
ria Ap — 3 AONYCTHM, 4TO NOPAAKU MpOM3BOAHEIX PyHKuNH Ipuna coBna- 


WaioT C MOPAAKAMM MpOM3BOAHEIX ee TraaBHoH uacru. Jia Toro 4TOOn 
onepatop 7 uMea KOHeYHYyIO aOCOJIOTHYIO HOpMy, HeOOXOMMO H JOCTAa- 
TOYHO, UTOOKI HHTerpad OT KBapata ero Apa Obl KOHEYHBIM; JIA 28TOrO, 
B CBO O4ePeb, HEOOXOAMMO. UM AOcTaTOUHO, uTObH 2(2/ — m—s)>—-m, 


WIM s<21—> 


2 
TIpumep. Paccmorpum MHOxecTBO PyHKWNH H3 MpocTpaHcTBa vWP(om 
OOpalaloulnXxCA BHYJIb Ha PpaHvle KOHEYHOH NIOCKOK OOmacTH 2; Ha 3TOM 
MHOXKECTBE 3aaAHM IOJOKUTEABHO ONPeAeeHHbIC CaMOCOMNPAKeHHbIE 
onepaTopHl 
o2 32 02 02 
~~ @x2 Ay? , 8 ae Oy? + C(x, y)l, 


roe infC >—), u A, —~ HavMeHbilee COOCTBEHHOe YuCIO ONepaTopa A. 


Ilycrh dyHKunn 9, (x, VE we (2); mycTb, Manee, HX noclenoBaTeb- 
HOCTb NoHa B 7g; CaMble (PYHKIMM OPTOFOHAaIbHbI B METPHKe HHTeFpana } 


Jiupuxae u 
; OF 
inb=[f 
2 


Torga nocaetoparepyocTh 3THX *yHKuMH Hanwexna BAe. 


op 


0 
ze i fl 4h Cz,\"} day eal 
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Summary 


Let Abe a Seli-adjoint and positively defined operator in a separable 
Hilbert space H, and let MH, be the Hilbert space obtained aon the 


domain D(A) of the operator A by its closing in the norm Tar =(Adg, u) 
which corresponds to the scalar product ney 


[u, v],= (Au, v)= (a, Av), 


We put u,—Ao'f, where f is a given element of H. Let 9,6 Ha, 
kR=1, 2..., be a co-ordinate system, and let 


- 


n 
(n) 
lig ee Nea © 
: eat 


be the a-th Ritz’s approximation to uw). The following theorems are the 
main results of this paper. 


| 1) li the co-ordinate system is a minimal one in Ag, then the limits 


(a,= lima\” exist; if, moreover, the corresponding biorthogonal system is 


now 


bounded in Hy, thena” +a, uniformly. 


2) If the co-ordinate system is strongly minimal in Hy (i. e., the 


‘spectrum of the infinite matrix | [¢,, 1 II? a is positive), then 


nao 


Sige Galas Osan 0, ok 1 
k=1 


) Yb r<c, 
k=1 


where al) are the elements of the reciprocal Ritz’s matrix of order n, 


and C is independent from / and 2; 
c) the solution of the Ritz’s system is stable concerning small varia- 
tions of its coefficients and right members. 
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| Bat Be PakoBuluk 
YUHTEFPAJIbHbDIE YPABHEHHS C NOUTH PASHOCTHbIMH AJIPAMU 


TIpemmMeroM JaHHOH paOOTbl ABAAeTCA U3y4eHHe HHTePabublx ypaB- 
HeHHH C OMepaTOpaMH, ONPeAeAeCMBIMH MIA QOCTATOUHO XOPOWMX PYHK- 
WMH COOTHOMeHHEM 


a #1 
ume: 


ja £, nie. ™ BO)de, (0,1) 


rie @O(\)— npeobpasoBanne Pyppe dyxkynu ¢(f). UactTusim clyyaeM | 
omepaTopos (0,1) aBaaioTcA OMepaTOpbl Busa 


a(t)e(t) + | R(t, £—*) e(x) de, (0,2) 


eCJlH Ad paccMaTpHBaemoro Kaacca dyHKunh (tf) K nape R(c, ¢) u o(t) 
TIpH 1060M C TipHMeHHMa TeOpeMa O cBepTKe. K TakHM OlNepaTOpaM OT- 
HOCATCH, HalpuMep, CHHTYJAPHbIe HHTerpadbl C AQpOM Kowin, pasiM4Hbe 
THIMbI UHTCPpaIbHbIX OMepaTOpOB C Pa3HOCTHBIMH AApaMu Bua Rk (t—v), 
RHEL, (—o, o), 1<p<2, ecu ux paccMaTpuBaTb Ha MHOxKecTBe D 
BCeX (UHUTHEIX ui GecKoHeuHo HupdepenmupyeMpx @yHkKunkh. B cBa3u 
C H3y4eHHeM ypaBHeHH C OMepaTOpaMH HeEKOTOPHIX U3 YKa3aHHBIX BBIINe 
THMOB, YaCTHbIE CyYaH ypaBHeHuH Cc OnepaTopamu (0,1) paccmaTpuBaich 
Bp paGotax WU. M. Panonopta [1,2]. IlpumeneHHpti asTHM aBTOpOM meTO 
OCHOBaH Ha YaCTHbIX CBOHCTBAX PaCCMOTPeHHEIX HM OepaTOpOB UU cHeHy- 
dbuyeckux CBOHcTBax mpoctpancTBa L,(— oo, oo) H NOITOMy HeNpHMeHUM 
B oOmemM cay4ae. Hekotoppie THMbI MHOFTOMePHHIX ypaBHeHH, MOMOOHHIX 
ypaBHeHuxam Buya (0,1), u3y4yanucb B page paOot C. IT. Muxanna (616- 
AMorpa puro cm. B [3]). Hecmorpa Ha Hamuune paga OOmlMxX 4epT y ypaB- 
HeHHH, H3y4YeHHHIX B padoTax C, I. Muxwura, u ypaBHeHHi, paccmaTpu- 
Ba€MbIX B JaHHOH paOoTe, MCKAY HAMM UMCIOTCA CYULECTBEHHbIe pasu4HA, 
KOTOPbIe BUAHHI OyAyT W3 AabHeliwero (CM., HampHMep, §§ 4—5S). 

PesyibTaTbl HacTonuleH padoTH 6€3 MOKa3aTebCTB Only OIMKOBaHBL 
B 3aMeTKe aBrTopa |4]. 


§ 1. Ycrosua Orpanv4eHHOCTH NOYTH pasHOCTHbIX ONepaTopoB 


Jlemma 1,1. //ycmb ¢, —co <h< co cneKmpanrsnad gyHKyUsA one- 
pamopa Ouggdepenyuposanua. Cemelicmso onepamopos {e,\| pasHomepxo 


o~panurenHo no HopMe npocmpaucmea (Lp Ly») Ha mMHoocecmee D. One- 
pamopobl a9mozo cemeticmea, caedosame rono, gon ycKaiom Hen pepoleHoe 
pacuupenue Ha bce Ly. 
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JLokasaTeabctTBo, Onepatop AupPepenuMpOBaHuA YHUTAPHO 9K BU- 
BaJlCHTCH B lIpocTpanctBe L,(— co, co) onepaTopy yMHOxeHHA Ha He3a- 
BUCUMYyIO NepemeuHuHyt0. Tlostomy aaa o(t)@D 


co 


1 
(6. Ge; (t) * 5, 
ee * —co 
re Py, (A)=1, ecm A<Ay, HM HYsO, ECM A> Ay. Tlonaran B (ia k= 
=pthy u ie hee 4TO Do (tr) = D(Ay +p) ecTh mpeocbpasoBanue Pyppe 
yuku %(t) =e” o (4), mpl mpuBemem (1,1) kK Buy 


e P,(2) @ () dh, (1,1) 


ae an 
9 (= feo POs +e) Do (¥) dp. (1,2) 


—o 


Muterpat B npapoh uacru (1,2) yaopaerBopser, Kak OnepaTop Hag pyHK- 

uve ¢)(f), ycnoBuam tTeopemp C. Tf. Muxanna oO mMyaptunauKkaTopax 

MHTerpatop @ypbe [5]. Hs sto tTeopempt caegyet, To lle, 9], < 
ee. 


< B,| Poll, = B|l¢l,, rae moctosutoa By 3aBucuT TOABKO oT P. 


Teopema 1,1. Ecuu dra noumu scex t. —w <t< oo: 
1) @yxxyua N(t, 4) a6cozmmno HenpesoieHa no nepemeHHOL h 6 
AWOOM KOHELHOM NpOMeICYMKe, 
2) npu Hexomopou hk, C =supess|N(t, \,)|<~; 
t 


3) OAH HEKOMOPOCZ2O B3AUMHO OOHO3ZHA4HO?20 U HenpepoleHo Ougde- 
reHuupyemo2o OmOOpawxceHud =p (h) sce OCU HA KOHetHUM CezmeHm 
ja, b] umeem mecmo nHepasencmso 
eC q 

dp < %,: 


| ON (ft, A) t, A(v)] 
| On 


na q 
Cy = supess \ ia |p” (A) |' 4d = supess aa 
t ; t : p- 


— 


mo onepanop (0,1) ozpanuxexH Ha mHOxcecmbe D no Hopme npocmpan- 
cmba (Lp>Lp) U, CAedosamerbHO, OonycKaem HenpepuésHoe pacuupe- 
Hue HA BCE NpOoCmpancmeo. 
[Tpu amom 
| A] < Ap max [C, C,], 
20e 
Ap=2+ BpVb—a. 


JLoKa3saTewbcTBo. IIpexae scero 34MeTHM TO H3 YCAOBUK TEO- 
ON (ft, A) . 
peMbl cleqyeT cymMupyeMmocTb yHKWMH — 3 7— Ha BCeH OCH, OrpaHHueH- 


HocTb dyuKkuun M(t, 4) aaa Bcex fu A uw cymecTBOBaHHe lim N (t, 4). 


>to 


Orcioma u u3 aOcomoTHOH HempeppiBHocTH dbyHKynH N(t, A) BpITeKaer, 
yTO min Bcex 9(t)ED 


> ON (tN), f 
| NS aga. (1,3) 


— co 


Ag=N(t, N)ae|_ — 


Tlockomapxy N(t, A) orpaHuuena, a tim é,9 = 0 ae é¢ = ¢(t), TO 


Ag=N(t, +) 9(t) — \ ee ed. (1,4) 


—o 
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— 


[lepBoe cnmaraemoe aABAMeTCH OrpaHH4ecHHEIM B L,(— ov, co) omepaTOpoM 
WM OCTAeTCH MOKA3aTb OFPAHHYeHHOCTb BTOporo énaraemoro. C MNOMOIMBbIO 
3aMeHbI wp (A) VTO CaraeMOe MIPHBOAUTCA K BUY 


6 
h 
\ ut? (©) 24) p= re. (1,5) 


a 


Vicnoupsyx Hepapencrso Teapgzepa, noayuum ue (1, 2 
b 
ON [t, A(v)] 


P ON [t, A(v. 
Op. € uP, dt < faze hele ene ane fi ey? | dy < 


— oo a —x 


b 
<C?\ dp i exe? dt < C?B?(b —a). (1,6) 


Coornomenne (1,6) B coueTaHuu c HepaBencTBom supess|N(¢, + ©) |<oo 
t 


OKa3blBaeT Teopemy 2,1. 

Teopema 2,1. [lycmb npu puxcuposannom t pPyrxxyua N(t, A) umeem 
Pa3pbleol nepeozo pAOa co CKatkamu hp(t) 6 mo4KAaX U3 HuUKCUpO6AH- 
HO « nocaedosamersnocmu {c,}. Ecau npu mom H=Y supess|h, (t)| << 

k t 


 yHKYUA 
N, (f, N=NE, N— dhe (NHOQ—c, 
20e 0 (A) — Beas Xesucauda, yOobAemsopsem yCAoeUuAM Npedudywmeu 


meopembl, mo onepamop (0,1) Ozpanu4en 8 Lyp(—o, ~). 
Woka3saTeaAbcrTBo. pee BCerO 3aMeTHM, 4TO pad 


a » h, (t) { Q(A—c,) D(A) ea 


CxOfuTCA 10 HOpMe mpocrpaHctBa (Lyp—> Ly) u mpegcraBaseT Cobo orpa- | 
HHYeHHBIA B Ly (— co, co) omepaTop. * Teli¢rsuresbuo, OTAebHOe Cuarae- 
Moe 98TOrO pasta MOXeT OBIT MpeACTaBeHO B Bue 


“be | CAE) OW EM A= [dee=h, 4 le) — 9, 901. 


Hopma Takoro onepatopa He mpeppiuaet (1+ 2 p) Supess | A, (f). Orcioaa 
4 


M U3 NOMHOTEI MpOcTpaHcTBa OnepaTopoB (Ly > Lp) cenyer namie yTBE pK 
WeHne. a (0,1) mpeacTaBum B Bue cyMMBt 


Ao= = ieee (t, de h, BU alls e™ @ (x) dk + 


+ ite 


Ileppoe craraeMoe ABAeTCA OTPaHHYeHHBIM ONepaTOpoOM B CHaAy mpezno- 
JOKCHHH TeOPeMH, a BTOPOe—B CHy TObKO 4TO BOKasanHoro. Jaa 
in onepatopa A ae sTOM moulyyaem onenKy ||A||< Ap, max [C, Cy] a 

+(1+ By) H. Siecb C, C; u Ap uMeloT npexuni CMbICA inte N, (t. ). 


whe J @(—c,) eb (a) dr. 


= 


| Cregosatenbuo, |\r¢|, < B,||2\l, | 
1 + B,) 2 i, - 
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Teopema 3,1. Onepamop (0,1) ozpanuxen 6 Lp(—oo, ©), ecru Bol- 


3 


‘MOAHeEHO ycAosue | meopemo 1,1 u gyxrKyusa = mee CYMMIL- 


0 
PyemMyi0 Ha BCe OCU MaZHcopaHmy Q(X). 
Jo Ka3aTeAbCTBO. B AOKazaTebCTBE HYKMaeTCA TObKO OrpaHH- 
4CHHOCTS OMepaTopa (1,5). Ha mHoxectBe D umeem 
_ p 


P| CON (E,? p 7 ° ae 


90 


| 3 


co 


. : ie e 
< Jarl f aia any" \2O)leehdi=]als | Caja J jeelat. 


= od — 90 


Ilo memme 1,1 


co 


\ |e,e/’dt < Br lle! 


=, 


ip 
Lp 


ele, u, ctaio 6niTs, |AI<C+(U+ 


Sameutanue 1. Ecau dynxuguu AN, (t, ) wu N,(t, A) yRoBreTBopaiwT 
YCOBHAM OJHOH U3 LOKa3aHHBIX TeEOPeM, TO HM UX NMPOK3BELeHHe YOB- 
JTBOPAeT 9THM 2%e ycsoBuaM. Bowee Toro, ecau dyuKunu N,(f, A) u 
N2(f, 4) YROBICTBOPAIOT YCAOBHAM pa3HBIX TeOopeM (H3 MOKa3aHHBIX), TO 


MX MpowsBeqenve mopoxsaeT orpannyenuplli B Ly(— oo, ©) omepaTop 


Bua (0,1). 
SameuanHne 2. Ecin dyukuua N(t, A) yqoBaeTBOpsAeT yCIOBHAM 
KaKOH-HHOY Ab 3 OKa3aHHbIX B 9TOM Maparpade Teopem u inf| N(é, A)| > 0, 
(t, 2) 


To u byxuKuua [N(t, »)]~’ yaosaerBopaet ycnoBuaM TO x#Xe TeOpeME. 
Sameuanue 3. HerpyaHo BuseTh, YTO OHO Of paHH4CHHOCTH PYHK- 
mun N(f,A), BooOme roBOpsA, HeOCTaTOUHO AA OLFpaHHYeHHOCTH oOlle- 
patopa (0,1). ‘ 
Uro6p yOeqNThCA BYTOM, BOSbMe€M He PaBHYy!lO TOK MECTBEHHO Hy.110 
dyuKuuto ¢,(t)@D. Mycth &,(4) ee mpeobpasoBpanne Pypse. Tloro*KuM 


N (t, =e, (4). CooTBeTcTByWIlMH eH OnepaTOp HMeeT BU 


Ag=5, | HMO) a. (1,7) 
Baap renepb B (1,7) ¢(t)=—¢%)(¢), no1my4uHM 
0< Ax =e | [PO)PAELp(— =, —) 


HM IPH KakOM Pp. 

B 3aKm1oueHuve 2TOrO Maparpada yKaxKeM MOCTaTOUHbIe YCOBHMA Orpa- 
HHUeHHOCTH OMepaTopa (0,1) B BaxkHOM 4aCTHOM CAy4ae, Kora (pyHKWHA 
N(¢, 4) ne 3azpucnt ot ¢, To ect Korga N(t, 4) =N(A): 

a) B mpocrpaucTtBe L,(— oo, co) omepatop (0,1) yHuTapHoO 9KBIBa- 
JCHTeH OepaTopy -yMHOxKeHHA Ha PyHkKmuo N(A) u, CHeMOBATebHO, AAA 
ero OrpaHH4eHHOCTH HEOOXOAMMO HM MOCTATOUHO, YTOOKI supess tN (A) eat “as 


6) B mpoctpaucrse Ly(—co, ©), l< p< AAA OrpaHwyeHHOcTH 
onepatopa (0,1) gocrarouHo, 4T0OnI N (4) = const + Q(A), rae Q(A) — 
nmpeo6pasopanue Pypbe cyMMupyeMOH PyHKUHH [6]; 
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B) onepatop (0,1) orpanuyen B Ly(— ~, oo), ch<cip <foop wean 

1) N(Q) HenpeppBHa uv orpaHv4eHa Ha BCL OCH, KPOMe, ObITH MOXKET, 
TOUKH A=0; 

2) |N(Q)—N(p)|<Mmax[|al", |p|’) mp |A—p| <1 Hd, p40. 

IIpenowenue ,B“ MOKa3bIBaeTCA OYKBaIbHO TaK 2%K€, KaK COOTBETCT- 
Byloulant Teopema u3 padotH C. T. Muxanua [5]. 


§ 2. O06 OAHOM KObLe MOUTH Pa3SHOCTHbIX ONepaTOpoB 


O6o3Haunm uepes U) KombuO (OTHOCHTEAbDHO OOBIYHHIX ONepalAh C10- 
MKeHKA HW YMHOMKeHuA) dyHKunA N(A), — co CA< oo, OOMaMaiomMXx ce- 
JLYYOWWMMU CBOHCTBaMH: 

1. Beaxan dyukuua us U, ecTb mpeoOpasopanne Pypbe HeKOTOpOH 
(byHkuun (O6HUHOM uM OCOO6MeHHON) 2 (tf). CoBpokynHOocTb BCex PyHKUNMA 
n(t), cooTBeTcTBylomux dyHKunamM u3s Uy, 0603HauuM bias 

2. dyuKuun.v3 Up’ moxHo cBepTHBaTs c bynkuuamu u3 D (cm. § 1), 
HW MOJyYeHHbIe TaKHM CMOCOOOM dyHKWHH uMeloT mpeoOpasoBanne Pypee. 
Ecau V(HED uan v(t) ectb cBeprka dynKunu u3 D c dynKuneh us 
Us’, to K nape Y(t) u n(t), roe n(t)—a06aa bynKuua u3 Us’, ups 
M€HMMa TeOpeMa O CBEPTKe. 


3. Onepatopnr | n(t—x) o(t) dz, rye n(t) EU", OrpaHH4eHHl B pac- 


CMaTpuBaeMOM MpoctpancTse L py. 
Uepes U, o603Ha4uuM Kobo PyHKuHH {N (ft, A)}, yqoBreTBOPAIOIHX 
yCJIOBHAM: 
1. PynKuun uz U, onpexeaaioT orpannyennpe Bs Ly, onepaTopr 
Buga (0,1). 
2. DyHKuHH H3 VU, MOXKHO alNpOKCHMUPOBAaTb JMHEHHBIMH KOMOHHA- 
n 


uuamu N™ (¢, )= y, on N,Q), rae N,Q)EU, a ee (t) orpannuen- 
j=l 

HbI€, pH PUKCHPOBaHHHIX 7 UH /, Ha BCeH OCH PYHKILMM, Tak 4TO ONepa- 

TOpHl Buga (0,1), cooTBercrByiomue dyuxunam r'”(t, }) = N (t, d) — 

NO Ga), CTPpeMATCA MO HOPMe K HYJIO NpH 21> o, 


3. Bnoane Henpepbipubl BL», onepaTopn J n(t—) [¢(t)—c,(*)| x 
« 9 (t) dv. 

4. Ecau Ns” (£, 1), s= 172, aNIIPOKCHMHPylOWlwe KOMONHALLHHN Was 
dyukuni N,(¢, 4)E@U,, to onepatop sBuaga (0,1), coorBercTBywmlHNi PyHK- 
mun N, (t, 4) Ny (t, 4) — My” (¢, 4) NY? (t, X), crpemurca m0 HOpMe K HYaIO 
pH “> oo, 

YcOBHe 3 MOXKHO 34Me€HHTb YCOBHeM 3’. ! 

3’. Ecan Ag — oneparop, coorBetctByiomua mynKkunn N;(.)EU,, w 
c, (t) umeeT mpexnuii cubic, TO A [c,9] = c,(t) Ag + 7,9, rne 7; — snomHe 
HENPePbIBHbIN OMepaTop. 


Ecan BbINOAHEHO ycaoBHe 3’, TO BMecTO ycroBHul 1 u 2 onpexeneHua 
Kompya Uy ROCTAaTOUHO TpeAMONOXRUTb, uTO: 

1”. Onepatopp, coorserctByiomme dpynkuvam N;(A) € Uy, orpannuenbt. 

2”. Ecun A, u A, — onepatopsl, cooTnercrByiomue dyxnKunam N, (A) 
u N,(A) us Uy, To A,A, ect onepatop sua (0,1), coorRercTByIOMM 
pyuKkuun AN, (A) Nz (A). 


Murerpatbubie ypasnennsa c mourn pasHOCTHBIMH Aapamn oF 


IIpamepom Koabua Uy Moxer cayxKWTb CUCTeMa JIMHeHHEIX KOMONHa- 
Wun pyHKunh (i + ik)”, v=0, 1, 2... Tpumepom xoapna U,, coorser- 
cTByloulero sTOMYy KOubuy U,, MoxeT CIYKUT COBOKYNHOCTS dyHkuni, 


YAOBNETBOPAIOUINX YCOBHAM Teopemb! 1,1 c ».(A)—=7-+ Qarctgdr u ycao- 
BUAM: ; 


ON {[t, A U. 
oth YHKIA eel HelpepbiBua Ha CerMeHTe 


[0, 2a]; N Ud, A(O)}= NIE, d(2a)], AEA) _ ov A), 


2) MOAYAb HenpeppiBHOcTH (no p) o(¢, 6) dyHKuNH eee cTpe- 


MHTCAH K HYJ1O0 MpH 6 0 paBHomepHo orHocuTerbHoO ¢ (aa nour Bcex ft): 
yi 2r a 


3) dywKuuN c, (=| N [¢, \(v)] e-“* dp nenpepsipnst uw uMeloT KO- 
0 


HeYHBbe Npeweipl mpH f+ + co 


Onpexeaeunue 1 (cp. [3]). Ecau onepatop A npegctraBum B Buze 


Ag= 3 | ME Dc ro Oy aha te, (2,1) 


rae 7 — BnoaHe HeNpepHIBHEIH omepaTtop, To dyHKuni N(t, A) Oyzem,. 
enenya C. T. Muxauny, Ha3bIBaTb CHMBOJIOM onepatopa A. Cam omepa- 
Top A 6y2eM NO-MpexHeMY H@3bIBaTb MOUTH Pa3HOCTHHIM. 
| Teopema 1,2. Ecau cumeorn noimu pa3xKocmK» x onepamopos A,. 
| s=1,2, npuxadrzencam Korvyy U,, mo onepamop A,A,—A,A,;=B 
enoAHe HenpvepoléeeHn. 

JlokasatTeabcrsBo. He Hapyuiaa OOULHOCTH, MOXKEM CUHTATb, 4TO 
7,;=0, Tak Kak onepatoppl 7;Az, Apglj, Rk, t=1, 2, BNOAHE HeENpepbIBHEI.. 
@yukunu N, (¢, A) mpeqcTaBuMbl B Bue 


Neti) NG (ere (th) 


Ilo yerosni 2 onpegzenenua Kombya U, onepatoppl A ¢ cumposamy 
N\ (¢, 4) cxogatca 10 HOpMe K onepatopam As. Hostomy 
B= lim (AAS? — Al Al”), 
pee 
HM OCTAeTCA MOKA3ATb MOMHYIO HEMPePHIBHOCTh OMepaTOpOB, CTOALIMX NOL. 
3HaKOM mmpegena. JlocraTouHo, O4eBHHO, paccMOTpPeTb Cay4ual, KoTya 
Kaxptit 13 onepatopos A” cocrouT u3 OfHOrO CaaraeMoro BAA 


re i c,(t) Ng (A) eo @ (A) aD. 


co 


Ilycth 9 (t)@D, torgza AOG= { Cy (t) ts (t—1) 9 (1) at. Uccnenyemyto 


— oo 


pa3HOCTBb MO2XKHO NpeACTaBUuThb B Bue 
[AP ay — AMA] e=c, 0) & (t) X 


x E ( N, (A) N, (4) 0 © (1) Oa f Nz ().N, (0) e7™” ® (A) a ap 


Qn 


— co 
co 


salt) | la@)—alm(—IQeae+a(4) | [at)—a@l x 


—c 


X Ny (t — 7) Q¢dr, : (2,2) 
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rye Qo u Oa onepatoppl. Tlockotbky mMHOxecTBO D 
NOTHO B Ly(— oo, 00), TO 2,2 HMeeT MECTO BCIOLY B Lp(— ©, ©). B cuay 
ycnoBna 3 3 onpenenenns U; BTOpoe HW TpeTbe cnardempre B (2,2) aBasa- 
1OTCA BIHOMHE HEMPepbIBHIMH EN TepBoe %Xe CaraeMOe PpaBHO 
Hymio. Takum o6pagom, onepatopnt Aj” As” — ASMA” proane nempepnr- 
Hb. CeloBaTeAbHO, BMOMHe HempepbiBeH u oNepaTop A,A,—A,A,. 

Teopema 2,2 (0 cumBose mpousBexeHna). B ycnaosuax npedoloymen 
meopembl umeem mecmo pasexcmé6o 


AAw= ‘i N, (t, 4) No (t, 2) 0 (X) dh + Te, (2,3) 


mo ecmb, ecru cumsonn Ng(t, 4)GU,, mo npoussedenue coomeemcm- 
BVIOWUUX UM ONepamopos eda (3, 1) ecmb onepamop mozo xe Buda u 
€20 CUMBOA PAabeH NPOU3ZbeCOeHUIO CUMBOADB COMHOHCUMENEL. 
ToKxa3sateapctTso. M3 venoeey 2 onpenenenuan U, caenyer, 4TO 
AMA = AMA’ +R”, roe] R®||+0 upn 21> ©. Tipu qoxasaTerpcrBe 
npenbymeh Teopembl 6bWI0 nomyTHO yCTaHOBJeHO, 4TO (CM. 2,2) 


oo 


AM AM: = \ NY (¢, 0) NY? (t, 2) ew™ @ (4) dk + Tc, 


B cuay yenopuht 4 (onpesenaenua U,) onepatop sBuga (0,1) c cumMBo70M 
N\” (¢, 4) NS? (t, 4) m0 HOpme crpemutca K ONepaTopy Toro »#*e BHAA C 
cumBosom WN, (t, 4) N,(E, A). 

TlockoubKy mpu atom cymecrsyer lim A{”AS” = A,A,, To cymectByert 


N>c 


lin T” = 7, apasioumlica Brose HENPePbIBHbIM ONepaTOpoM, H 
n> 


A Ato ot N, (t, d) Na(t, 4) e™ @ (2) dh + Te, 


— oc 


4uTO HU TpeOOBaOCb AOKAa3aTb. 

SamMeuanHue. YrBepxeHHA HM WOKa3aTesBcTBa Teopem 1,2 u 2,2, 
OYeBHAHO, OCTAIOTCA B Cie, ecw ycuoBua 1,2 (3) u3 ONpeaeneHHA KODA 
U,(U,) 3ameuutp ycrosuamu 1”, 2” (3’). 

Teopema 3,2. /Iycmb cumeoa nowmu pa3sHOCmHO20 Onepamona Buda 
(2,1) yOosrzemeopiem ycaosuam meopembt 1,2 OAA nOoKa3amenen p u 
q(p '+q ' =1) odnospemenno u nycmo @yxkyuu n(t) uz Up’ ao- 
KANbHO CymMMUpyemMbl. B IMUX YCAOBUAX CONPAHCEHHKLU ONepamop maK- 
me NOLMU PAZHOCMHoLU U e200 .cumeon paseH N(t, dA). , 

HlokKa3arTebcTBa 9TOH TeOPeMbI MPHBOAUTb He OyeM, MOCKOJbKY OHA 
B JaIbHeHIeM HE HCHOMb3yerca. 

Beem HeEKOTOPHIe Ope LeeHHA. 

Onpegensenue 2. Konsyom 3) Ha30BeM COBOKYMHOCTb OrpaHHyeH- 
HbIX B IpoctpaucTBe Ly(—oo, co), 1C p<co onepatopos Bua (2,1), ecan: 

1) cCHMBOwtbI onepaTopon M3 9TOH COBOKYMHOCTH OFpaHu4eHHl, T. e. 
JIA MOUTH BCeX f supess | N(t, 4)| < const < co; 


2) pacCMaTpHBaeMad COBOKYMHOCTb eCCTb KOVIbIjO MO OTHOWEHHIO K 
OnepalvAM CO#KCHHA HW YMHOKEHHA OMepaTopos, ee IIPOH3Be,eHHe 
(cy mma) Paprlare dete ee 2 Ns (t, 4), pe 2 eCTb omepaTop c CHM- 
Bo.10M JN, (f, 4) N,(f, A) (coorpeTcrBeHHo N, ( bon) + N,(t, )); 

3) ecan omepaTop c cumBosom N(f, i) cee aes K 93TOH COBO- 


Murerpaipubie ypasveHus c mouTH pasHOcTHBIMH ARpaMi 


o1 
oO 


KynHocTH u infess| V(t, 4)| > const >0O yaa nour seex ¢t, TO ef xe 
A 


NPHHaexXUT ONepaTop c cumBouiom [NV (E, d)]7'; 

4) BMecte c Onepatopom c cHMBosom WN (fz, A) pacCMaTpHBaeMaaA CO- 
BOKYNHOCTBh COJ€pxXKUT UH ONepaTop c cuMBoOM N(f, A); 

9) COBOKYMHOCTb COMEPAKUT CMMHHYHBIN OMepaTOp MH BCe ONepaTopsl 
c cum@§uamu 2(2) nu &, (4), rae 2 un 2, —nponsBorbHne PuHUTHBIe Gec- 
KOHEYHO Audepennoupyemple MyAKuUH. 

Bmecto Haawuna B KOBE 3?) onepaTopoB c CuMBOaaMH 2 (f) u 2, (d) 
ANA CipaBeAIMBOCTH OO/bIUHHCTBA Ja bHEHUINX NPedIOKeAnH LOCTAaTOYHO, 
uTOOb! B KOuWbIe <'”) comepxancd TO Kpafineli Mepe OAHH BMOAHE Helpe- 
PHIBHBI ONepaTOp, CMMBOJI KOTOPOrO HeOTpHaTeneH, B OOOH orpaHu- 
YeHHOH OOaCTH OFpaHHyeH CHH3Y NOAOKUTebAOM MOCTOAHHOM uM crpe- 
MUTCA K HYJIO mpH f*+ i? > o0, 

Onpegenenue 3, Koanuo o') 6yzem Ha3biBaTb KObUOM 3), ecaH 
OHO COMeEpxXKUT ONeEpaTOp c cHMBOVIOM N(E, A) = O(2). 

Onpegeaenne 4. Koupuo 3) 6yzem Ha3piBaTb KObOM 3”), ecaH 
OHO COJepxXUT ONepaTop c cumBosiom N(f, A) =signa. 

B faibHeHwiem 3Ha40K p B OOO3HayeHHH KOUbIa 3) Gy qeM ONycKaTD, 
eCJIM 3TO HE MOMKECT BHISBATh HEMOpa3syMeHHA. 

Sameuanue. Ycrosua 1—4 OynyT upeqnomaraTbcA BHINO IHEHHDIMH 
Bcerya. Take Bcerfa OyleT NpeANo.araThcA HauuHe B KOWbIe 9 OMe- 
paTopa C CHMBOJIOM, PaBHbIM euHMIe (NepBan yacTb yClOBHA 9). 

Bce pe3yibTaTbl, YCTAHOBJeHHbI€ JIA KOJI 5, WA KOTOPHIX BBIMO/- 
HeHO ycmoBHe 5, OyYAYT CNpaBeIUBbI U WA KOEI 5, JIA KOTOPBIX 9TO 
ycsiopue (BO BTOpOH cBOeH uacTH) He BHINOAHEHO, HO C 3aMeHOH yCvI0- 
Bua lim |NM(z, 4)|>0O 6onee xecTKHM ycaoBuem infess|N(t, \}i> 

Ka 


P5-72= 
Ee const > 0 (cm. § 3, 4): 
TIpuMepaMu KOel 9; H Gy MOFYT CJY2XKUTb COOTBETCTBEHHO KOVIba: 
n 
a) KOJbILO OMepaTOPOB C CHMBOWIaMH BHAA a (ft) 4+ > bj (t) Nj(A), Tae 
j=l 
a(t) u 6;(t)— orpaHnueHuble, KYCOUHO-NOCTOAHHBIC PYHKIAH; 
Nj (4) — upeoOpasoBanua Pypbe CyYMMHPyeMbIX PyHKUMH; 
n 


6) KObNO ONepaTOpoB ¢ cuMBOuaMu Buna a(t) + Dd 6, (t)sign(k—c,), 
j=l 
rae a(t) u b;(t) —HenpepblBHbIe Ha COMKHYyTOH OCH (PyYHKIMH. 


§ 3. Peryaspu3auua wu Teopembt ®. Hetepa 


OrpaHu4yeHHbli onepatop R Ha3piBaeTca peryApH3aTOpoM omepaTopa 
A, ecan RA =/+T7, roe J/—TowgecTBeHHHA, a 7 — BnowHe HeMpepbB- 
HB onepatop. Peryasnpu3aTop R Ha3biBaeTCA 9KBUBAICHTHDIM, CCAM YpaB- 
Henna Ag =f u RAG=Af sKBuBaneHTH! Mpu s1o60K% mpaBok uactu f. 
Llenbio anHoro Maparpada ABJIAeTCAH YCTaHOBJCHHe MOCTATOYHBIX YCJ0- 
BUH, IPH KOTOPHIX ONMepaTOpbl W3 KOAbIa 3 AONYCKalor peryAPH3al{ulo 
onepaTopaMu 43 9TOrO %Ke KOVJIbIUa. 

Jlemma 1,3 Ecau cumeon N(t, 4) onepamopa A€* yOosremsbop xem 
Hepasencmey intfess| N(f, 4)| > const > 0, mo onepamop 

A 


Re == \ [N(t, J] te7™ @ (A) ad 
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npunadrzencum KOAbYY 3 U AeAKeEMcH peeyAApUzamMopom cnepa- 
mopa A. 

JlemMa HeMeWIeHHO BbITeKaeT V3 CBOHCTB 3,4 KO/bIa 3. 

Teopema 1,3. B ycaveuax npedoidyuel remMbl OAA Onepamopa A 
umerom mecmo meopemu PD. Hemepa, m. e: 

1) onepamop A Hopmarb-O pa3zpeuun, 

2) Kaxcdoe uz ypasnenut Ag =O nun A*o=0 umeem He Oonee Ko- 
HE4HO2O 4UCNA AUHEUHO-HE3ZABUCUMBLX PeCWeHUU; 

3) 0A AW6020 BnoOAHe HenpepoleHoz0 Onepamopa T ind(A+7)= 
= ind A*. 

Jloka3saTeapcetBo. M3 ycroBu TeOpeMbI BbITeKaeT CYINeCTBOBA- 
Hue peryapHsaTopa, HO B TaKOM cayuyae [7| uMeer MecTO yTBepxeHne | 
HW epBpasd 4wacTb yTBepxenua 2. JJanee, ecru R—peryaapusatTop onmepa- 
topa A, TO B-cuay cBolicrBa 2 Kompua so AR=/+7,, roe 7;— Bose 
HeMpepbIBHBIA OMepaTop. 

Ho torza R*A*=/-+ 7). Takum o6pa30m, onepatop A* Takxe 70- 
myckaeT peryaapuszannio. Orca BbITeKaeT BTOPad WaCTb YTBEP2xXeHHA 2. 
M3 1 u 2, Kak noKa3aHo B [8], BbITekaeT 3. TeopeMa WOKa3anHa. 

Teopema 2,3. Ecau ova cumeora N(t, 4) onepamopa A€s cywecm- 
eyem maxoe R>O, 4mo noi +> R? BononzHeHr HepasencmsBo 
infess| N(¢, 4)| > const >0, mo umeem mecmo ymeepocdeHue npedvdy- 

A 


meu meopemoel. ~ 
JoxasateabctTsBo. Baegem B paccmotTpenve onepatop A Cc CHM- 


BOOM N(¢t, 4), Take npHHanmexamni Korpny o. Onepatop AAEs u 
MMeeT CBOHM CHMBOJIOM dbyHKuHio | N(¢, 4)\?. M3 cBokicTB KOAba 3 ce- 
“ayer, To cymecTByeT BNOJHeE HelpepbIBHHI onepatop Q€&s, cHuMBOou 
q(t, \) KoToporo yoBaeTBopseT yCOBKIO int lg(t, )|>1 u Heotpu- 


yatemeH. Torna npx #+M< R? ini [| Nt, A) ?+q(¢, Ajj > 1, a upu 
fx 
t? +? > R? infess [| M(t, 4)|? + 9 (t, 4)] > const > 0. CaeqoBatebHO, one- 


patop AA umeert peryaapu3satop R@s. B takom cayuae onepatop RA ( €3) 
ABAAeTCA PeryApH3aTopoM onepatopa A. YrtBepxTeHHe TeOpeMbI Telepb 
HEMEJVICHHO T1OyuaeTCA C MOMOUIbIO paccyKXAeHHH, NPHBeReHHBIX pH 
HOKasaTedbcrBe Teopemp! 1,3. 
CaencetBue. Yrpepxgenue Teopemp 2,3 ocraeTca B Cue, CCH 
CYULECTBYIOT PABHOMePHble pe Leb 
lim N(t, )=N(+ ~,)) un lim N(t,\) =N(t, +2), 


t+ 0 A> + © - 
YAOBIETBOPAIONUMe YCOBHIO 
min [int| NZ, sco), ATI (sea, LAS] AG, 


§ 4. Bpruucnenve uHaeKkca 


BpruncieHHe uHAeKca oneparopa A€o Mbl mpoBenem m0 caezyiomeli 
CXeMe€: JIA MaHHOrO OnepaTopa A nogGepem onepatop A, u3 TOTO xe 
KOJIbila ¢ TaK, YTOOK MBI MOPIM BHIUHCAMTA HHAeKC ONepatopa A, u 4TOOE 
indA,A=0. Ecam sro ymactcs cheat u ecm 06a onepatopa A u A 
HeTepoBH, TO ind A= — indA,. ; 


7 * Onepatophl, 1A KOTOPbIX BbINOTHEHbI 3TH TEOPeMBI, OyNeM Ha3biBaTb OnepaTopamH 
eTepa. 
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Jiemma 1,4. /Tycms cywecmeyiom pasnomepxole npedenau N(t, + <o) 
u N(+ 00, 4) cumeona onepamopa A€<. Ecau Nepece4eHule 3AMbLKAKUA 
MHODWCeECMBsA 3HALeEHUL PyHKyUu N(t, +c) u N(+ 00, h)c Hexomopum 
AVLOM, BOLXOOAWMUM U3 HYAeBOH mo4KU, Nnycmo, u m=min |[inf| N(+o, 


)I, ee + co)|| >0, mo uxdexc onepamopa pasex ny 110 (ep, (91), 


JokasareapcetBo. Ymuoxwenne oneparopa A una uncao re” He 
H3MeCHHET erO HHAeKCa, NOITOMY, He Hapyllad ero OOUHOCTH, MOXKHO 
CUHTaTb, YTO YKa3aHHbId B YyCJIOBHAX JICMMBI JTY4 COBMamaer Cc OTpuita- 
TeJIbHOH MOJYOCbIO H YTO 


M =sup|N(q)| <1, 9=(+ 0, 0) nan (4 +m), —O<t, Reco, 


‘ 

Bpewem B paccmoTpenne onepatop A,e = 9—p (e — Ag), rae O<p <1 
SambikaHue Q MHOxKecTBa 3HayeHHH N(q) comepxutca B KODE OM m < 
<|r|<M<l. B rpexmepHom eBK.uqOBOM HpocrpaHcTBe paccmMoTpuM 
MHO2KecTBO S Touek (a, §, vw), Takux, uro 2 +/8EQ, O<p<1. Muoxe- 
crpo S orpaHwyeHo u 3aMKHyTo. OywKnua | 1 —p +yp(a-+ i), 6yuyun 
HelpepbiBHOH B S, LocTuraeT B HeEKOTOPOH TOKE (a Bo9))ES cBoero Hau- 
MeHbUIerO 3Ha4¥eHHA p. Ecru op =O, TO 1 —p, +p, % =O uw pp oBy>—O0. Tak 


OL, 2 . 
KaK H€ MOXKET ObITh py» =O, TO Bp =O Hi ay eee De 9TOM IIOCKOJbKY 


MHOKeCTBO Q He HepecekaeTCa C OTPHUalebHOH OCbIO, TOOK M<a< 
<M<l. Ecau 0<p, <1, To % <0, 4To HecoBMecTHMO C HepaBeHCTBOM 
0O<m<a<M—1. Cnaenopatenbuo, ecmm O<p<1, to inff{1—p,+ 


yt. 
+: uN (g)| > 0. ‘ 

TakuM O6pazom, onepatop A, HeTepoB BO BCeX TOUKAX oTpesKa [0, 1]. 
Tlomb3yacb Tenepb yCTOHUMBOCTbIO HHAeCKCa HeETeEPOBCKOrO OMepaTopa npu 
MaJIbixX BO3MymleHHax [10] uv memmMoH Bopeaa, yOexaaemMca B TOM, 4TO 
ind A, =indA,. Tax xak Ay=A vu Ay=/, To indA=O. Jlemma joxa- 
3aHa. 

SameuauHue |. YrBepxazenve wemMMbp 1,4 H ee MOKA3ATEECTBO 
ocTalorcad B CHUIe, eCIH 


Mees inti (r,, A). 0; 
(OK 


2) mepeceyeHue 3aMbIKaHHA MHOXKeCTBA 3HayeHHH cumBosa N (f, A) 
€ HEKOTOPHIM JYYOM, BHIXOAAMMM H3 HYAeBOH TOUKH, MycTo. 

3Zameuanne 2. Yrnepxmenne wemmMb! 1,4 ocTaeTCA B Cue, CH 
YCNOBUA TIpelbllyujero 3aMe4aHWA BHINOMHAIOTCA BHE HEKOTOPOrO Kpyra 
er R* 

Tak #xe, KaK HW paHplle, MO%KEM MPpeANOMOXRKUTb, YTO YKa3aHHEI B 2 
yu COBMaaeT C OTPHWATeMbHOK MOJYOCbIO. Tora MHOKeCTBO 3Ha4ecHHH 
cumBouia N(t, \) gaa 2+)? > R? nexuT BHe HeEKOTOpOrO yrula —™—-eE< 
<argz<nx—e, O<e< an. [lycTp Temepb Qo — BHOWHeE HeMpepbIBHLIA onepa- 
TOp. CuMBO KoTOporo g(Z, 4) HeOTpumaTeseH Mp bee oR” be A 
< R* ynopnetpopseT HepaBeHctBy {q(t, 4)| > sup | N (é,4)|+ 1 (cymect- 
BOBaHHe TakOrO OlepaTOpi B KOAbUe OHOecMeyeHO YCOBHeM O, OTpeere- 
Hua 2). Paccmorpum onepatop A+Q, umewmmli CBONM CHMBOOM PYHK- 
unio N,(t, N=N(t,\)+ q(t, A). Mycrp 2+’ >R*. Torna, ecru 
arg N(t,h) > 0, To 0 < arg [N (4,4) + 9 (t, 4)] < 2-8; ecm we arg N(Z, k) < 
<0, To O>arg(N(t,)+4(¢,4)] > —az +e. SHaunt, ana f+ eto le 
earte<arg(N(t, ) +a, \l <a—e. Ina tex xe tu kh 
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INGN++AEZANP =|I|NENP +196 YP 4+ 2ING NIGGA) X 
Xcosarg M(t, 4) > |N(¢, 4) P+ [a (2, )}2—2| NG, A) 1 (6 A)| cos (2@—2) |= 
=| M(t, i) Psint?e + [g(t,) —|N (4 4) [cos (z=) |? > 
> (NV (0, A) site Sc" sinte 2 0. 


Fou #6) 2+)? <= RY TO 
Re[NiEN+9(t 0] >9(6 Y—-IM(E NIE 1. 


Jiaa onepatopa A+ Q BBINOJHEHHI, Ce OBaTeJIbHO, YCIOBHA 3aMe4uaHnH” 1. 
Tak Kak onepatop Q sBnowHe HenpeppiBeH, TO ind A=ind(A + Q)=0 
(oneparop A HeTrepoB mo Teopeme 2,3). 

3ameuaune 3, Ecau sue HexoToporo xpyra t?+)?< R® ppmoar- 
HeHO HepaBpeHcTBo | N(t,A| > const >0, To HHAeKCHI OnepaTOpoB Cc CuM- 
pouamu N(t,A) u N(¢t, 4) orauyuaiorca TObKO 3HaKOM. JlehcTBUTebHO, 
o6a 9TH OMepaTopa HeTePOBCKHe, HM UX MpOH3BeeHHe, HMeA CBOHM CHM- 
Bolom dyxkuuo | N(t, A) |?, ecrb, 10 mpeqbiayulemMy 3aMeuaHHio, omepa- 
TOP C HYJ@BbIM HHJeCKCOM. 

Teopema 1,4. /7ycmb cumeor N(t,) onepamopa A€3, ydoezemeo- 
prem yCAObBUAM: 

1) cywecmeyiom pasHomepHole npedenu N(t, + ~) ua N(+oA),u 
onepamopu c cumeo~amu N(—o,h) u N(+ 0, A) npunadrerncam 
IMOMY HCE KOAbLY 3,; 


2) @== min [inf pi (2) eeeos) 4 eeink WN (aeota) pe 10: (4,1) 
t h 
3) cyuecmeyem maxoe 4ucao R>O, «amo npu |\r}| >R 3amoiKanue 
N (t, d) N(t, d) 


MHOHCECMEA 3HALEHUL PyrKyUul No, 0)’ c-- UE NGE ws ¢>0 He 
nepeceKAaeMCH C HEKOMOPUM AVAOM, BoLXOORWUM UZ HyAebOH mo4LKU, 
Mm. €, 3HQ4CHUA YKA3QHHUX PYAKYUL LeHCAM BHE HEKOMOPO2O Y2AA a, 
€ 6epuluHolt 6 HyAeBO mo4rKe. 

B amux yoAoeuix uxdekc onepamopa 


2 


soa Ss | N (t, d) e~ (Kad (4,2) 


paeex uxdeKcy Onepamopa 
( 


1 
= dO co, e-@(h) da, <0, 


ASG ean 
ue Gs co, Ae“ MO(A)dh, £>0. 


JLoKasaTeCAbCTBO. Ipex ze BCe€rO 3aME€THM, UTO Tak Kak 


N(= 2) HOC IN Cee NS ee 


TO, B CHy tI. 6 onpegqetenua 2 § 2 u ycnoBun 1 Teopemp, onepatop 
NPUHAIeKUT KObHY 9). TlocKObKY MOAYAb CHMBOa 9TOrO OMepaTopa 
OrpaHuyeH CHH3y 4uCIOM c>Q0, TO Onepatop HeTepos. Ilo ycaosuto 4, 
ONpPeAeeCHHA KOWbIa S OTepaTop 
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\ N(—«, \) e- D(x) di, t<0 


——- 


, 


io 44 
og | NG 


{ —x 


hye MED TVGR. Fo) 


TaKKE NPHHAMeKUT KOAbILY 3). 
PaccMoTpuM Tenepb onepatop A.A. Ero cumeBov paBeH 
N, (2) =|NENN Ge»), ecan £<0, 
N (é, 4) N(+ 0c, A), ecan t>0. 


Visyyum nopegenne cumpBoua N, (t, A) Ha GeckoHeduocmm. Ecan |£| +> c, 
TO PaBHOMEPHO OTHOCHTeAbHO A 


(4,3) 


rae |N(—o,A)P, ecan t>—oco 
\{N(+ 0, )?, ecau t>+ 0 


u3 (4,1) u (4,4) clelyeT, uroO cymecrByeT Takoe R, >0, uto npn |¢|>R, 
C4 

Re N,(t,) >. 

Jjanee, He Hapyllad OOMIHOCTH, MBI MOX#EM CUNTATb, ITO row, O KO- 
TOPOM HeT peub B YCJOBHH 3 AOKa3sbiBaeMOH TeOPeMBI, HE COREPxXKUT 
BEWECTBEHHOHM MOMOKUTeEABHOH HOAyocu. Ecau 3TO Tak, TO WIA OOM_IMINX 
\@| 3HaueHHaA GyHKunn N,(t, A) OyayT nexaTb BHE BTOTO yraa (Tak Kak 
lim /m N, (t, 4) =0). Byaem cuutath, uro Ry HacTObKO BeUKO, 4TO TPH 


t> co 


it|>R, 3To ycroBNe BHIMOHeHO. 


B cuay ycoBun 1 TeopeMbl MOXKHO CuNTaTb, 4YTO Ry HaCTOAbKO Be- 
c 


auxo, uTo |N (ft, A)| > > Mpu [ik PSR 

Mycrp Ry=max [R, Rj] u t? +22 > 2R). B raxom cayyae su60 | ¢} 
>Ro>R, u ReN, (6,4) > . (» tem 6oee | N, (t, A[> ar m60 |A| > 
>R,>R. B nocaenHem cayuae, B CHY ycroBund 3 TeOpeMBl, 3HayeHHA 


dyukuun AN, (t, A) nexaT BHe yraa a. Tak Kak npn atom |N(Z, A)| > ; 


lim N, (t¢, 4) (4,4) 


= 


c2 


To us (4,1) u (4,3) caenyet, uto |N,(¢,4)|>35. Hrax, Bue xpyra + 


2 


ys} 


+R< oRs, ENE (he jo 5 , HM MHOKeCTBO 3Ha¥eHHM CcHuMBOsa AN, (f, A) 


J@KUT BHE Ila %. 
B cumy sameyenna 2 x wemmMe 1,4indA.A=0. B TaKoM cayuae Ha 


OCHOBaHHM 3aMe4aHHaA 3 K TOM xe wemme ind A=—ind A. =indA.. 

CaenctsBue 1. Yrpepxmenve Teopemp 1,4 ocraeTca B CHE B Ce- 
TyIowwnxX YCAOBUAX: 

1) cymecrsytor mpegem N (+ 09, A); 

2) onepatop Ax MpHHaMIexUT KOAbILY %; , 

3) cymectsyer uucno R>O Taxoe, yTo npn +h > R 

aie (£,.4)| > const > 0; 

6) umeeT MecTo ycaoBue 3 Teopempr 1,4. 

TleficrpuretbHO, B 9TMX yCAOBHAX BHe Kpyra 2? +)? < R®, Bo-epBbIX 
|N,(t, 4)! > const > 0, u Bo-BTopHX, sHayeHua cbyHKnun Ny (¢, 4) me#KaT 
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BHe yrvla %. Tlostomy uMewT MecTo ycaoBua 2 K seme 1,4. Ecau cy- 
UleCTBYIOT paBHOMepHble mpegean N(+ oo, A), TO ycnoBue 36 3ameHseTCA 
ycaosuem 3 Teopempr 1,4. 

Caeactsue 2. Ilycrh spimomHeHb! ycrosua | u 2 Teopemn 1,4 u 
nycTbh cyuecTByloT npegzerp lim V(+ oo, )). Ecuim pu sTOM MHO2KeCTBO 


3HaYeHHH PYHKOMH 7 
N(t, = oo) N(t, Se oo) 
fimVvia ep? OO Siem 


A> co A> 


b>0 


JI@KUT BHE HEKOTOPOrO yrla % C BepUIHHOH B HyJIeBOH TOUKe, TO AMeIOT 
MecTO yTBepxKLeHuA Teopembl 1,4. 
JlelicrsurebHo, upu |t|—-oo (paBHOMepHO OTHOCHTebHO )) 
lim N,(¢,4)=|N(+ oA)’. (4,5) 


f+ +o 
M3 (4,9) u ycnoBu 1, 2 reopemp 1,4 cegyeT, 4TO BHe HeEKOTOPOrEe 
. c = 
octatouno 6oupmoro Kpyra | N, (f, 4)| > 3 H MHOXKECTBO 3Ha4eHHH (YHK- 


mun N, (¢, 4) wexuT BHe yruia (KOTOPBIH, KaK H Tpexe, mpeqnosaraeTca 
He COM€PXallHM BeLIECTBEHHOM OCH). 

JlatbHenhmiu xOX paccyxXReHHA TOT 2*X€, 4TO HW B Teopeme 1,4. 

Jlemma 2,4. /Iycmoe gynxyua NA) HenvepbleHa HA COMKHYMOL 6e- | 
AUCCMBEHHON OCU, Mm. e€. OHA Henpepbl6Ha Ha Bcelt ocu u N(—oco)= 
= N(+ 0). //yceme, Kpome mozo,c = min|N(A)| >Ou4ucro Arg N(A)|— 
Kone4LHO (nod Arg (N(A) nonumaemcaA HenpepHleHad BeEmbb Ap2zVMeHMA). 
B amux Yn Oag as cymecmeyem (uHUMHAA OecKOHELHO OCPD BT 
EMAL sea QA), makas, 4mo 

) ReN (A) [1 +2 ()] > const > 0; 

3) Arg [1+ @Q)]|2. = —ArgN QI. 

HameTHM XOX OKa3aTebcTBa weMMBI. IlycTb Aaa ompeqeeHHOCTH 
Arg N(— o)=0 u Arg N(+ co) =2sz, rae Ss — yenoe 4HcaO. oabsyaCcb 
yKa3aHHBIMH B YCIOBHAX JI@MMBI CBOMCTBaMH PyHKuHH N (A), MOKHO HAaHTH 
Takue wHc1a A>Ous>O0, yro npn A<—A nan A>A BoIMOAHATCA 
COOTBETCTBEHHO nae 


de 


<3 


1 |Arg N (A) — Qsz| ><, 
a mpu [A,—A,| <4 
[Arg N(y) —Arg N(QA)| <= 


Pas306bem pes |— A, A| pasyocrosmumMu TouKamn —A=n, < ta < 


ee eh Tak, 4YTOOR] 4; —Mj-1<.6, Mu HOeTpouM (yuku @ (A), 
paBHy1o cooTBeTcTBeHHO —Arg N(—A), ecan —co Ch < Po —Arg N(ni41), 
ecmn A; <A< Mini, t=1, 2,...,.kR—1; —ArgN(—A)—Qsr, ecum 
A> np. OcpenHum tyHKunto 9(A) m0 Codouesy, u HYCcTh ¢ . — ocpe qHeH= 
Had PyHKuMA. Torga erko n0Ka3aTb, 4TO PyHKuUA Q (A ) = ell? eA) +ArgM(—A)] __ J 
YHOBIeETBOPAeT TNeEOOBAHHAM ,a“, ,O“ Je@MMBI. 

Teopema 2,4. Ecuu 6 ycnosuax meopemu 1,4 dynxyuu N(+ 09, dA) 
Hen pepvl6Hbl HA COMKHYMOL BelecmBeHHou ocu u 4ucna Atg N(+0o,h )|~ 
KOHE4HbL, MO UWHOeKC Onepamopa (4,2) pasen 


— ca 
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Wokasare AbCTBO. Corasacno Teopeme 1,4 HCKOMBIM HH LeEKC paBeH 
WHAeKcy onepatopa Axo. 

Tloupsyacb wemMoli 2,4, nocrpoum dyukunu Q. (A), coorgercrBy ome 
B CMBICAe STOH Ae€MMBE (@yHKunAM N(+ oo, i), H Mocrpoum BCnOMOra- 
TeJIbHBIM OMe paTop 


( co 
+ 1 2 
ty lee \ [1+2_(Q)Je"" DA) ds, ecan t<0, 


8 


1 a. 
ae \ [4+ 2, Qe’ OA) d, ecan t>0. 
iz 
B cHly ycoBuli 5 u 6 ompeseneHHA KODA 5, A. €s,. CumBoa one- 
patopa A.A. papeu 
Ni(t D=l Nee coo, A) [1 4+2_(Q)], ecm ¢<0, 
pu WAN GE coe) (Te Oe (A)],. ecau t> 0, 
MyHKunn @. (A) nocTpoeHbl Tak, 4TO 
a) |N(= 0,4) [1+ 2. (N] 1 >c, > 0; 
eens, x) [1 --O2()] = 026 
Cie OBaTebHO, [Ni (2, iS er 0 weReE NG, AY 0) To saMe4aHHio | 
K memMe 1,4, indA.A.~=0. Iloastomy ind A=ind A. =—ind A... Pynk- 
yun 2.(,) mpHHadiexatT mMHOxecTBy D, xBaAnwTcA npeoOpasoBaHuaMi 
_@yppe HeKOTOpHIX PyHKuHH ©. (t)EL(— o, 09). B Taxom cayuae 


1 ( ifes 
ae i Q. (hye (A) dh = | wo (t — +) 9 (t) dt. (4,6) 


—x 


CootHoweuuad (4,6) nomyyaem BHauane Wid o(f)ED, a 3aTeM, nOmb3yACh 
IIOTHOCTBIO MHOXKecTBa D B a1060M mpocrpancTBe Ly 4 OrpaHHyeHHOCTDIO 
BXOJAMMX B STO COOTHOMIeHHe OMepaTopoB, Aa Bcex 9(f)ELp. 
Onepatop A.~% MmpescTraBUTcA Tenepb B Buze 
( oo 
¢(t)+ [o_(t—s) e(s)dt, £<0, 


e+ | o.(¢—)¢() ds, #>0. 


Vugexc oneparopa (4,7) c ».(t) GL (—~, ©) BpruncieH B paoore [11] 
VY. LU. Tox6epra u M. I. Kpettua. OtTHMu aBTOpamMu MOKa3aHO, 4TO 


oo 


; 1 EO (es) 
ind A. = Da. Arg TE OPET (YY a) (4,8) 
Ilo nocrpoexuio 
Arg([1+9.Q|2.=—AM(+o,NI0.- 2 49) 
V3 toro, uro indA = — ind Ax, u 13 (4,8) u (4,9) creayet, uTo 
: 1 N(— 09, A) |= 
ind A= 5 Arg pp M5 


4TO H TpeOOBaOCb LOKasaTb. 


5 Becruuk Jiexuurpaackoro yuusepcuteta Ne 13, 1961 r. 
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AuaaorwuHo tTeopemam 1,4 u 2,4 ycraHaBdMBaloTcaA Cae youlMe TBE 
TEOPEMHL. A 
Teopema 3,4. Iycme cumeon N(t, kh) onepamopa A &s, ydos2emeo- 
priem YCAOBUAM: 
1) cyumecmsyiom pasHomeprole npedenu N(+ <,)) a N(t, + oo) @ 
onepamopw c cumeozamu N(t, + co) npuxkadzencam gamomy Ce Kone-! 
HV 92; : 
2) ¢= min lint] Ni, + co)|, inf] N(+ ©, 2d) i 0: 


oy BPS: Gets RO} ano npu |t|> R 3natenusn pyaKyud 


WG . A<Ou ae i ,° h>0O sencam bHe HKeKOMOPOZO V2Na 4% C 


BEPUUHOK 6 HyAeCOu mourKe (KOMOpoHli, KAK U 6 meopeme 1,4, MOMWCEM 
cuumamMb He CODePIHCAWUM NOAOHCUMEALKHOU NUAYOCK). 
B amux ycaosunx unoexc onepamopa A pasex uHOdeKcy onepamopa 


N (t, eee — oo 


N(t, + 0)—WN(t, — oc t) at 
Oi tf Vr ee a f ¢ (aes 


vw 
—_— oO 


Ao = 


Teopema 4,4. Ecau 6 ycaosunx meopemu 3,4 dyaKkyuu N(t, + oo} 
HENpepvléHbl HA COMKHYMOL BeuecméeeHHol ocu u 4ucaa Arg N(t, +o0)|\_ 
KOHE4HEL, MO UNOeKC ONnepamopa A pasex 


ey oleae 
X= Tn ATS VG Set ee 


Teopema 5,4. /Jycmb OAxA onepamopa A€3,;(AE%) soinO ANCHE 
— CACOVIOMUE YCAOBUA: 

1) cywecmeyiom pasHomepHole npedeaun N(t, + ~) u Ses ee) a); 
onepamopwe c cumeo amu N(+ 0, )\) npuxadrencam BOAGHY 3,, a one-| 
' pamopo c CuMBOAAMU Nf, a co) npunadrencam eee a, 
2) cyuecmeviom npederv lim IN (Lopate eco. ea ina tenor r): 


ie seat 
3) e= min |inf| N(¢ + ayn inf (UN (Fics? Ay J) > 0: 
t r 


4) A.A Go,(A"A€3,). 
B amux ycrosunx undexc onepzmopa A pasex cymMme uHdeKcoBy 
onepamopoe A. u A>. dee i} 
Ecau npu amom gyuxyuu N(t, + 0c) uw N(+ 00, i) nenpepoieneit 
Ha comMKHymou ocu u 4uucna Arg N(t, + oo)|~_ a Arg N(+ ~,A)|>_ Ko- . 
He4HbL, MO } 
N(— oc, A)VN(A, + 60) 
N (+ 0, 4) N(A, — 00) 


1 
indA = pe Arg : 1 
38 ) | 
JLoka3areapcerso. B cuay MepBoro yc1oBua TeOopeMET onepatophp 
A~ €%, a onepatop A. Gs, "Bb CHIY YCAOBHA_ 4 onepatop Ax A Gs 


(A~AGs,) u, cneqopatenbHo, A*A.A Gs, (AA~ ‘AE 3,). B TOM uw apy. 4) 
roM cIyyae CHMBOJ ONepaTo a paBeH 


N (t, = co) N Geo, hy) N(R) Veen 0 
N(t, + 00) N(— ©, k) Nb A), ecru h>0 
N(t, — 0) N(+ 0, NN A), ecan &<0 
Nit, + cco) N(+ c,d) M(t, 1), ecan A>O 


hi 


| #0. 
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M3 ycnosun 3 tTeopembi ceAyeT, UTO AOCOJIOTHBIE BeAHYMHBI 3THX 
HPCLCbHBIX 3HAYCHHH OFPaHHYeHb! CHH3Y MOAOXKHTeEABHOM NMOCTOAHHO!. 
Kpome Toro, 1erko Bugetb, 4TO BCe 93TH NIpeeJIbHbIe 3HAUeHHA MeEKAT HE 
Go1ee 4YeM Ha BOCbMH JyuaX, BBIXOJAUINX H3 HyeBow TOuKH. Ilo aemmMe 


1,4 ind ATA A 20 (ind A.A”A =0). Octaercd 3aMeTHTb, 4YTO B ycq0- 


< ~ . Ser 
BUAX #EOPeMbI Bce Oneparoppr A.,A~ u A neTepossr un ind A ——ind A 
(gameuanne 3 k wemme 1,4). ITlostomy 


indA=indA.+indA” . 


_Tlocenuee yrpepoxqenve TeOpeMBI HEMEAMEHHO BHITeKaeT U3 Teopem 1,4 
un 4,4. 


§$ 5. SameyaHus O cleKTpe H HEOOXOAMMbIX YCNOBHAX peryiApusalnu 


Ilyctb gaa cumBosa N (tf, d) onepatopa AG, BbINOJIHeHBI caezy10- 
mNe yCOBUA: \ 

1) cymectByloT paBHOMepuble npesean N(t, + 0c) u N(4 oo, h) 

2) dynkuun N(+ oo, 2) HempepbIBHbI Ha COMKHYTOH OCH; 

3) onepaToppl c cumBosiamu N(+ oo, A) npHHaqiexaT KOUbUY 9; 

4) muowxectsa {N(t, + co)}, —ao <tf< oo, 3aMKHYTHI; 

5) ecam TOUKA O) HE J@KNT HU Ha OHO 43 KPABHIX 7; (CM. HMD2xKe), 
TO MHOMKECTBO 3HAYeCHHH KaxK OK H3 PYHKILNE 
a GO —N(t, + oo) 

Co oe I? G0 


p) 


@—N(t to 
Cp Tim N(+ = , £>0 
J@*KUT BHE HEKOTOPOrO yrvia C BePHIMHOH B HyeBOH TOUKe, WH 4NCa 
Arg [€) -- V(+ -~, d)]. 

Bpeem caemywuive O603HayeHHA: Yepe3 Y,; H {2 OOO3HAYHM KPHBbIe 
C= N(—o,\) nw SO=N(+ —™, dh); Yepes ys W Y,—KpuBHle 6 = N(t, — ~) 
uf=N(t, +”) —wK<t,h<ow; uepes3 M; 0603Ha4HM MHOKECTBO 
TOUCK KPHBOH Yj, LIA KAKO u3 KOTOPbIX: a) CYUeCTBYeT OKPeCTHOCTD, 
orceKaloulad OT 93TOH KPHBOH uaCTb, KOTOPaAd ABJAeTCH MpPocTOH AyroH 
Kopmana; 6) cyulecrByet m0 kKpalneH mepe OfHa MpsimMad, MpOxomAMan 
yepes sTy TOUKY HW CBOOOAHAA BOAM3H Hee OT TOYCK KPHBbIX yj; (OTAHY- 
HBIX OT B3ATOH). ByeM POBOPHTh, TO BHINOJHeEHO ycoBHe Ij, ECM MHO- 
xecTBO M; BCIOMy MJIOTHO B {j. 
1 ByleM TOBOpHTb, 4TO BLIMOAHEHO ycnoBHe I; (2), ecaM cymlecTByer 
dyukuusa N. (¢, A), ytoBaeTBopsiomlaa ycaoruam 1—d, ycnosuio I; u Ta- 
Kaa, 4TO 
a) cooTBeTcTBy1IoMMi ef onepatop A, oTuM4¥aeTca OT OMepaTopa A 
mO HOpMe MeHee YeM Ha §; 

6) |N(— 0, I) — Me (= &, I <e, IN(4 ©, N— M+, 4)| <2] 

upu i=l (t=2); 
(INE, = cal) NEES oo) |< &,-O) TN (C+ co) NE Aico) |< | 
HO Loe (bie). 

Ecau Ttouxa ¢) He J@2%KUT HH Ha OZHOM 3 KPMBBIX Y;, TO AAA Onepa- 
Topa Az, =%)/—A BbIINOJIHeHBI BCE YCOBHA TEOPeMbI 2,4, HW ero HHAeKC 
1c, MOXKET 6bITh BLIVHCIeH NO Popmy.ie 
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We, = ae ATE [bo — M(— ©, 0) [NF TY 


Ecau mpu 9ToM x, #0, TO TOUKa Co ABIAETCA TOUKOH CNeKTpa onmepa- 
topa A. 

Ilycrb Tenepb touka 6 @M,. Ilokaxem, ucnoub3yA MeTOZ, MmpHMe- 
HeHHEI B [6], uTo TOUKa Cy MpHHagwexuT cileKTpy onepaTopa A, mpHuem 
OHa He MOMKeT ObITb HH O-, HH D,-TOUKOM (cm. [10]) onepaTopa A, T. e. 
uTO oMepaTop Ac, HE MOXKET OHITb HOPMAJIbHO Pa3PelIHMbIM U XOTA Ou 
OHO M3 MOMMPOCTpaHCcTB Za. H Za. Hye onepatopop A, u A: Ko- 


—x 


HeYHOMepHBIM. Ilycrb cnepBa TOUKa C, He ABAAeTCA KPpaTHOH TOUKOH Kpu- 

BOH Y, HH TOUKOH MepeceyeHHA 9TOH KPHBOH C KaKOH-HHOYAb H3 KPHBBIX 

Yi, i 2. Tonyerum, uto onepatop A, HopMabHO paspeliMM M NOANpo- 

cTpanctBo Za, KoHeYHOMepHO. Coraacuo [10], MoxHO HaliTu Takoe YHCc10 

0 >0, aro ecaun ||A, —B||<e u dim Z 4s <co, TO onepatop B uertepos 

0 

mu ind B=indA, ; ecm xe dimZ,*=co, To B HopManbHO pa3spelluM 

Co A, ’ ,) 
0 

dim Zg= dim Za, wv dim Zp* = oo, 

Jlanee, Tak kak TouKa ©(,@M,, TO MOxHO MOCTPOHTb CKOJb yroOAHO 
MaJlYIO OKpPecTHOCTb Cy, 8TOH TOUKH, BHYTPH KOTOPOH KpHBaA {, ABAAeTCA 
mpocroh ayrok 2Kopfava, MW Ha HeEKOTOPOH NpAMOH, NpOXOAAeH yepes 
TouKy €, HeT TOUeK KPHMBbIX yj, /=1, 2, 3, 4 (oTMHYHEIx OT %). Morxem 


C4UHTaTb, 4TO pafuyc OKpecTHocTH Cy, MeHbUIe, 4eM 5. Ha yka3aHHon 


BbIMe IpaMOH BO3bMeM TOUKH ©, uo E@C;,, mexamMe NO pa3sHbe CTOPOHBI 
OT KPHBOH Y, H PaCCMOTPHM OMepaTopp Ae, wu A;z,. B cuay BbIleCcKa3aH- 
HOrTO OOa 9TH OMepaTOpa .HOPMAaJIbHO pas3pewMMb! u ind Ay, =ind Ay, = 


=indArc,, ecan dimZ,*<o u dimZ, , dimZ, =co B NpoTHBHOM 
Avo Ae, Ay 


culyyae. C apyroh CTOPOHHI, WA STHX OllepaTOPOB BbIMOJHEHBI BCe YC0- 
Bun Teopembl 2,4. [lostTOMy 9TH OMepaTOPbl HETeEPOBbl H HX HHKCHI BBI- 
YUCIAIOTCA MO POpMy.laM: 


DVM ee 
ING 2s 1 Dy a Genesee yee 


0? 


Sasi 2s 


TakuM OOpa30M, He MOXKeT ObITb, YTOOH dim Z,* =O. Onpopepruem 
G 


Tenepb BTOpylo BO3MOxKHOCTE: ind Ay, =ind Ay. Jaa ‘3TOFO 3aMeTHM, 4TO 
pemuunna Arg [fg — N(+ -~, A)||__ reomerpnyuecku npezcraBaaeT NOAHHE 
oOopoT BekTopa ©,— mpu oOxoge KpnBoH (3amKHyTOH) C= N(+ oo, d), ff 
Ilo OTHOWeHHIO K KpHBOH y, OOe TOUKH © u © pacnoOmO%xKeHBI ODHHAKOBE: ff 
(BHYTPpH OJHMX H TEX KC 3AMKHYTEIX €€ KOMIOHEHT), NOSITOMY 


Arg [Sy— N (co, AYE Are [ay (ee 


B TO K€ BPCMA 9TH TOUKH MeKAT MO PasHble CTOPOHH! OCHO U moAbKO i 
OOHOK 3aMKHYMOU KOMMOHEHTH KPHBOH Y2. Tlostomy 


Arg [€, — (+ ©, A)| |_, =Arge [C, — V(+ oo, A) >, + Qe, 


M, CleoBaTewbHO, ind Ac, = ind Ay, + 1. Takum o6pasom, Bo Bcex Cay 4aAx 
MBI IpHXOJHM K IIPOTHBOPe4HO, KOTOPOE HW AOKASbIBaeT Hale yTBepxAe- 
HWe B paccMaTpHBaeMoM cayuae. Ilyctb Tenepp Touka (GM, aBaaetca 
KpaTHOH TOUKOH KPWBOH y, HAH TOUKOH MepeceyenuaA ITOH KPHBOH C Ka- 
KOH-HHOYAb M3 OCTAbHbIX KPHBbIX Yj; H MycTh Cy = N(-+ oo, do). Tlocrpoum 
CHOBa OKpeCTHOCTb C;, H Ha IIpAMOH, O KOTOPOA roBopuTcaA B ONpemere- 
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HMM MHOxecTBa M,, BospMem Touxy [,EC,,(4, #G). Myers uuceno e >0 
HaCTOABKO MaJ0O,; YTO TOUKH KPHBOH Y, COOTBETCTBYIOLINe 3HaueHHAM 
KE (Ao — &, Ao +), e2xkaT BHYTpH OKpecTHocTH C;,. Mocrpoum (PHHUTHYD, 
OecKOHeYHO Anphepennupyemyio dynKynio (A); Takyio, uTo (A) =1; 
O<o() <1, ecan }#), uw (A) =0 BHe unTepBana (do — 8, A, + ¢). Bae- 
eM, HaKOHel, B paccMOTpeHHe onepaTop A, C CHMBOJIOM 


Ni (2, )=N(E, A) + 9 (2) [E, —Gl oQ), 
MNPHHAWIeKauWMH, OYeBHAHO, TOMY 2>%Ke KOJIbUY 9,, 4TO HM ONMepatTop A. 
Touxy ©, 6yaqem cuuTaTh HaCTObKO 6uN3KO K TOUKe Cy, YTO HOPMa one- 


paTopa c cuMBouom @ (f) [f, —£,| (A) He mpeBocxogut +: 


IIpeqembupie 3Hayenna dyuKunu N, (t,A) npn t-> — o nan A> + co 
COBNa alot C MpeebHIMH 3HA4GeHHAMH C(yHKuHH N (CZ, A). Ecaun t>-+ 00, To 
Ny (t, 4) > Ni (+ 09, Y= NCH ov, A) + [S —G] o (A). 

Ecam:} = iy, To N, (+ 0, ho) = Co. Tipu stom touxa ©, He me@KHT HH Ha 
OHOH W3 KpHBEIX Y, (dan N,(¢,A)), 2=1, 3, 4, u aBameTca Mpocroé ToYU- 
KOH KPHBOH Y,. 

JleHCTBHTeIbHO, eC 

Cr = (+ 09, Ay), Ar HAG, TO Sy = N (+ 00, D+ [S, — So] © (1), 
me. 

N(+ 00, 4) =% — [6 —§,] o(A,). 
TlocnemHee COOTHOWeHHE MOKa3biBaeT uTO TOUKAa N(+ ~, A,)EC, u ae- 
HKHT Ha MPAMOH, NpoxoAAujeH vepes TOUKH © HO, Ha KOTOPOH Her (BHY- 
tpu C.,) TOUeK KPHBOH 72. OTAMUHBIX OT TOUKH Co. Crao 6nITth, N(+ o, \\)= 
=N f+ o, hy) u (A,)=—o(A,). STO BOSMOKXHO TOAbKO Mp Ay = Ag, 4rO 
MPOTHBOpeYyHT HalllemMy npezMOmoweHHI0. TlockoOmpky Qaida PynKynn N, (tf, A) 
ycloBun 1—5 BbINOHEHbI (STOO MOKHO AOOMTECA YMEHDIICHHEM OKDpeCcT- 
HocTu C;,), TO ToUKa ©, NO mpeszblayuleMy, HE MOXeT ObITb HH ®-, HH 
®.-roukoh onepatopa A,. Tlostomy tTouka & He MOXKET ObITb HH ®-, HH 
®.-TOUKOH onepatopa A; C CHMBOVIOM 

Ny (é, ) =N,( + 1 — 51). 
Ho 

| A—Ai] <A —Ay + 1% —S 1 <e. 

Cie ROBaTebHO, CCH Obl TOUKA 5 Oblia P- HIM D.-TOYKOH oOnepaTopa 
A, To ona Oba 61 P- nan D.-TOUKOH OMepaTopa Ai, 4YTO HEBO3MOXKHO 
mO JOKa3aHHOMy. 

Urak, TouKn MHOwxecTBa M, He MoryT ObITb HH ®&-, Hu @. -TOUKAMH 
onepatopa A. Ayanorm4Ho paccmaTpuBaloTca TOUKH MHOxKecTBa M,. Ilyctb 
TeMepb BbINOJHEHO ycoBue T,. CormacHo pesybTatam pa6dors! [10], MHo- 
mecTBa O- u M.-TOYeK OTKPbITH (410 3AaMKHYTOrO OMepatTopa). Cire qoBa- 
TebHO, JOMOJIHeHHE MHOXecTBa Bcex O- nu D.-TOUeK 3amKHyTO. MHOx«Ke- 
ctno M, npwHaqiexuT sTOMy omomHeHMIO. Cramo ObITb, eMy 2%Ke IIpu- 
HaWe@KHT HW MHOXKECTBO {2 = My. 

Moi paccmorpean Cayuai, korga dim Z4, Co, COBePMICHHO aHaOrH4Ho 


paccmatpupaerca cayyai dimZ, =o (dim Z 4% <(eo)) Mlyeth. ‘reneps 


>0 


5 y 
BLINOMHeEHO ycaoBue I, (p;), 2, <->. TloKaxem, 4TO HM B 9TOM Cilyyae TOU- 


KH KpHBOH Yj. He MOryT OpITh &- utH P.-TOUKAaMM OepaTopa A. Jlei- 
CTBUTebHO, MycTh 6) = N(+ ©, A,). Touxa Co = Np, (+ 0, 45), MO MOKa- 
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3aHHOMY, He MOKeT ObITh HH PY-, Hu D,-TOUKON onepatopa A,,. Caego- 
BaT@/IbHO, TONKA { He MOXKET ObITb ®- wan O.-TOUKOH ONepaTopa 
Ay, =A;, + (6,—%)/. Tax Kak || A—A,,|<, To TouKa ¢) He MOxeT GEITS 
®- vin O,-TOUKOH ONMepaTopa. 

M3 conoctaBieHua Bcero CKa3aHHOrO moay4aem TeopeMy l,o. 

Teopema 1,5. Ecau cumeonr N(t, 4) onepamopa A€&s, y0os.2emso- 
paem ycnosuam I1—5 u ycnosunm T, u I,, mo 6 cocmas e20 chekKmpa 
BxOOAM: 

a) ece mouku ©, He AeWCaAWUe HU HA OOHOK UZ KpUBLLX Yj U 6B KO- 
MOpox 


1 


ae G—N(— 1) 
X= Fe 


f& —N(+ oO, d) 


—« 


Arg 


6) BCE MOXKU KpUBLX YX, UY (eCAU ycnoeun |, u iT, Hé Bb1NOAHE- 
Hbl, mo Bce moxKu mHOHCecmea M,+ Mz). 

Ilpu 9ToM B TO¥Kax ,a“ OmepaTop A; HeETepOB HM eFO HHACKC paBeH Y. 
B rouxax ,6“ He MOxeT ObITb, 4TOOB! ONepaTOp Ac Obl HOPMaJbHO pa3- 


PeWIMMBIM WH XOTA Obl OAHO M3 uNCeA dimZ, u dimZ ,* KOHE4HBIM (KO- 
c 


2 
S 


cad 


poye, TOUKH ,6“ He moryT ObITh HU M-, HH D..-TOUKAaMH OnepaTopa A).. 
CaenactsBue 1. B trouKxax ,6“ oneparop Ac He HMeeT OPpaHHy¥eH- 


HOrO pery/IApH3aTopa. 
CaenctBue 2. Ec BEImOHeHb! ycnoBua 12 Hu BCe yCOBHA TeO- 
pempl 2,4, Kpome ycaosua inf| N(+ o, A)| >0, To onepatop A He umeeT 
A 


OrpaHHY¥eHHOrTO peryaapusaTopa. 
JleiictButTeibHO, TOUKa C—O mexUT, NO KpalHeH Mepe, Ha OJHOH U3 


KPUBBIX Y, HW Y2. BykBawbHbIM MOBTOpeHHeM NpesbAyWMX paccyxXTenua | 


nowyuaerca cielyioulad Teopema. 
Teopema 2,5. //ycmo ova cumeona N(t, ) onepamopa A€3, 6ol- 
NOAHEHOL YCAOBUA: 
1) cywecmeyiom pasKomepnole npede.nes N(e, ae eo), u6N( +0, Ae 
2) pynkyuu N(t, + co) HenpepblsHot HA COMKHYMOL ocu; 
3) mHoocecmea {N(—o, A)} u {N(+ ~, A)} 3amKnymol; 
4) onepamopo c cumsonamu N(t, + ©) npuxadrencam KOAbUYy 
5) ecau mouka ©, He Aencum HU HA OOHOK U3 KpUusblx y;, i=], 5 
3, 4, mo muo2ecmso 3snauenui PyHKyuit 
a6 : - Go — WV GE co, 4) 
im es ee co— lim N(t, E00)” h>0 


ACHUM BHE HEKOMOPOZO Y2NA C GepuUHO 6 HYAeBO mo4Ke Uu 4UCAa 
Arg [5p — V(t, + ~)I IE. 
KOHE4HBL; 


6) BLLNOAHEH BL ycaosusa 1; u Ty, mozda 6 cocmas cnekmpa onepa- 


mopa A 6xodam: 
a) mouwku ©, He re Hu Ha OONO 13 KPUBLLX \; U 6 KOMOPLLX 


Ass CN Gero - 
ee 3 AIS oe wa 


B) 6C€ MO4KU KpUboLX \; U {, (MouKU MHoscecmea M,+ M,, ecau 
He BbINOAHEHK ycnosuc Ts u lV, 
Is rouKax ,a“ onmepatop A; “nerepos WM ero HHAeKC paBeH y. B TOUKax 
,O" He MOKeT ObiTb, YTOObL ONepaTop A; ObIN HOPMAabHO pa3peLIMMBIM 
U XOTA Obl OFHO H3 Uncen dim Z 4. udimZ , * KOHEYHBIM, T. €. TOUKH 6% 
Ay 


He MOryT 6bITh Hu @-, HH Dz-TOUKAMH Oneparopa. 


Hurerpadbuble ypaBhenna c mOuTH pasHOcTHEIMH aApamu 771i 


Cuegcrsue 1. B touxax ,6“ oneparop A He uMeeT orpaHn4eHHoro 
peryaapusaropa. 

CaeactBpue 2, Ecau npn co6stonenun octanbupx yCOBMH Teope- 
mbBI 4, 4 uv ycuopus 6 reopempr 2,5 xora Obl OHA u3 ynKuHi N(t, — oo) 
uu N(t, + 0c) o6pamaerca B yb, TO Onepatop A He uMeeT orpaHH- 
YeHHOPO pefyapusatopa. 

SaMeuanne 1. Jaa cnpapenanpocru yreepxmenui Tteopem 1, 5 
2, 5 OTHOCHT@.IbHO TOYCK KPMBBIX y; LOCTATOUHO, YTOOBI YCOBUA 9THX 
TEOPEM BBINOHATHCh Wan TOUeK C, O1H3KHX K 9ITHM KPUBHIM. B yacTHOcTH, 
CNeNCTBHA 2 43 3THX TEOPEM HMCIOT MCCTO APH BHINOAHeEHHH yKa3aHHbIXx 
BHILIe YCIOBHH IA CKOb YPOHO MaJIbiX 110 MOAymO 4NCeM b> (So # 0). 

B kayecTBe MIpHmMepa IIpHBexeM pesybTaTH MPpHMeHeHUA pa3BUTOr 
B paOoTe TeOpHH K ypaBHeHUIO 


et) + | k(t—Ne@)dt+ To=f(t), a <t<ajar, 


0S Cy. BO Oni == SOs (5,1) 
| ABAAIOULeEMYCH OOOOMIeEHHeEM ,nMapHoro* ypaBHeuna. Ecan . 
I. kj (t)EL(— oo, o); 


Il. 1+ | kj (t) edt ~0O naa j/=1 usu n, TO B 11060M mpocTpaHcTBe 


Lp{—, 60), Leap. aur 
1) qa ypaBHeHua (5,1) BrInOTHeHEI Teopempr ®&. Herepa; 
2) HHEeKC ypaBHeHHA paBeH 


fe ‘etn BRE 
= 5 oo es :(¢) edt; 
x dg ME TOK,@) exe rae Kj (A) j (f) : 

3) B CMeKTp ypaBHeHHA BXOJAT: 

a) TOUKH, JlexKauyne Ha KpHBbIX C=—Kj;(h\), ~~ <k<Co, j=l 
Win NM. STA TOUKH He ABAAIOTCA HH M-, Hu O+-TOUKAaMM yPaBHeHHA; 

6) roukn ©, He wlexKaulwe Ha YKa3aHHbIX KPHBHIX HW JIA KOTOPBIX 


1 et co 
hee Dire Arg ERS) cae 


STH TOUKH ABJAIOTCA D-TOUKAMH ypaBHeHHA; 
4) ycnosua Il HeoOxogump! (MH WOCTAaTOUHBI) WIA TOPO, YOO! UMewO 


MecTO yTBepx#LeHne 1. ; 
ABTOP BbIpaxkaeT CBOIO HCKPeHHIOW OmarogapHocTh mpod. C. TP. Mux- 
JIMHY 3a PYKOBOACTBO IPH BEIMOHEHHM HaCcTOAMeH padorHl. 


Summary 


The author determines some class of operators called “almost-diffe- 
rence operators“ by the formula 


Ag=— EG d) eM (h) dh + Te (*) 
where (i) is Fourier transform of the function ¢(f), and 7 is a comp- 
letely continuous operator. Some conditions sufficient for operator (*) to 
be bounded in L,(—, ©), l<p<oo, (§ 1) are given. 


lest 
is) 


JT. C, Pakoswuk 


For operators from s-rings of operators (*), determined in this 
article (§ 2), sufficient conditions for validity of Noetherian theorems are 
given (§ 3), and formulas for index are obtained (§ 4). 

In the last paragraph the author states some results about spectrum 


of operators (*). 
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M. M. CmupHos 


OB OJHOM KPAEBOM 3AJAYE JVI 3JIIMMTHYECKOrFO 
YPABHEHHS, BbIPOMK JAIOULETOCA HA YACTH 
rPAHHLUbIl OBJIACTH 


PaccMOTpHuM ypaBHeHHe 
o wm Oru 


baja t yar Faye G0 (cm <2), ve 


| rae m—1<a< 1 — pemecTBeHHanA NOCTOAHHAA. 

B noaynaockoctu y >0O ypaBHenne (1) saaunTH4YecKorO THMa, a py 
y=O wMeer mecTo napabounyeckoe BbIPO*KTeHHe. 

Ilyctp D— oguocaa3Had O6sacTb, rpaKuua KOTOpo / cocTonT u3 
mByx uactei: /=so-+ AB, rae o —raagkad KpuBad C KOHIaMH B TOUKAaX 
A(a, 0), B(b, 0), aexamaa B noynaocKoctu y>O0, a AB —orpe30K 
—ocu Ox, 

Samaya E. Tpe6yerca Hatitu peryaaspHoe B o6macru D pemenne 
_ypasueuua (1), HenpepptBHOe B 3aMKHYyTOH O6aacTH D nu yAoBeTBOpsAIO- 
mee KpaeBbIM yCJIOBHAM 


uj,=9, lim yuy=v(x) (@a<x<J), (2) 
y>0 


rie 9 H ¥Y— 3afaHHble HeEMpepHIBHbIe PyHKIMN. 

Sanaua E ectb yacTHbli cayyai 3agauu, ccdopMyuposanHonr A. B. 
| Buuagse [1, crp. 77]. 

TlokaxKeM @HHCIBeHHOCTH pelleHua 3anaun E npu O<4%<1. Cuenya 
yuiee M. B. Keanna [2], paccmorpum B o6aactu D dyHKunio W(x, y) 
CO CBOHCTBaMH: 75 

1) W(x, vy)>0 uenpeppipHa B 3aMKHyTOH OOuacTn D; 

2) ynosneTBopseT HepaBenctBy L (W) <0 B D; 

Sy mpy (x, vy (Xo, Ox); es PABHOMEPHO OTHOCHTEAbBHO Xo. 

Tlycth w(x, y)—pemenne ofHopogHoH sagaun E, T. e. MOMO2%KHM 
¢=0 u v(x) =0. Cocrapum dyHkunio w(x, y) =eW+u, roe ¢>0: 
B cuary Lo <0 cbyuxuna (x, y) He MOxKeT uMeTb B D MMHUMyM, a TAK 
Kak mIpu 


0 * 
(x, y) > (Xo, Oa A<X%<, Fp eae (*) 


TO (x, y) He MOXKeT HMCTh MHUHHMYMa H B TOUKAX OTPe3ka [a, b| ocu Ox. 

JleficTBHTebHO, TpesqnOmOxKUM OOpaTHoe, B TOUKE (x), O)E[a, BI 
(x, y) uMeer MuHuMyM. Uepes sTy TOUKY MpOBeAeM 3AMKHYTYIO KPH- 
Byio J, orpaHH4uBalollylo O6aCTb NEU un taxyio,” 1r0. © (x, VY) 7 — 
— (xX, 0) > 0. Toraa, Tak Kak L (w — © (Xp, 0)) <0, TO» (x, Vv) — (Xo,, 0) 
He HMeeT MHHHMyMa B Aj, HEOTPUMAaTeJIbHa B A; M, 3HauHT, pH (x, Bae 
+> (Xo, 04) lim(o— ©(x%, 0))y=lime, >0, ro MpoTuBopedHT (*). Tax 
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Kak o|, >0, Too >0 nan |u| <¢W es D, oTkyaza, B CHAy MpOW3BOb- 


HOCTH ¢, w(x, y)=0 BD. 
B KauectBe W(x, y) MoxeT ObITb B3ATO, HalpHMep, BbIpaxKeHHe 


W(x, y= yt — (xa)? +O O<a<1) 


Ip COOTBETCTBYIONLEM BEIOOPe MOCTOAHHBIX a, nu C. 
BpiOepem @ u3 ycaosua, uTo pu Bcex (x, y)ED x—a>l; C>0 


Tak, uToOnr W(x, y) >O B D; ycsoBue 3, OYEBHAHO, BbINOHACTCH. 
IIpu n> 2 umMeem 


DWE ih) Gea a0) 
T. @. BBINOJHHeETCH H ycroBHe 2. 
B npou3ss01bHo oOmactH 2 c rpaHnieH Y uMeeT MeCTO opMmy.ia 
I puna 
\\ (vLu — uL*v) dxdy = 


v 
oO 
uv 


ov 07u 


‘ Q a) 
DSU tra es eo, ea ee sar + [((—2)(m— 1) y* 2, 


L*v—onepatop, compaxexHHpl c Lu, 
HetpyHO mpoBeputs, uTo 


L |y™~*u(x, y)]=y" *L*u (x, y). (4) 
B noaynaockoctu y >O BBewemM HOBbI€ TePpeMeHHHE 
2-—m 
Eee es, z= ey a (5) 
Torga ypapHenvue L*v=—O mpHyuMaert Bua 
07u ou , 3m—2a 1 ov 4 (a — |) Ge aye 


Ox? G22! “9 ne ae (2—m)2 + 2 
WI, Moarag 


=0 (6) 


2 (l1—m) 


=z ™ @w, (7) 


t 


OyYHeM UMeTb 


ew , & 2(1—8) @ 
Gren ar = = ee — = 0, (8) 
rae 
2a —m 
P30. A (9) 


Hatizem yHtaMeutabHble peuleHHa ypaBHenni Lu =O un L*uv=0.° 


Himem peulenne ypasyenna (8) B Bue 

W (Kin ZicXgs ealpeailesy sey Oh a (10) 
rye 
Vf 


Vp |= (X — Xp)? + (2 F 29)? = (x — Xp)? + 


rw Ww 


4 | ones 
“L(t elt ok ue © 


2-m Tal 


= [u{[y"vy + (m —2) y™1 0] dx —v,dy} — 0 (y"uydx — Udy), (3) 


O6 ofHOo KpaeBoit sanaue gaa 9MMNTHYeCKOrO ypabuenna 75 


Jia onpenenenna ©(t) no1yunm ypaBHenne Taycca 
pee eth oh oreo = 0 ea eg 


ABa AMHCHHO-H€SaBHCHMBIX PeWleHHA KOTOporoO B OKpecrHocru f= 1 mpK 
Hele0OM 23 HMeloT Bug [3] 


Se i i he yy 
©, (t) = (1 —t)""'F (8, B, 23; 1—2). 
| Tlogcrapaas ux B (10), noazyuuM 
W(X, 2; Xp, Zo) =r?" - PF (1 ed Np Be 2 ( ani B ye 8 ar), 
Wy (Xs 2; Loy Aglare T(t) F (By 8, Wy 1 — 0) 
OTKYJa B CHay (7) HMeeM 


2 (1—m) 
2— —2 (1-8 ; : 
Y, (x, Zz, Xo, Z)=2 ii ry ’F(1-—8, ee te Beat) Pb), 
2 (1-m) 
= = 216 = 
a eae ety atleast)” (By be 28; 1 2) 
BosppallaaCb K IepeMeHHbIM X, Y H YUUTHIBAA, TO [fee 

, 

1 


HOY 4M 
qi & y; Xo, Vo) = 


2—m 
2m 
=ny-mrto-ve(1—e, Pipettes ). (11) 


—m)2r2 
(Qin)? 75 


2—m : 
- O—M yya— =—2 . e 16 (yyo) ; 
G2(X, Ys Xoy Yo) = Rey2—™ Yo ele B, 28; 8on0 7.) (12) 
roe Rk, u ky, — HeKOTOPbIe MOCTOAHHHIE. 
~B cudly u3BeCTHOH PopMy.IBbI 
: = tl @ 4) 
Ftd, DRE Us Ma Nore vig (A Ooaer) le 
rato) wate) r(b +h) og Mtkt1) Fate) (b+ by] gh 
ui [2 (a) [2 (b) (R1)? Tee) Preaek) Vier) 
: r=0 ; 


caenyer, ao npn y>>0, r>+O0 u t+O pemenua (11) u (12) umetor sora- 
PH@MNHYECKYIO OCOGEHHOCTH H, CCMOBATEBHO, ABAAIOTCA (yHAaMeHTab- 
HBIMH pelleHuaMu ypaBHeHua L*v=0. Mbl WCMOb3yeM JIMUIb pelle- 
Hue (12). 


K 
ics = 
mete 3, Mo. Gym 
q(x, Y; Xo. Vo) = ky’ Si ae peaks 8, B, 235 ae roy (13) 
(2 — m) ry 
O 1epeMeHHBIM (xX, y) aABAMeTCA .*PyHAaMeHTaIbHbIM PeCIICHHEM YPaBHe- 
una L*U=, 10 MepeMeHHBIM (Xo, Yo) B CHay (4) — PyHAaMeHTa/IbHBIM 


pemenuem ypaBHenua Lu = 0. 
OrmeTuM, 4TO G(X, Y; Xo, Yo) ABAAETCA CYHTAMCHTAIbHBIM Pelle- 


m 
HHeM pw BCeX 4 >m-—l1, KpomMe =>. 
m > 
Cutan noKa «@#->, NOCTOAHHYIO & ompeweuM H3 YCTOBHA, ATO 


Ndr! = ax G18 gx dy =), (14) 
e>0) ed 


> 
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re {,— 34MKHYTHIM KOHTYD, OXBAaTbIBaIOWHH TOUKY (Xp, Yo)» Yo > 0: 
KOra .{, CTAPHBaeTCA B 3TY TOUKY. 
IIpou3pea BbIYHCIeHHA, NOAYYHM 
=? 28 —2 at 
RA (2 — my" a (28) (8) = 1, 
oTKy 1a 


BA IE® 15 
ee oa 


B noaynaockocta y>O paccmotpum o6aacTtb Do, orpaHu4eHHyto 
oTpesKom [— 1, 1] ocu Ox u Tak Ha3biBaeMOH HOPMAJIbHOM KPHBOH 39: 


4 
x? 4 (Orie yee. (16) 


Jlaa o6acru D, Mb HafiweM pemenue 3aqauu £ B ABHOM BHJe. 
Jlerko mpoBepuTb, 4TO 


Go(X, ¥5 Xo: Yo) = FX, Vs Xu, Ny) — RR —G Hy Vs Soo) 


re 
2—m 
2—m 5) 
2 Lg 4 oat eae ee eee 
RY = ho + ype 00 ae oe re 


aBaadeTca PyHkuneh [puna 3anaun E gaa oOaactu Dp. 

JleicTBuTeJbHoO: 1) Gy mo nmepeMeHHHIM (xX, Y) yqOBIerBOpaeT ypaB- 
HeHuIo L*u=O0, a m0 (Xo, Yo) — ypaBHennio Lu=O0, (x, y) f# (Xo, Vo); 
2) Gy WMeeT norapudMunyecKylo OCOGEHHOCTH mpH (Xx, ¥)—~> (Xp, Yo), Y>O; 
3) @yHKyna Gy) yROBIETBOPAeT KPaeBbIM YCAOBHAM 


Go(X, ¥; Xoy Yo) |,, = 9 (18) 
HnpHm—i<a<l, e445 
y™Goy + (m —a) y"G, |,_j=0. (19) 


Ilyctb (Xo, Yo) —TOUKa BHYyTpH O6mactTu Dy. PaccmoTpuM oO6macTb 
Dos, OTPaHH4YeHHYIO HOPMAJIbHOH KPHBOH 5) H OTPe3KOM MpamMoH y—6 > 0, 
KOTOpad COMepxRUTCA BHyTpH Dy. BuOepem 4>0 croup MaJbIM, U4TOOb 
TOUKA (Xo, Yo) HAXOAHMAaCh BHYTPH Dos. Buipexem uz O6acTH Dos maayto 
OOaCTh C KOHTYPOM Y., OXBATHIBAIOWUM TOUKY (Xp, Yo) H OCTAaBIYy10OCA 


yacTbh OOMacTH OOO3HaUHM Yepes Dos, B KOTOpOH dyHkuuA Vpnna G(x, y; 
Xo, Yo) OyWeT peryaapHbIM pemeHvem ypaBHenna L*u=0. Ilyctp 
u(x, y)—peryapHoe pemlenne ypaBHeHun Lu—O, yoBerBopsiomee 
KpaeBbIM ycoBuaM (2). 
IIpumenaa cdbopmy.ry puna (3), B cuay (2), (14), (18) u (19), nocae 
npelebHOro Mepexoga mph ¢>0O, a 3aTemM npu 6—>0, nozy4yHM 
1 


U(X, Yo) =— i v(x) y™~*Go (x, ¥; Xo, Vo) |ymo 2X — 
at 
: 
as \ g (x) A [Go (x, J; Xo, Yo)|,,4%; (20) 
raze “ ' 
A |v] = yy" SO (im — a) yy, (21) 


O6 ogHOH KpaeBoH 3amqaue AA d/MOTHYeCKOrO ypaBHeHua Ti 
Boruncaa HEMOCPeACTBEHHO, HaXOJIHM 


; 4 em Tc) 
Y"~"Go(X, V3 Xo, Yo) |y-o= i ah) awh | mr 


= 5) 
_ ‘ 2) 4 ye2—m 
ee ~*~ Saxe a§ ols | pete bs (22) 
A[Go(x, y3 Xo, Yo)] |= 


= (m— age Re, 2g; Oe — ) (23) 


m)® rt 


@PyHKUNA W(X, Yo), OMpemeneHHad cbopmyaot (20), ecrh pemenne 
ypaBHenna (1), yTo cnenyer uz 1l-ro cBokcTBa dyHKunu Tpuna G(x, y; 
Xo, Yo). OSo3sHauuMm yepes /;(x,, yo) MepBbI uHTerpa B pemleHuu (20). 
JlerkO BHUJHO, 4TO 


I, (Xo, Yo) |= 0: (24) 
TlokaxxeMm, 4TO 
lim yg Ee 20) — 9 (x,) (ae eee eg (25) 
Vimeem - 
Onl 
OF (Xo, Yo) BeBe Ot te dip 2 Axe 4 2m | 
po Gore) — — EE stn (v(t acai] det 


est 


2—m B—-1 
8k 7 EvaNCan 4 Yo 
es a \ aay) (xe 2) + (9 my RE | des: 
Sil 
Tlomaraad B mepBoM uHTerpase 


x— Xo == Te ay Wo 
NOY 4M > 
ne 2-—m 
ye 2h Cio Yo) 4? 988 (2— m)* \, aes ae | iris aie aes 
Jo : vif : 


1 © 
Yo 


Im pet 
; 2 
. 8R3 Lene 2, a4 4 a dx, 
aes Sena |. C9) (xe R + Gop Re 


ae 
+ 2— Lo) (2) 
ny aod AUS seal B,= Mess an 71 
ae 2 


2 Yo 2 290 


Tepexoaa K mpemerty np Yo > 0 (%») # + 1), Syaem uMeTB 


ae yg Gove) — 4-* 98k (2 — m)”*» (xp) i (1 +e)" dein” (6) 
Yor 0 
M3pectTHo, 4TQ 


pay —P-1 ares 
ies Y 8= Fer @ 
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Torga u3 (26) B cuay (15) caemayer (25). “tell 
Odo3Haunm uepes J/,(xXo. Yo) BropoH uHTerpaa B pemeHuu. (20) 
HerpyAHO BUuseTb, YTO 


lim 6 . =) fee od). (27) 
V7 0 Yo 
Caenya paccyxjenuim Teaaepcreata [4], MooxkHO MOKa3aTb, 4TO 
I, (Xo, Yo) |,, = (Xo); (28) 


a TakxKe, 4TO A(Xy, Yo) HEMpepbiBHa B Dy. 
TakuM OOpa30M, PyHKuNA W(X, Yo), OMpemeteHHand dopmyaon, (20) 
ABIAeTCH pemeHvemM 3amaun EF B Dy. 


m - 
B cayyae a= ypaBrenne (1) 3ameHoH mepemMeHHEIX 


2-—m 
— —_ 2 a 
LYE gee y 
nepexOAuT B ypaBHeHne Jlamaaca 
azn 02a 
FIC + ar 0, (29) 
a KDdaeBBbIe YCJIOBHA B Ce LY IOULHEe: 
— Ou : 
sees Toe -. v(x). (30) 


O6sactb D B naocKocru (x, y) mpeoOpasyetca B OOnacTh D  naocKocrn 
(x, Z), a KPHBad Oo B KDPHBylo oa. 
Sagaua (29) — (30), Kak H3BeCTHO, HMeeT CHHCTBEHHOe PellleHHe. 
SBameuauHne 1. Bcayyae, KOrgqa KpPuBad ¢ OKAaHYHBaeTCA CKOJIb 
VrORHO MaibiMH fyramu AA’ u BB’ HopMaapHol KpuBOH 3, a B OCTAIb- 
HOH 4acTH OTKJIOHACTCH OT ZTOH KPHBOH Hapy2KYy, MOXHO MOCTPOHTB 
dbyHKuywio0 Fpuna G(x, y; xp, Yo) Ma 3a kau E wu, ce ROBaTebHO, HaliTH 


pemeune 910H 3anauu Ata O6nactu D. 

SameuanHue 2. [lpn trpeOoBpannn OrpaHHyeHHOCcTH a Korga yO, 
OUHO3HAUHO pemaercd 3afa4ya HaxXOKeCHHA PeryapHoro B Obaactn D 
pemenua ypapHenua (1), HenpeppiBHoro B D uw ygxoBaeTBOpAIOWero AMIIb 
yclOBHlo U|,= 9. B cayyae m= 1 97a 3afayua Ona MOApOOHO uccazes0- 


pana VW. JI. Kapoap [5]. 


Summary 


The paper treats the problem £: to find a solution of equation (1) 


which is regular in the domain D, continuous in D and satisfies bounda- 
ry conditions (2). It is proved that: 1) the solution of problem (1)— (2) 
is unique, 2) there exists a solution of this problem for the normal do- 
main Dp. 
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MEXAHHWKA 


P. f. Bapanues, Y L3xkenb-10n 


CUJIbI H MOMEHTDI, JLEACTBYIOLIHE HA TEJIA BPALLEHHS 
B CBOBOJIHO-MOJIEKY JIAPHOM MOTOKE 


$ 1. BBeteuue 


B paoore, BO-NepBbIX, NOyueHB! PopMyab AIA KOS@DuMNeHTOB CHT 
Cy, Cy H MOMEHTA Cy, JeHCTBYIOUMMX Ha MPOH3BOIbHOe BBIMYKIOe Te10 
BpauleHuA MOA yrviOM arakH B PaBHOBeCHOM CBOOOJHO-MOJEKYJAAPHOM 
MOTOKE, B MPeANOOXKeHHH, YTO OTPaxKeHHe MO.IEKY.1 OT MOBEPXHOCTH Tela 
AUMPY3HO-3epkabHOe C MOCTOAHHBIM KO3sd@unnentom Makcse.a 9. Han- 
BEPOATHEHMINAA CKOPOCTh C, TEMMOBOTO ABHXKeHHA DAnddy3HO OTparxkeHHbIx 
MOJeKY B pacueTaxX mpeAnoOiaraiacb OAHHAaKOBOH Aaa BCceX TOUeK NoO- 
BepxHocTH S, 4TO Np MOAHOM akKKOMOAILHH COOTBeETCTBYeT eaIbHO 
TeMIONpPOB AAuleMy Testy. Korga cy Ha S He1b3A CUNTATh NOCTOAHHON, 
HY2KHO HauTH 9TY PYHKINIO 3 9HEpreTHyecKkorO G6atanca H B PopmMysax 
(2,36—2,38) BHecTH NOX 3HaK MHTerpasa. 

B § 3 BblgeieHbl HEKOTOPHle YaCTHBIe CyoaH, B KOTOPbIX HHTerpH- 
poBaHue yAaeTCa MPOBeECTH NOAHOCTHIO (MAaCTHHKa, UNIHHAp, cepa) [1—7] 
WAM CBeCTH JIMMIb K OLHOH KBakpatType (KOHYC, NpOAOMbHOe H NONepewHoe 
vOTeKaHHe). : 

IlpakTHuecku HHTeEPeCHb OO/bUIHe 3HAYeCHUA OTHOCHTEABHOM CKOpOCTH 


NOotoKa S = ess. (Gp = HauBe POATHEHIWAaA CKOPOCTb TeEHOBOrO ABHKCHHA MO- 


L 

ekKy B HaOeraiomem moToKe). TIpemembHble POpMyAbl MAA C,, Cy, Cm 
IpH S— co MOMyyalOTCA FOBOAbHO JIerkO. CileXyIOllve YIeHbI acMMmTO- 
THYCCKOFO pa3sOXWKeHHA MPH OObWINX S$ HaleHb! B § 4 C NMOMOLIbIO Me- 
TOAHKH, W3102%KeHHOH B pabote A. H. Tuxonospa u A. A. Camapcxoro [8]. 
OnHaKoO Ha 9@MCHTAX MHOBEPXHOCTH, KaCaTeJbHbIX BeEKTOPy CKOpocTu— U 
HaOeraioulero MOTOKa, ACHMIITOTHKAa HepaBHOMepHa HU Pe3yJIbTaTbl PadorHl 
[8] He npnemiempl. B stHx OCOOLIX Cay4anx acuMlToTMyecKHe COPMYVIbI 
NOAYYeHH! APYPMM NYTeM, UPeACTaBAIOUIMM, Ha Halll B3riA, CamocTos- 
TeAbHbIM MaTeMaTH¥eCKHA HHTepec. UnceHHble pacueTbl MpOMeanbl 1A 
KOHyca C yraoM moypacTBopa P= 20° npu pasHBIx yraax aTaku. 

§§ 1—3 nanncaHb nepBbim aBpropoM, B §§ 4—6 u3702%KeHDI pe3sy.b- 
TaTbl AMMAOMHOM paOoTbl BTOpOrO aBTopa. 


§ 2. OOulne CPOPMy Jbl ANH Cx, Cy, Cm 


PaccmoTpum wopepxHoctp S, o6pa30BaHHy1o BpaljeHHeM HeKOTOPO! 
KycouHO-raanKoh kpusoli AB soxpyr ocu /. Ilyctp AB 3amaHa B mapa- 
MerpHuecKoH dopme 


r= ry) 9, ete MAN oe ecpeev ah ee has oles (2,1) 


rae /, r, 7; — 1€KapTOBbI KOOPAMHATHI, { — MPOWSBO.IbHBIA TapaMmerTp. 
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Tlo102%« uM 
min {/} =0, max{l}=L, max {r}=R; (2,2) 
AB AB AB 
7 = tee. (2,3) 
Korga NOBepXHOCTb BBINYKJ1a, 


kT tr 
Tlomb3yacb MapaMeTPHYCCKHMH ypaBHEHHAMH NOBEPXHOCTH 
L=l1(y), r=r)cos¢, 7r,=r(y)sing, (2,5) 


rae @—yrou nopopota Kpusoi AB spoxpyr ocu / B NOAOXKNTeEABHOM Ha- 
MpaBJeHHH, HETPYAHO BHIYHCINTb HalpaBAAIOWMe KOCHHYCHI BHelWHeH 
HOPMAJIM 71 


cos(, 1) = —sin®, cos(n, r)—=cosB cos ¢, cos(#, 7;)=cosP sing, (2; oa 
HW MWAOULab WIEMCHTAa MOBEPXHOCTH 
dS—=rVI? +r? drde. (2,7) 


Ilycrh nopepxHocth S gBuwxKetca co cKopocth1 U B cBo6o,HO-MOue- 


KYApHOM rase. He yMeHbulaa OOWHOCTH, MOXKHO C4HTaTb, TO BeKTOPp U — 
J1@KUT B naocKocTu (/, r). BBemem cucremMy KOOpAHHaT (xX, y, r,), MOouy- 


yaroulyioca u3 (/, r, r,) MOBOpOTOM Ha yroa ataku SE [0, =] BOKpyr OCH sy, 
Tak 4TO 


cos(U, x) =—1, (2,8) 
cos (x, 1)== cose; “cos(x,<7)=ssin'o.s cos Cee (2,9) 
Ecan §—yroa Mexay nu U, to coraacuo (2,6, 2,8—2,9) 
cos § == — cos (nm, x)=cos 8 sinB — sinécos8cose=a—bcos¢. (2,10) 
AHaJIOTHuHO Haliem 
cos(z, y) = sinésinB + cosécosBcosy =c+dcos¢. (2,1 


O603HauHM Yepe3s Py MU Pe COOTBETCTBEHHO WaBJICHHe H KacaTebHoe 
Halipsxenne Ha miomagtke dS. PopMyabl Aa raaBHoroO BeKTOpa H rviaB- 
HOrO MOMCHTa a9POAMHAMUYECKHX CH, RecTByloumux Ha S, UMeIOT BHA 


R=—J\ (npn + tp) dS, (2,12) 
s 
M = —J\r)X (np, + tps) aS, (2,13) 
S : 
re r¢—paguyc-Bekrop Touku Ha dS, a t— Opt KacaTeabHOoH Ha dS, 
MpOBeAeCHHbI B MIOCKOCTH (NM, X) TakKuM OOpa30M, 4TO 
cos (¢, x) =— sin®< 0. (2,14) 
O603Ha4dHM 
ky QRy 2M, 
Cx = GUtRRE? °Y = SURE? (m= Foe ReL I (2,15) 
2p 2 
P= Sirs Sapa (2,16) 


 — NJIOTHOCTb fa3a.— 
Tak Kak OCH X H ¥Y B3aMMHO OPTOrOHaJbHH, TO 


cos (f, y)sin 4+ cos (n, v)cos#@=0. (0 


Cvjibt MH MOMeHTHI, WeiicTByIOlHe Ha Tea Bpalllenusa &t 


© momMowpio (2,10, 2,11, 2514, 2,17) us (2,12—2,13) MOLY 4HM 


1 
= are\| (pcos 6 + tsin§) dS, (2,18) 
AS 
1] a 
wa = ae \((—p + rete 8) cos (n, ») ds, (2,19) 
Ss 


1 
Cm= zap, \\{—P cos ¢ (LcosB + sin) ++ [Z(siné sin 6 + 
. 


+ cos éctg @cos (n, y)) +r cos 9 (—cosésin6 + 


+ sinéctg§cos(n, y))]} dS. (2,20) 
BBoaa 


KS 


Pi= Gag» P2=P —Pp, cos, (2,21) 


nepenumem dopmyn (2,18—2,20) B Bugze 


Dae ra de (2,22) 
cy = oe | TG PVPS az, (2,23) 
2 : 5 aor 
m=zpiz | Tmt Vite ay, (2,24) 
: 
Te 
T.(8, 8)=\ (p: + p.cos6) de, (2,25) 
0 
Ty (8, 3)=— | (ce + dcos¢) p.de, (2,26) 
0 
Tm (1, 8) = | {— kp. cos ¢ + (g — hos 9) p,} de; (2,27) 
10) 
R= 1COSp + ASine, C= -lsine, =r cos 6: (2,28) 
cos §=a— bcos ¢g, 

&=cososinp, 0 =sildcos 6, | (2,29) 

C= Sil osin po a = COs-o.c0s p. 


Ecau pacnpefeseHne MOJeKYA MO CKOPOCTAM B HaOeralolleM MOTOKe 
MaKCBeJIOBCKOe, MOBepxHocTb S BBINyKIad WM 4acTb S MOMeKy OTpa- 
ywaetTca Buppy3Ho, a OCTatbHble 3epKabHO, TO [1—)] 


p=0-9) SEC ¢etytx@)|+ge Ex, — @80) 
a. 1(2), (2,31) 
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Le 
erlz = pe ) eo dx , 
y(2)=e* + nz (1+ erfz), (2,3 
z=scos0, sa. (2,33) 
Torga . | 
Py 56 1 (2), (2,338 
Dg = —L2) zy (2) + FF (1 + etfz) + 5 c; rele Cae 


Re 
TloacraBasaa ake (2,34—2,35) B (2,25—2,27), noayuuMm 


yi) = fre tf eC tere) de + 


ve 0 0 
oe 2 (ih) 
Seo zy (z)deo+ z*y (z)d¢, (2,36) 
iG afeoas Te | 
Ty (B, jae a *{ (1 bedi2) (6-4 dcons) de — 


o 2 
— 7 ew | LCF aeoe oe — Sa fe (z)(c + dos ¢) dg, (2,37) 
0 
03 de ie 
Fat, 9) ae ee oe erfz) cos ede — 
0 
ce) 2 so) k ° 
~ $407) cos sd0 — a Vere (2,38) 
fy 


B o6Oujem Cayuae 9TH HHTerpadH He GOepytca. 


§$ 3. Yactuble cay4an 
I. [lpodoaekoe O6meKkaxue 


IIpu b= 0 2 SsinP OT © He 3aBHCHT MH HHTerpupoBanue B (2,36— 
2,38) CTaHOBUTCH TPHBNaIbHHIM. B pesyaprare moay4unM Ty (8, 0) = 
oa" (5 We 0; 


T (8, 0) = 55" sin B (1 en im || 
s 2(1— VF 
tox Met err. > sin? rent | 
x, (Z) a erp: Rapeiy ae aa B (3,1) 
2. [lonepeinoe o6meKxanue 
Kora b=s, 2=— scosfhcos¢ u unterpaan B (2,36—2,38) 6epyrca . 
yepes dyHkunu Becceaa J) u /,. O6o3sHauum ee Tloab3yacb pop- 


Mysamu [9] 


CuBr 1 MOMeHTHI, HeHcTByIOMLHe Ha Tesla Bpalllenua 83. 


Tw 


\p 
Se areca aa 8 


a ies = le Pcos gd, { arg z|< =} (3,3) 
0 


BHOUNCAHM 


Jz +erlz) de = Vere) +40), 


x (2) de = ne [(1 + 29) 1, (d) + 201, (Y)], 


0 


| 2% (2) dp = Fe *[(3 +89) h(Y) + (—1+ 8) HW), 


0 


= : a4 
J ex@) de =n, oe 
S ze "de = mbe* [Iy(¥) — Jy (9)], 
[2 (1 + erfz) dg == Vx ve? [49/, (9) + (1 + 49) J, (9) . 
0 
VMinterpupopaune B (2,36—2,38) naer 
Ts(8, r=o ae BV tas e~* {[6as2 (1 + 55) + 
12 —9 + 16(1—s)¥4 ¥] / () + [6cs? + 4—s + 16 (1—s)4] 4 (9), (3,5) 
7, (6 ¢)=—"gat [2-9 +40 —9)4+ 
tote * [1+ Wh) + WAM), (3,6) 
Tm (1, ) = Tx @ a Les sin cos 8 {5 on 2 *((3(44—39) = 
+ 16(1 —s) #) te Ete ec ey hy) OE (3,7) 
3. Konye 


PaccMOTpHM 6OKOBYyIO HOBepXHOCTb KOHyca C yrvOM MOAypacTBopa 
gE (0, 7) WM BepwIMHOH B Hayate KOOpAMHaT. BrlOupaa B kKayecTBe Mapa- 
MeTpa { paccTOAHHe OT BePIIHHEI, HMeeM 

Pie) eres ea Ly) = COS 6 Re Lae) 
Tax kak B=const, To 7, u 7y oT 7 He 3aBucaT u B Chopmywax (2,22— 
—2,23) BbIeAAeTCA HHTerpad 


ee 


TB sin ® 
R2 


\ rViP +r? d= \ rsin dy =5y 


rs 0 
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TakuM oOOpasom, 
2 TOS) tye ees (3,8) 


ae x sing "9% oe <a 


Tlanee, tak Kak R=, g= 1b, h=7a, To BelpakeHve Jaa Ty (y, 5) 
MOMKHO 3allHCaTb B Bue ’ 
Pai = tine 
rye 


kT 


7 (8, 8) = { (—p, cos ¢ + (b— a cos¢) py} de. 
0 


B pe3yibTaTe nOu1y4HM 
4 


Cm = Fen e TB, 8). (3,9) 


UToOH HalTH Cy, Cy, Cm AAA YCeYeHHOH KOHM4eCKOK nowepxXHOCTHg 
Ry 
HYKHO YMHOXKHTb COOTBETCTBCHHO BbIpaxeHHaA (3,8) Ha (1 — Pr)» a BB 
3 


R 
paxeune (3,9) Ha (1 = ae rae R,— paguyc ceyenua. IIpH 3TOM MOMeHT 


BHIYHCIACTCAH, KOHCYHO, OTHOCHTEBHO TOUKH NepeceveHHA MPOAOAKCHHbIX 
oOpa3yiollHx. 


4, [laacmuxnKa 


Ilepemuioio CTOPOHY KpyraoH mmlacCTHHKH MO2KHO paCCMaTPHBaTb Kak 
© e 2 qT a 
MpeNeAbHBIA ClyyYaH KOHNYeCKOH MOBepxHocTH pu B—> >. IIlpu stom z= 


=scosé OT 9 He 3aBHCHT H HHTerpatn B (2,36—2,38) GepyTca 3meMeH- 
TapHO, KaK HW B Cayyae mMpOmOmbHOrO OOTeKaHHA. MMeem: 


ty) oy x ; 
oy — HEE a 4+ 5 oe YE cost+ 2(1—2) cos*a} + 
s* oe cos8 [1+ erf(scos68)], (3,10) 
ae, — sind oe oe Vr 
Cy= ve x (Ss cos 8) PU Set 
—S siné [1 + erf(scos8)] , (3,11) 
Cee 


CooTpercTByloulve POPMYIbI WIA 3aqHeH CTOPOHAI MWaCTHHKH OyAyT 
MMCTb NPOTHBONOOKHbIA 3HAK Mepem cosé u sind. CKaqpiBad pesyb- 
TaTHI Wit OO€NX CTOPOH, NOAYYNM H3BecTHBIe [1—6] BEIpaxenua cy H C, 
MW1aCTHHKM (He OOAZATeEMbHO KPyrs0) B CBOOOXZHO-MOJeKYAAPHOM MOTOKE # 


NOX yrioM aTaKu > +8. 
5. Lluaunop 


L[nivHapwyeckyt0 NOBepXHOCTb HoyuHM, nomaraa /==y, r=R. Torna 
8 =O wu untTerpupopanue B (2,22—2,24) naer 


OL ‘ QL : , | 
Cr= RTx(0, 8), y= Ry, 2), m=STPO, 2), Bl 
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PON) =| {—P2 cos ¢ + (sin §— ne cos 6 cos ©) ps} de = 
§ 


wv 


wT 


fo) ; N ¢ R 2— : 
=o] x (2) (sin 6— 2 5- cosécos | de ao | (1 + erf z) cos ede — 
0 0 
c ¢ 


1 s 2(1 — 
ee ees cos Lp | 27 (z) cos ode . (3,13) 
rf 0 


IIpx B=O0O z=—Ssinécos¢ u uuterpanst B (2,36—2,38) bepytca 
yepes dyHkunu Beccea, kKaK HM B CAyyae momepeyHoro O6TeKaHua. O60- 
sHadan 


eee oS 
uMeem [7| 
x eel Za COS OI Ory , 
e1 = C0088 —cysind =o a> 2 e¥ (1 + 24) L(Y) + 20 ()), (3,14) 
Cr =x sind + cy cosé = 3 ¥ 54 owe 
(4—9)L sind —y» 
toyee 8 © (B+WLMFA+WAM), — ,15) 
— (3,16) 


6. Cehepa 
BuOupaa 3a napametp 7 yroa 8 wu nomaraa 


l= RR — sin’), r= cos, 


2%, 


T (8, 0) cos B48. 


v3 (2,22) noay4uuMm 


2 
Os = = 


| a 


Tloce MOACTaHOBKH cioxa BEIpaxenua (3,1) gaa Ty (8, O) w uHTerpH- 
‘popanua umeem [5—6] 

g 1 mei 2 1 26 /% C, 
cy =eris(2+ 5 ale Vi (2 ei ; ue ‘i (3,17) 


§ 4. Acumntotuyeckue cbopmyab aaa T,, Ty, Tm 


Tlony4uuM cHayata mpezembuble POpMyb, Korga sco. IIpu stom 
“ {7% 

Ha ,TeHeBoH* cTropoHe, rae §€E (> m{, KaK BHZHO H3 (2,30—2,33), p> 0, 
+0, Tak 4TO Mpesenbl MHTerpuHpoBaHna B (2,36—2,38) OyzyT onpee- 

JATbCA TpaHueh ,TeHU“, yPaBHeHHe KOTOPOH B CHIY (2,29) umeeT BU 
a—bcose=0. (4,1) 
OKkpy2XHOCTb, Nomyyawuaacd B cevenun B=const, MOxeT ObITb, 

«“ “ 

B 3aBHCHMOCTH OT $4 4, HIM MOHOCTHIO ,OCBeleHa’, WH ,OCBelIeHa = 4ac- 


THUHO, WIH #Ke BCA HaxXOguTCA B ,TeHH’. B COOTBETCTBHH C 3THMH TpeMA 
CAyyaiMM ONpe eM HWXKHHH Mmpesed HHTeErpHPOBaHHA NO ¥ 
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O, ecau sin(g— 6) >0, i 

,=/ %, ecau sin(B—8) <0 < sin(B +9), (4,2) | 

|x, ecan sin(B + 6) <0, 

rye 


t 
go arc cos ee (4,3) f 


Ilepexom K mpefeny H uHTerpupoBaHne B dbopMyuax (2,36—2,38) qatoT & 
T? =2[a (x— 91) +b sine] + (1 —9) [2a (2a? + 36%) (m — 9) + 
+ 36 (4a? + 6) sin ¢, — 3ab? sin 2¢, + 4 sin3¢,, (4,4) & 


ieee | —s) | [4a (ae — bd) + 26%] (x — 9,) — 


— (4a*d — 8abc + 36%d) sin 9, — 6 (be — 2ad) sin 29, — &4 sin 3¢,| , (4,8) 


Tm =| (2ag + Di) (= —%,) + 2(ah + bg) sin me Ba = 
+R(I —9)| 4a0 (x— ¢,) + (4a? + 3b?) sin ¢, —2ab sin 2e, + F sin 3¢,| (4,6) 


Jima MOYueHHA CEYIOUIHX WICHOB pa3sJlIOKeHHA MPH OObUIAX S$ 
BOCHOJb3yeMcA OZHOH Teopemoh A. H. Tuxonospa u A. A. CamapcKoro 
[8] no acuMnToTHYeCKOMY pa3102%xKeHHIO MHTerpasOB Bua 


J(s, to N= \%(e—%, s) f(g) de, 


Pe 
&(9—%, s)=so]s(o —%)]. 


B [8] moxasanHo, uTo, ecnu O<Mo,< 7, o(E)=— ste at pyukuua | 


J (¢) orpayuyena B (0, ), a B TOUKe =) HMeeT ace pCa m10- 
paaka k+1, To 


J (8, 993 f) =f (2) + a SRL angen BELTS Go (4,7) 


rae 
(ke 
O. R= 2n—f, 
= Ew (E) de Qn —1) Gn 3)..31 poy (4,8) 
[a EE in 


IIpiMenaa sty teopemy npu k=3 xk unTerpaam B (2,36—2,38), 
MOCNE MPOCTHIX BHIUMGICHHH MOTYYMM aCHMMITOTHYeCKOe TpemcTaBeHue | 
Tx, Ty, Tm ¢ TOUHOCTEIO Zo 0(s ~°) BKJNOUNTE HO. 


7 —s7(a if 1 
7, = oft ie 7 paar == + an(1 + erf[s (a+ 6)]) — 


—2(a- arccos Ve=a)\ +22 moe = {an (1+ erf [s (a a + b)|) — 


——, SC. am es (aaspy 
—2(a-arccos 5 Vo a)| Daas bala ai 


2 CSS: 
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3). 5, 62 
tah(at + 5) (1 bert [s(a+ b)|) —2Vx + 5) arceos 5 — a 
3 LO es te —s(a 
—FVe—al\ fds) Fe Ve (a? + “4 ao vale as) x 
Sali eri (s(t =e 4}(a° al 5 ab? J arceos + aa 


gh > 3 2 i= De 2a2h2 
iad ee eee ee 
Ty =— 5S {¢ hi ope 5) fae ree alr of yema|- 
—$% v= {¢ \Ve ee ato a = axs(t der tsa + 6)] 
— 2s G arccos — — V ae = [7 sll +erf[s(@ +6)]) — 


=asV bb — at Le ek a | — 
“a as | a? — sb? arccos | Vee 
== e|sa Vee "0" + mst (a? 45) (1 + erf [s(a+5)]) — 
— Qs* ((a? * 7) arccos S ie + Ve— «)| rx ag mes (a+) ee 


+ nab’s? (1 + erf [s (a + b)|) — 2s?| ab? arccos “ —(8+5)VP—a + 


J 2 2) ls ab? : 
rer = Wi {g|te" (a+6)p a = ii nas (1 a ert Is (a ae b)}) — 


Ze A avn 
—wVr (a-arecos $ 7 VP—a)| ‘. eee Ba ! 


etre (1 + erf[s(a+ 0)| )— Vz bs arccos* |} + 
sat roe Et 8 eg ig =O 


2 ¢ 3? 2s Vf 62 — at 
: sb? (1 + erf [s(a + 5)]) — Vz sb? arccos ay a3 


S-tipt 
Bib = = = {s* Le (a+oy 1 habs? (1 + erf [s(a+ 6)|) — 
a2 9 2 1 Paes 2 3/y 
— VF 28*| ab? arccos * —(¥ + )\VF—a a eel a?) ie 


yx arb? \ 41] 
2 (62 — a2) } (4,11) 
§ 5. PacueTbi 41a KOHYyCa 
TlomcraBHM pbipaxenua (4,9—4,11) B (3,8—8,9), 
yneHbr O(s—?). 
O6osnayan A|,_,—=A°, A,_,=A' uw momaraa 2 =I, UMeeM 


COXpaHAA VJIMUIb 


1 1 ee ae a es’ (a+b? + ax (1 +erf[s(a+ b)|) — 


Cx = Fin 8 
—2(ay, —bsing,) + 4[5 (a+ 5) + ert [s(@ + B)1)— 


—Vr ((a2+  \e1— + ab sin es)| +3 ezze + erf[s (a+ 6)|)— 
(9,1) 


; atl 
— (ag, — bsin %) + o6sine, 
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whe aa —aale Vr (at + ele (a+) 4 Inq (a+ + sae + eri |s(a+ b)]) — 
af(ar+ 2) ag,— (e+ 3 a®) 6 sin cal + © sin’ o,|+ 
sf 4a (1 + erf [s(a + 6)|) — 2 (ag, — Ob sin 9) + a 5 one 
= ans = ne-S (a+oP 4 = | = (ca) 1+erf [s(a+5)|)+ 


+2V=(¢,(ac—™) — (c p— %4) sin ¢)| + 


+ ge [2dsine, —c(n (1 +erf[s(a+o)])—2e)1; © (6,3) 
S= saa = (ac a4 P\ Vers (240) 1 9n(1 + erf |s(a+b)|) X 


x (aba — (a+ ) c] <7 (bad — ac) — bsin 9, [oa _ = ac] = - o,+ 


+ “4 sinte, |+ 3 [4d sing, —e(n(1 + erf [s (a+6)])—2¢,;— a; (5,4) 
Cn = zg, |b [ax (1 + eri [s (a + 6)]) — 2 (ae — bsing,)] + 
|= (1+ erf [s(a + 6)}) — (6g, —asing,) | +4 | Fat 
+ eri [s (a + 6)]) — (6¢, —assin ¢,] +5 288} (5,5) 
c= stam Samo.+ arog, + 2lon te (a+ b)|) — 
— 2(ay, — bsin ¢,)| — : b? sin',} . (5,6) 


BosbMem B= 20°. 3aBucuMOCIb aspORNHAaMHYeCKHX KOsdMuLMeHTOB 
KOHYCa OT yrvia aTaku 6 mpnH Tpex 3HayeHUAX S (co, 10, 5), BHIyHCHeHHAaA 
m0 @opMyam (0,1—5,6), mokasaHa B Ta6a. | u Ha puc. 1—8. 

IipHBreyenne CleAyIOWWMX WICHOB ACHMNTOTHYeCKOFO pa302%#KXeHHA He 
I{PHBOUT K 3€4M€THOMY H3MCHEHHIO 3THX BeJIHUMH axe mpH S=Od. Kak 
BHJHO H3 PHCYHKOB, B OKPeCTHOCTH TOUKH ei KPHBbIe (MYHKTHPHBIe 
yuacTKH) Pe3kKO OTKJIOHAIOTCA OT ,HOPMabHOrO* xoga. Jlea0 3ecb B TOM, 
4yTO np 6=B8 o,—O0O u Teopema A. H. Tuxonopa wu A. A. CamapcKoro j 
He npwMenuma. B OKpecTHOCTH TOYeK Tepexosa (%)==0, 9,—=*) acumn- 
TOTHKa H€paBHOMepHa H TPeOyeT Ooee TOHKOFO HOXONA. 


§$ 6. OcoOble cay4yanH acHMNTOTHKH 


PaccMOTpuM CHauada Te HHTerpatbl B Popmyaax (2,36—2,38), Koro- 
PHE MPHBOAATCA K BUY 


ae (a — bcos ¢)* e~ (4-90 de (x =0, 1, 2,3). (6,1) 


0 
Cayyaw =O u ¢)=% aHaJOrH4YHbl, MOITOMY BO3bMe€M JAMUIb OHH 
M3 HHX, Stet) Emy ee =o O6osHayaa as=s,, uMeem 


pals (1'c0s'¢)" 2" 2 Tose do = 
6 


= \ exp {x In (s, 2sin? 2 See ws e de. (6,2) 
0 
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Taosauya ft 
| a nrc Scr sl Sg SSS SSS sss ss reseed escetngensmsnaas 
| Cx Cy | Cm 

6° ky ae pee 7 
c=] o=(0 o=1 ¢=0 o= o=0 
FP oo” 1,99 0,467 0 0 0 f 
0 10 2,06 0,487 0 0 0 0 
5 rel 0,548 0 0 0 0 
00 1,99 0,505 0 0,257 0,174 0,231 
5 10 2,07 0,525 0,014 0,255 0,189 0,231 
5 2,16 0,585 0,027 0,259 0,204 0,231 
oo 1,97 0,607 0 0,503 0,344 0,458 
10 10 2,05 0,627 0,027 0,499 0,374 0,458 
5 2,14 0,687 0,052 0,489 0,404 0,458 
eS 1,94 0,771 0 0,714 0,502 0,670 
15 10 2,02 0,791 0,039 0,704 0,547 (0,670 
5 919 0,850 0,073 0,699 0,592 0,670 
oo 1,89 1,18 0 0,959 0,760 1,02 
25 10 2,03 1,38 0,051 1,16 0,834 2,59 
5 2,26 1,97 0,112 1,74 0,921 4,17 
co 1,93 1,32 0 0,950 0,835 ia 
30 10 2,06 1,41 0,053 1,02 0,917 1,67 
5 226 71 0,122 1,23 1,01 2:93 
00 2,00 1,66 0 0,996 1,01 1,35 
40 10 2,14 1,71 0,04 0,930 1,10 1,53 
5 2,33 1,85 0,102 1,00 1,21 1,73 
eo 2,05 7g 0 0,663 1,07 1,41 
50 10 2,19 1,81 0,027 | 0,670 iis 1,49 
5 2,36 1,87 0,058 0,692 1,29 1,61 
bo 2,06 1,70 0 0,273 1,07 Ten 
60 10 2,21 1,73 0,007 0,274 1G, 1,35 
5 2,38 1,81 0,013 0,276 1,29 1,42 
Se 2,00 1,40 0 —0,148 0,967 1,08 
70 10 2,15 1,42 —0,016 — 0,152 1,07 1.11 
5 2,31 1,49 —0,033 =O? 1,20 1,16 
oo 1,90 0,995 0 150592 0,802 0,797 
80 10 2,03 1,02 —0,039 —0,599 0,904 0,813 
5 2,22 1,08 —0,087 —0,621 1,03 0,856 
oo 1,75 0,518 0 — 0,885 0,583 0,512 
90 10 1,87 0,536 —0,054 —0,895 0,679 0,525 
5 2,00 0,590 =O 197 —0,925 0,796 0,565 


TlombHTerpatbHoe BbIPAxKeHHe -IPHHHMaeT: HaHOOAbUIee BSHAYeHHE B 
wOUKe 9=7,, rae 


e4sin§t B=. (6,3) 
Pa3s06bem. MpOMexXyTOK uHTerpHpoBanua (0, =) Ha (0, 7) wu (, 2%), 
re 
4s¢ sin‘ : = 5 eet! (6,4) 
IIpu O607buIMx S ; 


qe (2x) 4's, 47, (6,5) 


v 
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Cuibl HW MOMeHTHI, AelicrByioulHe Ha Tena BpallleHHa 9 


CIEMOBATEIBHO, HHTerpas 0 (0, y) MOxHO 3amNcaTb B Be 
pe S ?? % ‘ 9 4 
the \ 5; (5) exp(—sif de. 
0 


IJacue saMenbl nepeMeHHOli uHTerpHpoBaHua & Ha t NO cbopMyae 


HMeeM 


STOT UHTerpad BHIPaxKaeTcA yepes HeNOHy!O ramMa-dynKunio [10] 


9 v4 
Cee 


meh eer Vite sea aay (6,6) 


4 
LST 
Wma SS) 


i= 


Korma «<2, 1-H apryment dyuxuuu /, B cuay (6,5), MomwHO mON0- 
*KUTb PaBHbIM OecKkoHneyHOcTH. Torga J, =I 7 +) s; ”. Bo BTopoM nH- 


Terpavl€ NOAbLINTErPpabHOe BbIPaxKeHHe HMeeT MAKCHMYM Ha HW2KHEM Npez 
Aeswe, B CHAY 4ero 


s a) x aa o lek 
eae, Gs (x — ye : (6,7) 
Takum OOpa30m, /, +0 npn s,— oo ObIcTpee, 4emM sj, Tak TO 
1 eS 
sar(t+ “\si** 11 + o(1)]. (6,8) 


Pasymeetca, pe3yabtat (6,8) He MOMKEH 3aBHCeTb OT cmocoba pa3- 
OMeHHA NpOMexKYTKa HHTerpHpoBanna (O, 7), B uaCTHOCTH OT @ B (6,4). 
JlerkO BUseTb, UTO NPH @ > 2 TaaBHHH ICH ACHMMTOTHKH JLOKeH MO/Y- 
yaTbca 43 2-ro MHTerpasa, a IpHh 4—2 BKMAL B TiaBHbl WIeH AaqyT 00a 
uHTerpana: J, u Jo. 

Bul6op nocTrosHHOH B MpaBo uacru (6,4) TaKxe HeECyLeCTBeH. 

Octambuble HHTerpamn B (2,36—2,38), comepxauHe BMecTO Ss” (a— 
—bcos¢)* dyHKuHH ¢ HM Sinxy, HETPpyHO MpOaHaIH3HpOBaTb Tem %*KE 
M€TOJIOM. 

OKOHUAaTeEIbHBIe Pe3YbTATbI BHIMMCIeHHH Cy, Cy, Cm B TOUKeE B=6 
WaHbl B Ta6. 2 H HaHeCeHbI Ha prc. 1—3. 


Taobauua 2 


Cx Cy Cm 


co 1,89 0,966 0 0,835 0,641 0,853 
10 2,00 0,985 0,494 0,856 C,697 0,860 
5 2,15 1,04 0,745 0,870 0,747 0,888 
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Summary 


The formulas are obtained for the aerodynamical coefficients cy, cy, 
Cm of yawed convex bodies of revolution in the equilibrium free-mole- 
cular flow with the diffusive-specular reflection of molecules from the 
body surface. 

Asymptotic expansions of these coefficients for large values of the 
telative flow velocity s are given. 

Numerical calculations for a cone with the half-apex 8 = 20° are 


made. 
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O. A. Bepesun 


JBYXKEHHE MPOBOAAUIETO PA3A 
B MATHUTOPASOJHMHAMHYECKOM TEHEPATOPE 


B paOote [1] aaa cryyad GeckoHe4YHOM MpOBOAMMOCTH CpeAb IpHBO- 
JMTCA Kacc pelleHHH ypaBHeHHH OJHOMePHOH MarHHTHOH PHAPOAHHaMHKH, 
pH MOMOUIM KOTOPbIX MO2XKHO OMHCATh HeCTAWHOHAPHble ZBHXKeHHA Lasa 
B M@rHHTOrasOHHaMHyeCKOM TeHepaTope MPH YCIOBHH, 4TO HanpAxeH- 
HOCTh TOMepedHOrO MAFHHTHOPO MO/1A HOCTOAHHA MO BHICOTe KaHa@la H Me- 
HACTCA 10 JVIMHeE KaHawla MO 3aqaHHOMy 3aKOHY. MoxkHO yKa3aTb TakxKe 
Oonee OOH Kaacc ABuxKeHHi [2| 


w=(1+ mt)""V(Qa), P=(1+mt)@"** PQ), p=(1+mtyRQ), 


- =(1 + mt) Al(\), }==—————, a,=const, m=const, 
y Arp (i + mt) 


l - 
Ni PHUCM DS B CIY4Wae KOHEYHOH NPOBOAHMOCTH Cpe bl. 


Kak moxka3aHo JI. MW. Ceqopbim, cucremMa OObIKHOBeCHHEIX uddpepeu- 
UHaIbHEIX ypaBHeHHi aa onpegenenua cdbyuKunii V(A), P(A), R(A) u 
A(X) umeetT, MOMUMO HHTerpasoB alHaOaTH4YHOCTH HW BMOPOXKEHHOCTH, IPH 
S=2— 3a, uHTerpan aHepruu, a npn Ss = | — 2a, — uHTerpal uMNyabca. 

IIpu s = — 2a, umMeloT MeCcTO TPH HHTerpavia: 

1 


2 ie -h) 
P= CAV = Gp) S R® 


1 \ 1 
et a Pe) 


pa Ri V = mi)\(V= am) =e, 


Te C,, Cy UW Czy — MPON3BOVJIbHbIe MOCTOAHHHIE. 
UYerpepThi wHTerpal onpeszeineTcA u3 AudpdepenmMaipHoro ypas- 
HeHHA 


a ST Perea Seek =) 
We Fe—49) 4 (2—1]ey* tet) 
ay ay / 
ay ; 
os 


rie R(V—aymi) =F ~, R(V—am)*=p9. 

Ecau a,—2, TO nomyyaem anMHefHOe ypaBHeHue. Ilomaraa B pelle- 
unax t=O, HalimemM HauaibHoe pacmpeseneHne BeanunH P, op, UH, fie 8 
3ABHCUMOCTH OT KOOPHHAaThl x. 

BEIGOpOM MOpMbI MOMIOCHEIX HAKOHCYHHKOB MbI MOKEM QOOMTHCA YCO- 
BHM, IPH KOTOPBIX HaMpA2XeHHOCTh MOMepedHOrO MaPHHTHOTO MOA BAO 
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OCH TpyObl 6yaeT MeHATHCA 0 3aqaHHOMY 3aKoHY. IIpu MocTaTOYHO Ma- 
JIbIX 3HAUCHHAX TOCTOAHHOH m BHxKeHHe MpOBOAAMlero fra3a B MarHHTO- 
ra30/,MHaMHYeCKOM TeHepaTOpe MOKHO paCCMaTPHBaTb Kak KBa3HCTalHo- 
HapHoe. 

B HacTroamleli CTaTbe Mbl paCCMOTPHM JBYMePHOe CTalHOHAapHOoe ABH- 
X*KCHHE HeEBA3KOFO HW HETENJONPOBOAHOFO MPOBOAAMEerO Lra3sa OT CTaIlHO- 
HapHOrO UCTOUHHKA, T. €. MPeANOMOKUM, ITO MPH OCTATOUHO OOAbIIAX 
BpeMeHax ¢ KapTHHa JBHXKCHHA NPOBOMAMIerO raza B MarHuTOra30qHHa- 
MHYeCCKOM reHepaTope MaJO OTIHUaeTCH OT ycTaHOBuBUeHca. Bce uCcKO- 
MbI€ THAPOMMHAMHYeCKHe HW MA@PHHTHble BeJHUYHHbI He OYyT 3aBWCeTb OT 
BDeCMEHH. 

Banauy 6OynemM pellaTb m0 MeTOAY Maworo NapamMeTpa, B KadecTBe 
KOTOPpOrO BHIOepeM BeJIMYHHY t= —— [3], mponopmHonadbyyio mpoBodHn- 
MOCTH cCpefbr so. Pemenne ypaBHeHHH MarHHTHOH Tra30qHHaMHKH OyeM 
HCKaTb B BHC 


ae tee ie Sun 
Ta 2) hee d= Marte area 
n=1 n=1 
t= ye, P=P, + Sie) pe es (1) 
wa Pe ee ie eT i 


rae A— BeKTOpHHH notenuuat; V, = const; P,—const; p»=const; Ey = 
= const — HaMpAKeHHOCTh WIEKTPHYeECKOFO MOA, HampaBJeHHad MO OCH y. 
{]poekuvH BeKTOpa MarHHTHOH HHLyKuHH B, u By, BelpaxaloTtca wepes 
BEKTOPHbIN MOTeHUMa CIE LYIONLUM OOpa30mM: 
OA OA 
ie a cea 
Tloactapaaa (1) B qnddepenuHabuble ypaBHeHHa MarHHTHOH ra30jMHa- 
MHKH H IIPHPpaBHHBad HYyJ110 KOIPMHUHEHTH! IPH OMHAKOBBIX CTeMeHAX 


Ym MvIA M@PBEIX YICHOB pa3OXKeHHA, MONYUNM caenyloumme Auddeper- 
UHaJIbHbIeC ypaBHeHHA: 


AA,=0, AA, = Vee ioe 
roVe ge tae = — ast Vo Ge Eo), 
pao Gt + Ge = — Ge | Vo ge Eo (2) 
fv sae + B= (ne ay 
Op, Ou, , Ov; 


Vo ax + Po (Ge + Ge) = 0. 

PacCMOTPHM I1pakTHYeCKM BAKE yacTHbi cayyai, Kora HOpMadb- 
Had COCTaBIAIOMad BeKTOpa MArHHTHOH uHAyKuMU By, B uHTepBae 0 < 
<x <Q B 3aBHCHMOCTH OT KOOPAHHAaATHE X MeHAETCA TO CHHYCON a Jib- 


HOMY 3aKoHy. Kpome toro, OyqemM paccmaTpHBaTb cJlyyaii cBepx3ByKO- 
f Voy 
BOrO J[BH2KeHHA Taga Mae Veo>1] B IMOCKOMAapaJJIebHOM Ka- 
0 


Hae. Ciryyai 2O3BYKOBBIX CKOpOCTefi NPHBOAMT K NOHWKCHHBIM K. M1. J. 
ycTaHoBku. Ypapuenne Jlanaaca (2) umMeeT mpu 3TOM 4YacTHBI HHTer pal 


Ay=— <= By cos = xch= z, (3) 
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B o6Omactax x <0 nu x >a umeer MeCTO HEKOTOPHI 3aKOH pacipe- 
ACACHHA BEKTOPHOTO ToTeHmMata Ay(x, Z), yYOBAeTBOPniollMA ypaBHe- 


HHI Jlanaca M yCAOBNAM’ HeMpepbIBHOCTH MpOUSBOAHBIX eh ae eee 
ueHHAX X =O un x =a. B OOnactax x <0 u x >a Mb OyZeM mpenedpe- 
rath BAMHHHEM OCHOBHOrFO MarHHTHOrO Oud Ay (x, Z),a B OOmacTH x <0 
BJIMAHHEM JLONOMHUTCbHOrO MarHHTHOTO MOA A, (x, Z) Ha OCHOBHOe JBH- 
menue rasa (P= P,, p=, V,= Vi, vz = 0). 

Jil Mpocrorbl paccCMOTPUM ABMxKeHHe MpPOBOAAUIerO raza B MarHUTO- 
ra3s3OAMHaMHYeCKOM TeHepaTope Cc He- 
3aBHCHMbIM BO30yXJeHHeM, MPHHItH- 
mvaibHaa CXe€Ma KOFOpOrO yKa3aHa 
Ha PHCyHKe. 

Musuyeckad KapTHHa JBMOKeHHA 
ra3a modyyaeTcax cwaenyiouas. Tipu 
BKJIIOUCHHH OOMOTKH BO30y2KeHHA 
HM OTCYTCTBHU JBH2KeHHA 1a3a B Mpo- 
CTPaHCTBe MEX Av MOMIOCAMH MarHHTO- 
MIpOBOAa yCTanHaBMBaeTCA MarHuTHOe 
noe, pacnperejeHHoe CHMMeTPHYHO 
OTHOCHTebHO OCH TOmOCcOB. C Mmo- 
M€HTa BKJICYCHHA CTAIWOHaPpHOrO HC- 
TOYHHKa, KOrAa NOTOK NPOBOAAMero MIpHuuumvatbHaa cxemMa mMarHMTora30- 
Ta3a IIPOXOZHUT Mex AY IMOIOCaMH, B WHHAMUYeECKOrO PeHepaTopa. 
34MKHYTOH 3JICKTPHYeCKOH Wenmv BO3- 

HUKaeT Q1€KTPHYeCKHH TOK. B pe3yipTaTe MpOxOxLeHHA IICKTPH4YeCKOTO 
TOKa B NPOCTpaHCTBe MeXKAY MOMOCAMH BOSHHKACT JONOJHUTeAbHaA Mar- 
HUTOIBMXKYUAA CHa, HABOAAIAaA MarHHTHOe MO.1e. CuOBbIe JIMHHH JO- 
NOJIHUT@bHOPO M@FHHTHOrO NOMA 3aMbIKAaIOTCA BOKPYr nNonepeyHou ocu 

M@2XKNOJIOCHOrO MpOCTpaHCTBA B MVIOCKOCTAX, Ne€PMeCHAMKYAAPHbIX HallpaB- 
J@HHIO 3eKTPHyecKorO TOKa. TakuM OOpa30M, NO ZAHHE Mosca (B Ha- 
mpaBJeHHH MBHKeHHA 1a3a) TONOMHUTebHOe MArHHTHOe MOMe Ha OAHOH 
MOJOBHHE WOMoca OyeT HMCTb HallpaBseHHe, COBNMaaloulee C HalpaBse- 
HH€M BHEIIHerO MOA (CO34aBAeMEIM OOMOTKON BO3OyxXMeHUA), Ha Apyrol 
NOJIOBHHE MOM0Ca — MPOTHBONOMOMKHOe HallpaBJeHnHe. 

TlOCKOJbKY MarHUTHaA MIpOHUNAaeMOCTh MAarHHTOMPOBOJa 3HaYHTe.IbHO 
BHIWe MAaPHHTHOH MpOHHWaeMOCTH MPOBOAAWEerO rasa, TO WIA HaxXO#KMennA 
RONOJHUTeAbHOTO MarHuTHOrO Hoan A, (xX, Z) MbI MOMKEM MOCTABUTb rpa- 
HH4YHOe YCAOBHE HOPMAJIbHOCTH Ma@PHHTHbIX CHJOBbIX JIMHHA JONOMHUTEeIb- 
HOFO M@rHHTHOrO I10.1d MOBEPXHOCTH MOVIIOCOB, KOTOPbIe MPHHHMaeM 3a 
CTC€HKH KaHavla, T. e. 


OAy He. Dest 
ray 0 mpy, 2== + b. 


CyMMapHbI MarHHTHbIM NOTOK Mp OTCYTCTBHH ABH2KCHHA Ta3a PaBeH 


aes z A 
Doz = V arp | a oe 
0 


a IIpW Halv4HN WBY2KeHHA raza B NepBOM NpHOAMKeHHH paBeH 
a 


eae (OA 1 dA} 
0 


IIpu M@JIOM HaCbIULeHHH MAarHHTOMPpOBORa, KOTAa CyYWecrByeT JIMHeH- 
Had 3aBHCHMOCTb MEK TY HalpaAxKeHHOCTbIO MarHHTHOTO WOM W UAAYK- 
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We, JONOAHHTebHOe MarHHTHOe HOe, MOMOOHO MOMepeyHOH peakUuH 
AKOPA B QICKTPHYCCKHX MAlUIHHaX MOCTOAHHOFO TOKa, He BAMACT Ha BeJIH- 
UMHY OCHOBHOrO MarHHTHOrO NMOTOKA, a4 JHWIb H3MeHAeT ero pacipeqere- 
HHe B M@KMOAIOCHOM MpoctpaHcrBe. Ha 3TOM OCHOBaHHM :;MHI MO2KEM M1O- 
CTaBUTb TpaHHuHOe YyCOBHe 


Doz = Di >, HU ily (0, Z) = A, (a, as a 


IloctaBpum eile crentyrouree TpaHHYHOe YCOBHE: 


OAT ee Sate 
>= 0 mpux=—>7- 


QTO YCMOBHe O3HAYaeT OTCYTCTBHE HOPMAJIbHOH COCTABJAIOULeH ——- 


a 
AONOAHATeAbHOTO MarHHTHOrO NOJIA Ha OCH TlOIOCOB X => . 


Peurenve Broporo ypaBHeHua (2), yJOBMeTBOPAIOULee HAaSBAHHHIM BBILMTEe 
rpaHH4IHbIM YCOBHAM, MO2XKHO pe AcTaBHTb B BHe 


A, = “ort |zsh 3 2— Slee = )ch 72|X 


x sine ~ 7 E,(x—3) - (4) 


Tlepetmem Tenepb K HAXOKCHHIO BeAHMYMH UW, V,, P,, p,. Mert ~ 
MeCTO 2Ba I€pBbIX HHTerpasa cucTempi (2): 


P, = VB (2 sin™ x Son? 22 + SE eg ols 
== Po pia le) (5) 
or VoBs tite oF : a 
= P, (Z sin x—¥) ch? Zz a VP, * + 
E,Boa 


(2k — 1) (1 cos = x} ch = 2— Mi + F,(2), 


ae TtRP) 
roe F, u E,—npouspoabnple PyHKuuH. 
Iockoapky u,=0, P; =90, 9, =O0 npu x==0, ro Fi (2)=]=0u Fo (2) @ 
Uckmioyaa u3 cucTembl (2) P, vw py, NOMyUMM CMeMyIoulyIo cucTeMy 
WMpPPepenHWMabHHIX YPaBHEHHH AIA ONpeMemeHuA HEM3BECTHHIX PYHKIMA 
lin, WO; 


5 ) Ou, Ov} VBS ir . Tw 
(1 Mo) ox top OP, (1 cos S| che 2 a 
k— 1 Ee Eo VoBo Qk 1 ; wT h Tw 
- Py RP, ( ) Sin a 25 F Co (6) 
Ou, Ovy nBe oT E..Bo T 
PAE Pt eee een | 
oe 0x 2apo on o9Vo a 


KOTOPY1IO HY2KHO PeWIMTb IPH CIeAYIOUIMX TpaHHYHbIX YCOBHAX: 


hy == 0) 1 Op ce) 
Oia) ipw z= + b. 


(7) 
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MacTHOe PeWIeHHe CHCTeMBI HEOAHOPOAHEIX ypaBuenutt (6) Bo3sbMem B Bue 
2nd 


Goll eae 


xX + os*# V M1 z)|cos= x, (8) 
sin ( : - 


ZHOU Dm ep Ske 
sh sin [TV Ma — | :) 


: as 
SS sh Be. 
sin ( Vig— 0) 


Boa 
Bye 
8709 


Qn r G 7 z Tw 
COS A [i + (@— ai] (sh 2 z— os 


y sh Sin (= Vira 4 i 
(2k — 1) sh —z + sin > x. 


T 
sia( Vivien 1} 


0 0 
Ylonarad W,; =, + 4, Vv; = Vi +, NoAyuMM An@PepenuMabyble ypaBHe- 
HHA WIA onpeqeeHHna ee ®yHKUMH Wu YU 


EoBoa 
To Vo 


| 
| 
} : 


On —_ du ___—ou 
Milas ha On Ge ae ©) 
KOTOPbI€ HYKHO MPOHWHTeErpHPOBATh MPH CCAYIOWMX PPaHHUHbIX YCAOBHAX: 
v=0 mp z= +8, 
=U) (2) Np += 0, 
rye 
27nb 3 
B On sn sin(Z V m1 z 
sss La be resi ) * 
Vy | ) 405 3 ve 2m = 
sin G Vwme—1 ») 
a A 2nb hss 
+ fi +6—1) Mi) (2 sh Leen 2H 
TH Tt ——— 
eA) YSU ere COSY | Sexe PR, 
Pee | Ec — ey) 
0 hae ae aa ee 
ie Vimi—1 su(ZV HR 6) 
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PemeHve paccMaTpHBaeMOH 3afa4H MpesctaBaeTcaA MO M3BeCTHOR 
dopmyse Jlanam6epa [4] 


flee ec a i ‘Vag =m 
le: 


Sal ate Vet) 


eas), 
Re 2Vm—1 


ji) ye ee 
iene) le par 
Se ea 


mpHueM QyHKUHA Uy (§), BXOTAllad B 3TH COPMYABI, 1O12%#KHAa ODITH NPO- 
MOMKeHA MO 3aKOHY HeYeTHOCTH, a PYHKIUUA Uy (€) MO 3aKOHY YETHOCTH C 
mpomMexytka (—0, 6) na mpomexytTok (— 30d, b), a 3aTeM c NpoMexyTKa 
(— 30, b) Ha Bclo Ocb Z c Nepuosom 40. 

Pemenne yka3aHHOH 3afa4H MOXHO NOAYYHTb TakKxKe B BHC PAZOB 
@yppe. Pasnaraa B pag Dypbe PyHKUNH Vy (Z) H Uo(Z), MOTYUHM 


v9 (2)= Saysin Zz, vole)= Son eos —— 


n=1 
rye 
b 
1 ( n 27 
daca Up (2) sin = zdz =“ (—1)"s sh — 2a 
—b 
’ kn2a2 2 
Bi “dee @—) (1m : 
‘Tue es 
1—- M+ a lt 
OT 462 eae 
E,Bob nb 2(k—1) ok—1 
b = 6?0 n — 
n Tne, Vo § igs th: 6? + 62(1— MG) 
| 2q2 | | 
is ag n2Q2 


b 
its fe nt 
eS +¥ \ Uo (z) cos -2dz. 
—b 


Pemenne (11) mpu sToM MOxKHO 3anHcaTb B BHTe 


oo 


v= 0, COS Se | 
oV M1 6V M1 
n=1 


a . 
i= ———— sin Nee oe Bie eggtl ees cos 2 
Ves 6V M1 oV Me | 
n=l 


2. eee 
OF || S08 5% 
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OcpeqHan u, mo x (0O<x <a) u no 2(—b<z<5), nozyuum 


a b 
i lek kaM2B? 278 
1 p= 55 Lasd2 = — ——_.__ _—_— és 
Eee ap ax (ak — tym (+ ae h aes 
—b 
ag 4 E,Bya? nb (k —1) aB? 


3 pe a ee re cage oR ae 
tba Vo a 2k (Mo — 1) Py 
Bpruncaaa Shy Pl MGs BOSHHKalolulyio M@dK TV KOHTAKTHbIMH NWlaCTHHaMH, MO- 


a0 
e=55 | \ (xB; — v,B x) dxdzd=e,——e, 


—=0) 
rye 


VB ; sh ody Any ; 
: = 2 
Boa mb ae ie 2nb 1+(kR—1)M 


Bey Ae oe hy 
pe 4n2p9b a | M2—1 | ond” Mee 
k—1 BoE} a? mp Ba Bta 
—— ey ee oe med zt 
Rk m2(1—Mo)Pob a pg Vo a= 8 VE 
(- 1)" sin V a 
a nO 5) bY M)- i 
a2 7h sh ~V Mo—1 Qn aE ; — 
2 ee 
n=1 
(—1)? be + cos ese, 
/ b bY Mo—1 
— (Mo —1)— sh ~ oo —— 
Ta a (i — M5) b2 
n+ ——, — 
n=1 qQ2 


Tok B 34MKHYTOH s7eKTpHYeCKOH Hen OnpezeaneTca u3 BEIpaxKeHHA 


fa = — E,) 2ab. 


Heuspectuaa nmoctosHHaa EL, onpegeaaetca u3 YCJOBHA 
Ed ; 


R 


Snecb RK —conporuBienHe BHeMHeH ameKTpu4ecKol menu, d — pac- 
CTOAHHE MCKAY KOHTAKTHbIMH WacTHHaMH. 

Bomee crporad MaTeMaTHYeCKad NOCTaHOBKa 3a2a4M O ABHXKeHUH po- 
BOMAWerO ra3a B MarHHTOrasOAuHaMHYeCKOM TeHepaTope cocTouT +B cale- 
AYIOULEM. 

liad peantbHOro ‘ MarHHTa, HallpuMep, yKa3aHHOrO Ha pHCyHKe, MBI 
AOJKHbI NOCTPOUTb pacnpeeseHve BEKTOPHOrO NoTenyMaa Ay (Xx, Z), T. e. 
HaWTH TakylO rapMOHHYeCKy!O (yHKuNWO Ao(x, Z), NpOM3sBOAHan KOTOpOH 


0A 
9x B HEKOTOPOH OO1acTH O<*X <a B 3aBHCHMOCTH OT KOOpAuHATHI xX Me- 


HANACb IO 3aKOHY, OAM3KOMY K CHHYCOMMabHOMY, UM ObICTpO CTpeMHaCb 


K HYJ1IO BMeCTe C NpOv3BOAHOH Aa mpi x—> + oo, [panuquble ycaosua 


T{* 
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u,=v,=0, Py=0, », =O MbI JOMKHEI CTaBYTb He MpH A=50;0a ae 
x—=— co, Hampumep, BeKTOpHbIN moTeHMal Bula 


Ap = Be - fi |P- (=-+) | cos 2a, aac 3) zax + 


B hy a ; Nall: a A 
+ 2 jarctg, [x sky — iz) + arcig [x a iz)| 


oOamqaeT yKa3aHHbIM BbILe CBOHCTBOM. PemteHwe 3TOH 3aMayu JerKO MO- 
HKeT OLITh MOAyYeHO M0 u3BecTHOMy cnoco6y IT. A. Ppuxéepra [5]. 

AHaJIOTH4HBIM Me€TOJOM MO?KHO TakKe PelIHTb, HalpHMep, 3afauy O 
JBYXKEHHM BASKOH HECRKUMAeCMOH CIaOONpPOBOTAMeH 2KHAKOCTH MEKTY IBYMA 
Tapa/JI@bHbIMM TWacTHHaMH B OeryuleM MarHHTHOM nome. I]peanom02%*KuM 
[6], uro: 1) pa3Mepbl WHAyKTOpa B MmocKocTH (xO0Z) GeckOHeYHBI; 2) T10- 
BEPXHOCTH HHAYKTOPa JIHUWICHbI 1a30B; 3) MarHHTHaA MPOHHMAaeMOCThb CTaAK 
CepMeuHHKOB OeCKOHeEYHO BeHKa. ECAH MpOBOHMOCTb 2%KUAKOCTH paBHa 
HYJIO, TO HET B3aHMOJCHCTBHA Me2K AY DBHXKYWCHCA XHOKOCTHIO HM Mar- 
HUTHBIM TloeM. B 8TOM Culyyae MEK LY MOBEPXHOCTAMM HHAYKTOpPa (2 = + D) 
ocyuecTBaeTcaA TeyeHHe Tarena—Ilyaseina 


Ue= 7 (6b? — 24), UF (P= Pex, 


“= 9 Sin (wt —kx)chkz, Vy=oo. 
Tlonaraa 
ot kext, kZ = 00, == See, Ue ee 
WM OTBICKHBad PeWeHHA B BUA PAOB 


= Po — qx pes 
Petts... 
nt 
Bo A 
Aaa) cosech ees 
Yin 


WA WepBbIX YWICHOB pasO2xKeHHA NOAY UUM Lu@pepenunalbuble ypaBHeuua: 


Ou; Oy __ eee q_ (px __ S\] Bo 
= Tage == (9, a4,.=—|i — aer(6 — jp) |g sinechs, 
OG. of po \ 1 Ot eds ° qe _f(p, © 
Po {| 2ky, [6 2) | oa a Roy a,\ 251  Qoy ( —ial| x 
ae ‘ oP, 
< (1 — cos 27) (1 + ch 2%) = nAu, — ae (12) 
® q 3 C2 \ Ov, GR Wee @ Wi A 
pal ae — Beg ("= aa} | Ge 20 I— ee (O*— Gin Be X 
\ ) ' 4d 
OP, Bew 
NZ Or mh pee (@) ies 0 
SU Aer agg) Sa nae tenet 


KOTOPbI€ HyKHO MPOHHTerpHPOBaTh MPH CAeMYIOMMMX TPaHHUHEIX ycno- 

BUAX: 
0A 

Ui Oras); aE =0 npu C= + kb. 

IlycTb MBW2KeHHe 2%XKHAKOCTH OOYCIOBAMBAeTCA TOKO B3aNMOnel- | 

cTBHeM OeryllerO MarHUTHOTO MOA HM TOKa, BO3Oyx MaeMoro B Hell. B 2ToM | 

c1yyae g=O0 wu pemlenve cuclemp (12), yaoBrerBopaloulee Ha3BaHHEIM | 

BbILe TPaHH4IHbIM VYCJOBHAM, MOXKHO 3aMvCcaTb B Bue 


. 
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P= 0 sin 2t(1+ch20), uw,= AS — k*b?) sce 7 (ch 25—ch2kb), v,=0, 


2 
Buyw 


A, = oe [(1 + ko cth kb) ch —Csh{] sins. (13) 


Cuctema anpepennuaibubx ypapnennit aaa cbyHKunli uy, Vp, Ayu P, 
MMCCT pa © 


Ous = oes BK) OA, By fs ’ 
= 0, sA,=% Pay aaa sintch¢, 
(@ OUy 1 B zs OP; ; 
ir ae eae + — : ~ AA ie a == YOU, (14) 


OU5 1 Bo 0A, 


Muterpupys Bropoe ypapyeune (14) npu ycaosun sg mpy (= + kb, 


NOY UHM 
A,= 2 cos [[46? + kb cth kb — 1—2(1+ bcth k6)'] cho — 
Ee aco? eee Ne = sin tX 
3 sh 3kb 1 i 
x {| pee ty Rb + Sb cth kb + + kb? cth kb + 


ae 1 leer 
+ (1 + kb cthkb) [q ch 2kb —Z])chS+geh3t— 7 echt + 
1 3 pee ee | v 
tle Ot yt— 9 (Hott ach 266) ¢|sh¢} 
PyHkuuH lho, Vo Hu P, pe ACTaBAAIOTCA B BHse 


2eOs( rfl, a4 (omen? Loi ote eons 
es bee B'b*) — (2886? — >) (2 — #04) + 


iio) \ lo 


+h (ch 46 — ch 4b) + (2—+ ch 2kb +B — eb) x 
x (ch 25 — ch 2kb) — 2 (C sh 2% — kD sh 2hD)] + 40 (6) cos 2t + $1 (6) sin 2c}; 


2h202 
Us = oe (295 sin is F 244 cos Dies 


TAS 
i 


aps ee ne 


Pe jena ena —tsht] cht cos 2«} + 


RQ? )? 
ne sin 2t ch?¢ le — Ro + ms (ch 2.— ch 2nb)| + 


me 
+ (4 — 4% — 20241) sin 2e — (1 — 441 + 27.204) cos 2}; 


1 
(7) = ease 308 a6) 8h 46 — areca — 


—- 2 [c, sh af cos BC + c, cha. sin Bo] + c,sh 23; 


2 ; 2 
v, el) C + EET am SN + se eh 
2 2c, + Aeg - P 
ae sh 2¢ ~ inte ch2 — “gyqz Shak cos Bo > 
hey — 


2 chatsin 6 + c, sh 2%, 


as 
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a oe aa Vitetl, pe Vit eat 


Cy, Cy, Cz UC, — NPOM3BOMbHbIe NOCTOAHHIC, KOTOPHIe erKO OMpeeaAioTca } 
W3 YCJOBHA . 


by (RO) = Yo (kb) =p, (Rb) = hi (Ab) = 0. 


b 
* 1 
CpeaHAA CKOPOCTh ABYXKCHHA MPOBOAAMeEH CpebI Yen=y5 | Usd2 BO BTO- |f 


—D 
POM MpvO1MxKeHHM ONpeweAeTCA H3 BbIPAKeHUA 


RQ 1 4 ‘ 
Us p= Fo jch Jhb. se ees aa us 
RQ) [7 sh 2kb\ I sh4kb\ 16 
Bev, [5 (ch 2kb — 5) + jg (chake —“5-) — 5 Rb 


1 /sh4kb 2 | pop? 2 ché : 
+5(° ae —ch? 286) + - R8b*(1 —2ch 2kb) — 2kb sh 2kD}. 


Summary 


The paper deals with the two-dimensional stationary flowing of the 
conductive gas in the m. h. g. in the case the normal component of the} 
vector of the magnetic induction is determined by the formula 


B,=B,sin—xch=z (0<x <a). 


The problem is solved by the method of the “small parameter for ji 
which the value of 6= 4zxpo is taken. 
The laws of changing of the hydrodynamical and magnetic values) 
inside the space between poles are found, and electromotive force for the I 
case of supersonic velocities of gas is calculated. 
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1961 BECTHHK JIEHHHITPAXCKOIO YHHBEPCHTETA Ne 13 
See gy 


C, H. Kupnuyunkos 


O NOTEHLUHAJIbHOM METOJIE PELWEHHA 3AXAY MEXAHHKH |) 


B HacTosmeH cTaTbe mpeamaraeTca MOTeHIMabHEI MeTOA MHTerpH- 
POBaHuA ypaBHeHHH JBHXKCHHA MeXaHHyecKHX cucTem. B yacTHOM cay4uae 
Jif KOHC€PBaTHBHBIX MeX@HHYeCKHX CHCTEM H3 WaHHOrO MeTOMa Caenyert 
M3BeCTHHIA MeTOA TamMuipTona — Ako6n. Borgewen pad. MexXaHH¥eCKUX CH- 
CTe€M, KOTOPbie MOFyT ObITb PCWICHH MOTeCHIMaIbHBIM MeTOOM. IIpeama- 
raeMbId MeTOX MO2KECT OOMeEryHTb PelIeHHe HEKOTOPHIX CHCTeEM yPaBHeHHH 
JBUWKCHHA KaCCH4YeCKOH MexXaHUuKH. CPopMyupOBaHO yCOBHe, MPH KOTO- 
POM BO3MOXHO NOCTPOeCHHEe NOTCHUMAIbHOFO MOA MMMYJIbCOB IA MeXaHH- 
yecKOH CHCTeMBI. CraTba OCHOBbIBaeTCA Ha padotax VM. C. Apxanpix [1—9]. 


§ 1. YpaBHeHHvA MexaHHKH B BUXpeBOK chopme 


YpaBHeHHWA JBHXKCHHA M€XAHHYeECKHX CHCTeEM OyAePM paCcCMaTPHBaTb 
B Bue ; 


fe OL 
& dee a W=1, 2..., 2), (1,1) 
THE 91, 92,---, 9, —O6o06meHHbIe KOOpAUHaTH, L=—L (q,, a; t) — KuHe- 


THYecKHA moTeHuMat; Q,=Q)(g,, 9, f)—O606meHHBIe CHAE. 
TlepefimemM K KaHOHMYeCKHM MepemeHHbiM [10] no dopmyaam 
OL 


= — i 
P, a (1,2) 


KOTOPEI€, KaK OKa3bIBaeTCA B OOUIEM KYPCe M€XaHUKH, PaspelIVMbI OTHO- 
CHTEIbHO 9, 


Ve Ch dae (1,3) 
Baoan dyHkKunio TamuaptToua 
H= ITG's, Pp» t)= ¥2,9, Pac L, 


TlOMYUHM KAHOHHYECKHE YPaBHeHHA Me XaHHkKH 


= oH | 
| rae (1,45 
on 0H 
ee Oe | 


~ 


rae Q,=Q. (Gn Pn N= QA (9, 9% (Gp Pp Ob). 
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YcAOBHA TeOPeM CYUIECTBOBAHHA H €AHHCTBEHHOCTH JIA MpaBblx 
yacTeHi CHCTeMHI ypaBHeHnii (1,4) OyaemM CuNTaTb BBINOJHEHHBIMU IA 
W0O0rO KOHEYHOTO NMpOMexXYyTKa BPeCMEHH. 

O6Oujee pemenve cuctemp (1,4) mpeactapum B Buze [11] 


q,= 9, (4, 8, 0), (135) 
P= P43, B t), (1,6) 
DAG vata Geo) 
as a ee La 
ION CERES Oe) #0, ( ) 
D (Pino Pa) op 1.8) 
Dips ohh Mec (188 
THE 01, O,..., Up, B,, Bo,..., 8, —MPOH3BOMbHbIe NOCTOAHHHIC, a COOTHO- 


menHa (1,6) onpenzeratoT moe UMMYAbCOB. 
YpaBHeHHA M€X@aHHKH B BUXpeBOM dopme, momyyenHpie HM. C. Apxa- 


HBIX, , 
: OP... 9P,\ OH as By at) 
(sae — Bet) Say = Os (Ae PQ; 35 t), octet ace (1,9) 


B 
rae HSH 8, (Y= H(9, 7,(9; 8; ¢), t), MOxHO paccMaTpHBaTb Kak 
cucTemMy ud@epenwuasbHHX YypaBHeHHH B UaCTHBIX MpPOW3BORHBIX 1A 
HaXOKTCHHA NOJA MMITYAbCOB. 


Jia MOAHOFO pelWieHHA MeXAHHUeCKOH 3anaun HEOOXOAMMO MpoOuHTer- 
PuPOBaTb ypaBHeHHA 


: 0H 
Uh == ape ee P; (9; 8, Dj t). (1,10) 


§ 2. MoteniunatbHpid MeTO. peuleHnsa 
Tlome umnyapcos (1,6) HaspiBaeTCa MOTCHIHaIbHBIM, CCH CyUIeCcTByeT 


(YHKUA 
W=W(q,, 8, t), (2,1) 
TaKkaa, 4TO 
ow 
PsP (9, B. t)= oq, * (2,2) 


Heo6xouMbIMH WY fWOCTaTOUHHIMH YCJOBHAMH JMOTeCHIWHAaIbHOCTH MOMS 
HMITYAbBCOB ABJAIOTCA YCIOBHA 


op, Op, 
=——=—— (p= 1, 2... BW) 2 
ie rah ) (2,3) 


Onpemeaeune. Mexannueckad CHCTeMa Ha3blBaeTCA NMOTeHILMAaIb- 
HOH, CCM B HEKOTOPHX MPOW3BObHHIX MOCTOAHHBIX a, B; OHa HMeeT TO- 
TeHWHabHOe NOMe uMMyAbCoB (1,6). 

[locrpoum cucremy guddepenynaibHblX ypaBHeHH B YaCTHEIX Mmpo- 
V3BONHBIX JIA PyHKunH W 


e- ow 0” [ow ow 
Q, (4 Ogee ae ae ee 0g; ° t)| =0 (V=1, yee n), (2,4) 


rhe 3HayOK ,WITPpHX“ O3HayaeT, YTO MPOH3BOZHAA Gepetca MO BCeM apry- 
MEHTAM, 3aBHCALIHM OT Q). 


Teopema 1. Ecau mexanuxeckan cucmema a8Asemca nomexyuasro- 


HOU, MO AGO NoMeHyUAA e€ NOAA uMNYALCOB moMKOeCMBeEHHO yOCE- 
Aemébopnem cucmeme (2,4). 


O noTeHunaJbHOM MeTOMe peleHuA 3a2ay MexaHUKH 105 


JLokasaTreabcrso. Iyctb nore uMnyabcos Hamel MexanuuecKkor 
CHCTEMBI MOTCHUMAIbHO B HEKOTOPBIX MOCTOAHHEIX a, B, u W=W (q,, 


B,, ¢) ee norennuat. M3 ypaBuenuii (1,9), 3aBucumocreli (2,3) u coor- 
HOW eHHH 
Op; 0H oe [ow ow 
tage, Soe tag ae Oa)” t)| (2,5) 


cuenyeT, uTo noTeHynan W Tox ecTBeHHO yOBeTBOpAeT cucTeme sNp- 
|“ @eperuvaibHElx ypaBnennii (2,4). ; 
Teopema 2. Ecau cywecmeyem xoma Oo OOUH UNmeepan cucmeMmot 
(2,4) euda (2,1), maxou, umo 
: ow | 
=—,— || = 0 2,6 
i Og ery | i oo 
MO MEXQHULECKAA CUCMeMA ABAKEMCA NomMenyUaAbHOU, UHMEe2panamu 
cucmemMbul OyOym 3aeucumocmu (2,2), A OAL NOAYLEHUA OCMAALHWX UK- 
me2panos HEOOXOOUMO NpOUNmMe2pupobamb ypasHeHuA 


d ow o [ow ow 


Hoka3atTeapcerso. Ilycrtb cuctema (2,4) umMeeT uHTerpal Bsa 
(2,1) u (2,6). Bo3spmem 
ow 
py IATA Bae t)e, 


| M3 cootuomenni (2,3), (2,5) u ypapHenult (2,4) cnenyer, TO BbIOpaHHEe 
| TaK 3€BHCHMOCTH TIpeACTaBAAIOT NOJHBI€ HHTerpadbl CucTeMbI (1,9) u, cae- 
MOBaTeAbHO, HCKOMOe Owe HMI\IbCOB (2,2). 

Ha TpaeKTOpHaAx CHCTeEMbI Mbl HMCeM 


Pee eS eee Uo 
dt op, OB, 08,09, 4» o,0t ' 2 08,09, Op, 
2 e 


LOWE, aw 
=a [or tH (% a> 4) 

Teopema OKa3aHa. 

3ameuannue |. Tak kak B ypaBHenua (2,4) u (2,7) BXOZAT TObKO 


ow 
NPOUSBOAHEIe OT —-, TO MOTeHIMaA W onpemeaen C TOUHOCTHIO FO Mpo- 


M3BOAbHOH PYHKIMH BPeMeHH. 

BameuauHue 2. Bce w370%xeHHOe OyleT BepHO B Cyyae, KOra 
Q = 2, (9%) Is %, +). Mposoga coorpercrBylouyMe BEIKMaNKH, MNOAY4HM 
cuctemy (2,4) B Buae 


_ aw a ow o’ [ow US | ee 
Q,(4. Bae hatiaa th 54 | aE +H Op , 4) Oe) 


re Q.=Q (Gy Ps Py» t) ABAAIOTCA pe3yAbTATOM NOACTaHOBKK BQ, = 
=Q (9 9%» J» t) clexyiouux coorHomennh: 

- 0H «ad OH 

te ope ft dt ope 
Tak Kak 


at 0g; eet a 0G,09,, vhs 09; Ot a5 Gj 09; , Og 


106 C. H. KupnutnuKxoe 


TO ypaBHenna (2,8) MOxKHO OKOHYATeAbHO MepeMucaTb Tak: 
Ql au saae sage (oor | pee pia cent 
TakKuM O6pa30M, He€OOXOAHMBIM HM JOCTATOYHHIM YCJOBHEM MNOTCH- 
I[MaJIbHOCTH M@X@HHY¥eCKOH CHCTeEMbI ABAeCTCA YCAOBHE CYULeCTBOBaHHA 
XOTA Obl OMHOTO MHTerpama Bua (2,1), (2,6) y cuctemp (2,4). B 9ToM 
cyyae OyeM TOBOpHTb, uTO cucTeMa (2,4) COBMeCTHA. 
Hafign motenywat W u3 OCHOBHOH CHCTeMBI ypaBHeHHH B YaCTHBIX 
MPDOH3BONHHIX (2,4), MOHKHO TOTYAC Ke HAMHCaTb “A MepBbIX MHTerpaJOB 
(2,2) cucrempr (1,4). OcTabHble HHTerpabl MOry? ObITH MOYYeHbI HHTEL- 


pupoBaHueM 3aBucuMocTeH (2,7). ITOT MeTOA pelleHHA OyeM Ha3bIBaTb 
NOTeHILMaIbHBIM. 


§ 3. MotrenunaibuHbie MexaHHyecKkHe CHCTeMbI 


1°. Bce MexaHwyueckHe CHCTeEMBI C OXHOH CTeMeHbIO CBOOOLH ABJAIOTCA 
TIOTCHUMAIbHBIMH, TaK KaK B 3TOM Cylyyae cucTeMa (2,4) BplIpowlaeTca 
B OJHO ypaBHeHHe H MOSTOMY BCerfa COBMeCTHA. 

2°. PaccMoTpHM MexaHH¥eCKHe cucTeMbI, y KoTOpHx Q.=O (cw 
OTHOCATCA KOHCEPBATHBHbI€ CHCTEMBI H CHCTEMBbI C OOOOMIEHHOH MOTeH- 
WHabHOH gHeprHen). Muterpupysa cuctemy (2,4), nomzyuHM 


aw aw | 
a PHM, a, t= 9). (31) o 
rae ¢(t)—nponsBonbHaa yHKuMA BpemeHu. SaBucumoctu (2,7) 6yzyT 
ow 
Oo, 28 (3,2) 


re &;— MPQU3BO/IbHbIe MOCTOAHHBIE. 

TakuM OOpasoM, H3 pacCMaTPHBaeMOrO MOTeHILHAaIbHOrTO MeTOa C.1e- 
myet MeTtoa TamMuabToHa — AKOOU, MPH KOTOPOM MOTeHIMal UULeTCA U3 
ypapHenna (3,1), a paBencrsa (2,2) n (3,2) matoT mOomHOe peuleHHe Mexa- 
HHYeCKOH 3a aun. 

3°. Teopema 3. /lycmb Q=Q(q,, £), mozda neobxodumom wu Oo- 
CMAMOY4HOLM YCAOBUEM NOMEHYUAALKOCMU MeXAHULECKON CUCMeMbL AB- 
AAEMCA YCAOBUE KOHCEPBAMUBHOCMU NOAA CUA. 

Jokasateapbcerso. Jjoctatouvyocts. Ilyctb moze cua KOHCepBa- 
THBHO 

= OF (q;, t) 


Q = 0g 


Mexannyeckand CHCTeMa OyeT NOTCHWHaIbHOH, Tak KaK cucTema (2,4) 
CBOAHTCA K YPaBHeHHI10 
ow 


if ow 
F(q,, t) arg tee Og; t) = 9(t). 


v 


Heo6xogumocts. Ilycth MexaHuyecKad CHCTeMA ABAAeETCA NOTCHUMab- | 
HOH. IloKaxeM, 4TO MO1e CHI KOHCepBaTHBHO. MoxKHO HamllwcaTb 


ee (3,3) | 


rue Od, =, (q, t)—HeKoTOpple d@yHkuny. Mutrerpupys cuctemy (2,4), } 
uMeeM: | 


ow ow 
&, — Fe —H( 4, 5q,?t) = 8, 
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mie) Bye By (iit) Gas Gyay+++) 9,) — MPOW3BObHBIe = (byHKUH. 
udepenuupysa ycaoBua COBMeCTHOCTH 


MD, — Die By == Be, 


Oty 4UM 
ab, a, 
es ~ 09,09, 09,09, ) 
yuntpipaa (3,3), umeem: 
0Q, —-9Q, 
Oe se 28d, 


Teopema oKka3ana. 


4°. Teopema 4. Bce mexanuueckue cucmemol, OA KOMOPUX bBolnoA- 
HeEHbL COOMNOWEHUA 


dQ, 0Q, 99, aL 
09; eq, 09; 04,09; 
es 
> we o2L 09, : 
= (0) Ll Nise Sa a i), 3,4 
Se 0q 99, "0g; ( p] ’ ) ‘ ( ) 


rhe 9,= 49, (9; Pj, t) ecmb coomnowmenus (1,3), 28AnmMCcA Nomenyuars- 
HOLMU CUCMeMaAMU. 
Jloka3sateabcrtBo. Coornomennua (3,4) MoKHO HepeNHCaTb TaK: 


OTe * ory 
Ilorenynan W 6yaemM HCKaTb B Bue 
V=>f,)4, (3,6) 


CoctaBaaa cuctemy (2,4), no7zyuHMm 
ix OH : 
Q= 0g (9;, if AG) Len (3,7) 


YpaBuHenua (3,7) copnagarr c KaHoHHYecKuMH. A Tak Kak JIe@BbIe fone 
BCI€CTBHE PaBeHCTB (3,0) OT Gg, HE 3aBHCAT, TO noTeHnMast Bua (2, 


wv (2,6) cyuecrByer, 4TO uM TpeOOBaOCb WOKa3aTb. 

TIpu pelwieHHH M@XaHHYeCKHX CHCTeM He OOA3ATCBHO HCKaTb MOTCH- 
wval B BuZe (3,6), KOTOPbIM MBI MOMb30BaHCb, YTOOb! MOKA3aTb COBMECT- 
HOCTb cucTeMpl (2,4). B atom cayyae 3aqaya He OOeruaeTCaA, Tak KaK 
TI1pHXOMHM OMATb K TOM 2%e KaHOHMYeCKOH cucTeme. Muorga aerue 
HautH W kakumM-av60 Apyrum cmoco6om. 

o°. PaccMOTpHM MeXaHHy¥eCKHe CHCTeEMbI, MIA KOTOPbIX BBIMOJIHCHDL 
COOTHOIIeHHA 


[ei Bape 
sa Fla P) =I, 2,.-5, 9), (3,8) 
dp, 
rae KBapaTHble CKOOKM O3HA4aIOT, YTO aPryMEHTBl HE Gy, Y2,---, Fn, 
Py, P2,-++s Pp» KAK 3TO MbI BCerfa pe ANOMaraeM, a TOMbKO Q, H P,. Ilo- 


TeHuuan W OyemM uCKaTb B BHe 


=e [4 (3,9) 
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Oe I 


BenenctBue papencrs (3,8), (3,9) cuctemy (2,4) nonyauM 
¢, =F 19, Fil- ~ (3,10) 


ByeM CuvTaTb yCAOBMA TEOPeM CYWECTBOBaHHA AAA KaxKOTO ypaBHeHHd 
cuctempl (3,10) BBINOAHeHHEIMU, TOrfa MoTenunan Bua (2,1) u (2,6) 
cymecrByeT. lakuM O6pa30M, JOKa3aHa Caeqyloulan TeOpemMa. 

Teopema 5. Bce mexaxnuueckue cucmembl, OLA KOMOpKLx cOOMHO- 
menus (3,8) u yCobuH meopem cywmecmeosaHuA OAA ypasKeHuu (3,10) 
COINOAHEHDL, ABARIOMCA NOMEHYUAALHOMU. 

Tipumep. Yenosua mpumepa B3aTst u3 padoTe VW. C. Apxaneix [1]. 

2 a2 p- 
a q, 3 : y ~ an 
L=S* Q=slala, =p, = DH. W=Sflale. 


v=] 


Cootuouwenua (3,8) BEImomHeHH. Tlotennnvat W umem B Buse (3,9). 
Cuctema (3,10) samumerca 
oe =f, [9,]. 


Muterpupys, Hatem 
a=J\ f.49,49,+ 89., 


W=>(\| f.d9,dq,+ $,4,), 


oTKy a 
p= \ fl9,]49,+8,. 
YpaByeuuna (2,7) Mawr 


aa 19,] C0 Re e. 
5 =. decor 
6”. Ilyera; Qe Sane cee 3aBUCAT JIHIWb OT G, p, t. Tlorennuan W 
OyMeM HCKaTb B BYE 


W= SF (dp 4- (3,11) 


Torga cuctemy (2,4) nomyuuMm 
Oo oH OF; dH OF; 
Serres Op 
i 0q,ot Op; °9; 
Cuntad yCIOBHYA TeOpeM CYULECTBOBAHHA BEHINOAHEHHBIMH JIA Ka2K Oro 


ypaBpHenua cuctemp (3,12), Halimem noTteHuvat Bua (2,1) u (2,6), T. e. 
pacCMaTPpHBaeMBle CHCTEMBI ABJAIOTCA MOTCHIHaIbHbIMH. 


(3,12) 


§ 4. Teopema H. C. Apokanpix 


PaccMoTpuM Me€xaHHu¥ecKHe CHCTEMBI C CHAaAMU 


Q=Q2(49 9% (4,8) 
TAKHMH, UTO 
DD (O56: 005 Oy) 
a” £0, 49 
IBM Olga 66 c Gn) ka ( ) 


uc dyHKuneH Camuabroua 
f= 17 (95) DP): (4,3) 


O noTeditvambHOM MeTOme peuleHiA 3anau MexaHuKa L109 


Teopema. Ilocrpoum azudbdepenunatbHoe yPpaBHeHHe B YaCTHBIX IIpo- 
H3BO HBIX 


dv 
PU % g4-)=2 ae 
3 HOMOUID HCKIOUCHHA HMMYIbCOB P, 13 CHCTEMBI 
H= U, Qi = = (4,5) 
Tlycth v= v(q,,..., 9,» Bi,..-, B,) eCTh nomHbI wHTerpan ypaBHeHna 


(4,4), Tako, 4To 


eu 0Q, 02u 
(Q,, Q Q,) an ea i - “0q,.09, 199, sie (4,6) 


Eee du 
BpluHCHM M3 ypaBHeHH Q) = Gq, EMMY TbCbI HM CocTaBHM mudbdepenmnadp- 
Hy1O (opmy 
(d= p,dq,. WAT) 


@Mopma (4,7) ecTb TOUHBI guddepennnan o = dW. Viurerpamamu cucre- 
Mbt (1,1) Oyayr s3aBucHMocTH (2,2), a RAIA NOAYYCHHA OCTAbHbIX HWHTe- 
TpaOB HeEOOXOAHMO IIPOHHTerpupOBaTb ypaBHeHHA 
d 0W _ ov 
dt o8, 8 


eS. 


(4,8) 


DopMyANpoOBKa STOH TeOpeMB B3ATa u3 paoOoTH VW. C. Apxaunrx [1], 
B KOTOPOH faHoO ee HeMmocpesACcTBeHHOe oKasaTempcTBO. Jjagum apyroe 
TOKa3aTeJIbCTBO, KOTOPOe CeLyeT U3 MOTCHIMAaIbHOrO MeTOAA. 

BeseacTBue cooTHomeHHe (4,1) u (4,3) Oyaem uckKaTh W He 3aBuca- 
mwuM oT BpemeHu [11], Torga cucTema (2,4) 3anumeTca 


QF AM Hy) =o. (4,9) 
BpemeM HOBY1O, HeM3BeCTHYIO PYHKUUW 
v= (Ge a4.) 
Torma cuctema (4,9) 6yzerT Q=3 , KoTopad B cuay (4,2) pa3speutuma 


TloncraHoBKoH 3aBucumocteH (4,10) B H=v nomyyum ypaBuHennue (4,4). 
Ycnosua (4,6) paBHOCH/bHbl Ce LYIOWUM: 


(x OU OD 
B-#.3-z)=0 an 


Ilo Teopeme o cucteme dyHKuMi, HAaXODAUINXCA B MHBOMONMH [10], Oytem 
MMeTb 


(p,— Pp; Cos e), 1h teers oO? b= 


pacKpbIBad KOTOPbIe, NOyyuM cooTHOMeHHA (2,3). 
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TakuM O6pa30M, B paCCMaTpHBaeMOM CJlygae HaXOK ACHE MHTErpaa 
(2,1) cucTremMbl ypaBHeHHi (2,4) paBHOCHIbHO HaXOAJCHHIO TaKOTO HH- 
Terpasa ypaBHeHua (4,4), KOTOpHit ytoBeTBopseT ycaoBuaM (4,6). OTme- 
TUM, 4TO ycuoBna (4,6) IpoBepATb HE OOA3ZATEMbHO, a MO2KHO IIPAMO CTPOHTb 
cooTHowenua (4,10) MH cmMOoTpeTb, MOAyYeHO JIH MOTEHIMabHOe MOE 
MMIyYIbcoB. Teopema OKa3ana. 

Cunraio CBOHM JOJFOM BbIpasHTb OaarogapHocTb B. C. HosBocesosy, 
NO PyKOBOACTBOM KOTOporo BHINOHeHa 9Ta paoota, Hu HM. C. ApxaHHx 
3a IWehHble 3aMe4aHHA, CAeaHHbIe HM IIpH NpOcMoTpe PyKONHCH. 


Summary 


A potential method is proposed for the integration of equations of 
mechanical systems. The method of Hamilton—Jacobi is consequence of 
this method for conservative systems. We found some classes of mecha- 
nical systems which may be integrated by the potential method. The 
condition for the possibility of the construction of a potential field of 
impulses is stated here. 
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T. FT. Koago6ckaa, HW. A. Cores 


O HEPErYJIAPHOM OTPA)KEHHH YJAPHOM BOJIHbI OT 
KPHBOJIMHEAHOM CTEHKH 


1. {locTtaHosBka 3a2a4H 


Kak H3BeCTHO, 3aauy O HEPeryAPHOM OTPaxKeHHH yapHo BOAHEI 
MOXKHO l1peAcTaBUTb CeAYIOWleH YMPOWeHHOH cxemoli. 
| Tlycrb yfapHad BOHa mepemellaeTca B MOKOAWIeMCA BO3Zyxe. Ha 
-ROCTaTOYHO OOMbINOM PaCCTOAHHH OT HCTOUHHKA, TaK 4YTO YAapHylo BOJHY 
MOXKHO CUYHTATb TIOCKOH, OHA NOAXOJUT K 2XECTKOH mperpawe mog HeKO- 
TOPHIM YIIOM, BeJHUHHAa KOTOPOrO AVIA YTapHOW BOJHbI WaHHO MHTeH- 
| CHBHOCTH OTBe4aeT YCIOBHAM, IPH KOTOPbIX OCYLIECTBANETCA HeperyuJap- 
Hoe OTpaxeuHne [1]. 

) IipH 3TOM B3aHMOMeHCTBHe YapHOH BOAHBI C 2x eCTKOM CTeHKOM mpu- 
BemeT, KaK H3BeCTHO, K NOABJICHHIO TPeXCKa4YKOBOH KOH@urypalun w cTa- 
| WHOHapHOro paspHIBa (pHc. 1). 

Bonpocy O HeperyAPHOM OTPaxKeHHH YapHbIX BOJIH OT %*KeCTKON 
CTCEHKH ObIIO MOCBALICHO MHOFO TeOPeTHYeCCKHX H JKCHECPHMEHTAbHbIX 
| paOoT, BHISBAaHHBIX OOJbIUHM IIpaKTHYeCKHM SHaYeCHHeM 9TOH 3ayaun. Ho, 
Kak H3BeCTHO, OOWeErO TeOpeTHYeCKOFO PeWIeHHA ee MOKA HE NOAYUeHO. 

Muorne aBTOphl pellaH 3afa4y B AMHeEHHOH MOCTAaHOBKe B Cayuae 
NOTH CKOAb3AWIerO MameHua (yrom © maa) [2, 3]. 

Ota we 3afaua B HEMHHEHHOH MOCTAaHOBKe JA CaObIX yJapHbIX BOJH 
ycnelinoO pellaeTcd Me€TOZOM KOpOTKHX BouH [4, 5]. 

Jima calyuad HeMAaMbIX 3HaYeHHH yruia © (yqapHad BOAHa HaOeraeT Ha 
KJIMH C KOHCUHBIM YIJIOM pacTBOpa) 9Ta 3aaya BepBble pelaetca B pa- 
6otax Jlynquodda u OpuyMaua [6]. 

TlourH pce pa6oTbl, NOCBAUICHHBI€e pacCMaTpHBaeMOMYy  BoOTIpocy 
[2,4—6], KoTOpple aloT xXopomee copmaweHne C 9KCMEPHMeHTA/bHbIMH 
JaHHbIMH, pelaioT 3afayy TObKO B TOM 4YaCTHOM Cayyae, Kora oTpa- 
HAIOWUM TeJOM ABJAACTCA KJIHH, CYUIECTBEHHO MCMOMb3ya MPH 3TOM aBIO- 
MOJ€@bHOCTb MOTOKA€. 

Llenbio HacTOAWMeH PpaOOTH ABJACTCA ONPeeMeHHe BIMAHHA KPUBU3HBI 
DWIMHEpHyeCKOH OTpaxkalolleh CTeHKH Ha aBeHHe BAOA Hee MpH And- 
Pak HW HeEperyAAPHOM OTPaxKeHUH MIOCKOH YAapHOH BOVHBI. 

3anaua pemlaeTcd MeTOZOM, MOay4yeHHEIM B padorte [7]. B ocHose 
MeTOMa J@%KUT MpemMOTOxXeHHe O OM3ZOCTH UCCIEAYeMOrO NOTOKA K aBTO- 
MOJ@IbBHOMY, BOSHHKAIOWIeEMY TPH OTPaxKeHHH TOM 2*Xe YTapHOH BOMHEI OT 
KuHa, OH3KOrO K JaHHOH OTpaxalouleH MOBeEPXHOCTH, B COOTBETCTBHM 
¢ onpemerennem, mpuBezeHHbim B [7]. IlosToMy BbIOepeM B KauecTBe 
OTpaxkalomleH CTeHKH UHIMHAPHYeCKy!O MOBEPXHOCTh, KPHBH3HA KOTOPOH 
He C/IMIUKOM BeauKa HW Npoduab mpezctaBum B Buze [7]: 


yatgo-x +0,x%, (ie) 
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rae W—yrol NomypacTBopa OH3KOrO KHHAa; Cy HW 4—HEKOTOPbIe NOCTOAH- 
HbIe 4HCa, BLIOHPAaeMbIe HCXOAA 43 POPMbI NpOPuA IPH yCOBUH, TO | 
a> 1, a C\x* Mano BMecTe CO CBOeH NpOH3BOAHON. 

Pemenne 3a2aun O HEPeryAAPHOM OTPaxkeHHH TOM #Ke yYTapHOH BOAHBI 
OT KuHa y = tgw-x cunTaeM H3BeCTHbIM. Ha30BeM aBTOMOZe/IbHBIM MOTOK, 
ONpeAeIHeMbIM 9THMM PeWICHHeM, OCHOBHBIM MO OTHOMIeHHIO K UCCTemye- 
MOMY. 

BeeneM OOO3HA4CHHA 1d SCMEHTOB OOTeKAHMA Mpoduaa: uw, v— 
MpOeKWHU CKOpocTH wW Ha OCH x H Yy (puc. 1); p— MaBeHue; p — M0T- 
HOCTb; @— CKOPOCTb 3ByKa; 9—CKOpOCTh pacMpocTpaHeHHA JMHHH CHAb- 
HOTO Ppa3pblBa; * — OTHOIWIeCHHE YebHbIX TemoemKocTeH. IlycTb uo, Vo, 
Wy, Por Por 2p, % — COOTBETCTBYIOWIME 2ICMCHTHI OCHOBHOFO MOTOKA. 

BpeemM BMecTO x, y, £ HOBbI€ HE3aBHCHUMBbIe Me peMeHHbIe 

y 
g=-, ae hae. 

Kak moxa3aHo B paooTe [7], uckoMble (PYHKUMH Mp 3TOM MOryT OBITB 
BbIPAKCHbI CAC LYIOWMMH POPMYaMu: 


w(é, n, =n) (6, ») +t ‘we, 9); 
O(E, Wb) 09 Gy Wee tae ee 
P(E, tp pee, a) rp ey: 
p(&, n, L)=eo(, a) +e "2 €, 2), 


re BTOpble Claraemble mpaBblx yacTefl HM UX MpOHSBOZHBIC Madbl (He HOKE | 
l-ro mopsgaKa) no _CPaBHEHHIO C Uo, Vos Py, Po. 


(1,29 


@yHKUUH U, UV, P MU Pp ABARIOTCA PeWICHHAMH CHCTEMBI JIHHCHHBIX 
nuddepennuarpnprx ypaBHeHHH B MocKocTH (&, 7): 


du Ou gu ds.dp 0Up ju OU yi etd sOiiret 
i Pe Ma Nee st — (0s + iar a gar (1,3) 
1 op aVo — AV, - 1 Opy 
Uy an "Po Meme ce — (Fata) a4 ; (hag 


oF on 
7 betel. Np: (1,5) 
Ut Voge tele + )=—- Sia 
(ee 08) 


Pe 
U, (, H) =U ce heat Vo Kc A) == U, ie if eee 


YcnOBue OOTeKAHHA, 3anucaHHoe (BBHAY MasocTH paccToaHuA) Ha 
TIOBEPXHOCTH KJIHHa, MPH 9TOM HMeeT BU 


— ea—] 

—_ = 

ST Vabae ga (1a 
rye c= aC;. 


IIpeqno10.%*KUM, 4YTO ypaBHeHHNe Kax OH M3 NOBepxHOcTe CHABHOTO 
Pa3pbIBa MPH 9TOM MOXKET ObITb NpeACTaBeHO B BHA 


=f arte, (1,8) 


O HeperyapHom otpaxeHuu yYHapHou BOWHET Li3 


rae n= f (&) — ypapHenne COOTBETCTBYIOMeH MOBEPXHOCTH CHAbHOrO pa3- 
pbIBa MPH OTPaxeHuu oT KIHHa, a to (E)— manag 
cBoeH NPOKN3BOAHOH. 


Torga ycaoBua Ha MOBePXHOCTH CHAbHOrO pa3pbisa, 
4—/f(§), mpumytT Bug 


@yHKuHA BMecTe co 


SaTlMCaHHbie Ha 


+ u,~=A,o' + B,9; 
U4 = A29’ + aBy9; (1,9) 
ae wn ae ’ 
p+ =A3¢’ + «4B, 9; 
P+ = Ase’ +0B,9, 
rhe WTPuxOM O603HayeHbI NIPOW3BOAHbIC; 3HAaYKaMH ,—“ wu .+“ cHabxe- 


HBl SHAYCHHA HCKOMBIX DYHKIMMH, COOTBETCTBEHHO ZO H TOCAe MOBepxHO- 
<TH paspbipa; A; u B;—uspectupie na 7=f (&) dynKuun & [7, 8]: 


2 ab ois = 
A= gy | 48 m,| 


80 
2 4a 
i -~M,; 
*% 427] gi } 
eo ms 
A= wale pee f'8 M, — M, ) 
§0 
2 M 
B,=- lees ; ) 
ae 
4 Se tl)) 
A,;=— —— Po 9% ; 
vm alk g 
oe tee 4 0 4 
A | Sin? 


4(x +1) mp e9 (At, —1) | 
Bei (2M, +x —3)2 ) 
AN aed) Sa) Cy 1) 
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M,=( 4 +1; M, = (52) —1. 
8 5 


0 


A,=— 
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Bosee mpoctoH Bug ycaospud (1,9) no cpaBHeHuio C HamMcaHHbIMU 
& OOmleM Buse B padoTe [7], O6bACHAeTCA TeM, 4TO AIA BCeX TpexX JHHUM 
CHIbHOTO paspbipa HalleH 3aayn OYeBHHO © 


u =vU_=p =p_=0. 
Kpome ycmosul (1,7) u (1,9), qOmKHbI CMe BHINOAHATBCA YCIOBHA Ha 
JIMHHM CTalHOHapHOrO pa3pplBa. 7 
Beenem Temepb B cucTeme (1,3)—(1,6) BMecTo p HOBy!O HeH3BeCTHYIO. 
@yYyHKIHIO NO Popmy.re 
c= p— app (1,10) 


(¢ — xapakTepusyeT H3MeHeHHe SHTPOMMM B NOTOKe OKOAO Mpoduaa mo 
CpaBHeHHiO C 3HTpOMMeH B TEYeHMH OKOJO KAMHA). 
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Tora BMecTO ypaBHeHHa (1,6) cucTeMbI nowy4uHM 


oe eae me 2 0), — (20 32) 5 
Ue + Vv, # = —(% WE: Renner Wea as WS 
OU) OVo a—1\- 
—* (3 ya aaeer Je. (1,11) 


-OcTabHbIe YpaBHeHHA CHCTeEMBI NOMyyaTCH 3aMeHOH B MpaBhIX YaCcTAX 
ypapHenun (1,3), (1,4), (1,5) dbyHkuun gp no dopmyae (1,10), 

B oOmeH nmocTaHoBKke 3afaya cBeneT- 
Ca K pemeHHio B O6uacth NOMT (pyc. 1) 
maockocTH (& 7%) MOMyYeHHOH CHCTEMbE 
JMHECHHBIX QHPepeHuva/IbHbIX yPaBHeHHh 
TIpH TpaHHYHbIX YCJOBHAX Ha H3BECTHBIX. 
JMHAAX TpaHHI, OCHOBHOrO NoToKa: (1,7) — 
Ha OTpaxkaiomelh crenke, (1,9) — Ha oTpa- 
2%KCHHOM HK MaXOBCKOM yyapax (NT u 
TM), a Takxke — Ha CTAlLHOHAPHOM pa3pbi- 
Be (7S) [7]. Kpome Toro, Heo6xo,nMO 
ONpeXeIHTb Majble 2OOaBKH ypaBHeHnit 
9THX TpaHH B UCCTeAyeMOM = NOTOKe. 

Puc. 1. Cxema HeperyaapHoro [lpeanomaratoulneca H3BECTHHIMH Mp 3TOM 

OTpaxkeHHA YWapHOH BOJHBI. 

MCXOZHbI€ MapaMeTPbl OCHOBHOFO NOTOKa | 

MOryT ObITb NOAyYeHBI TeopeTuyeckn [6] | 
WM SKCHePpHMeHTaIbHO. TloctaBieHHad 3agaya B OOMWeM Cay4yae MOKeT 
ObITb PpelieHa YMCIEHHO, ME€TOROM CeTOK. 

[lenbio HaCcTOAWWeH pabdorni 
ABIACTCA Ope WC.1eHHe Napamer- 
pOB NOTOKa Ha MOBeEPXHOCTH OT- 
paokarolleh CTeEHKH JIA KOHKPeT- 
HOrO mpoduaa tuna (1,1). pu 
HEKOTOPOM jOOaBOYHOM TIped- 
NOMO%#KeCHHH Takad 3afaya pe- 
wmaeTca MpeL1araeMbIM M€TOOM 
OCO6eHHO MpoOcTo, H pe3syabTa- 
Thi ee pemeHva Ha aAnHun MS, 
HaHOoee BaxKHbIe WIA Mpuo- 
*KeHHH, MOPYT ObITb MOMyUeHEI 
aH aJIHTHYeCKH, 


2. Mcxoaupie aHHpie 
AA pacieta 


Onucauune 


IKCNEPHMEeHTA Puc. 2. Cxema ycraHosku Jaa dotorpaduposa- 
HHA YapHbixX BOTH, 

C web10 WOWY Enh MCKOM= 7 KaMepa H Kawau ylapHolt TpyOnl; 3, 4, 5 — cauta- 
HbIX JAHHbIX JIA MOCTABJICHHOH  CTOPOH, O10K KoHAeHCaTOpoBR HM TpanctopMatop HcKpoBore 
PaspALHHKa; 6, 7 — KONMIMMaTOP H NpweMHaA 4YacTb UpHbo- 
3afMauv, a TaKxKe AIA MNPOBepKH pa cepa; eupeen ° sages nicia as M@XaHHyecKors 
ae 3anepoxKH; 10 — kK ; B- 5 20 6; J = 

OCHOBHOTO NmpesnonoxKeHHA e opoan HevgOnortaeacpeniei aa ae ana 

O61H30CTH MCCAeCHYeEMOTO Teye- 

HHA K aBTOMOJCAbHOMY ObLIM MPOBEZEHH! ONbITHE B yapHol Tpy6e npa- 
MOYTOJIbHOrO CeyeHHa pasMepom 1CO300 4m Mu aMHOH yuacTKa dbopMu- 

pOBaHHA yapHOH BOWHbI —4,75 mM. ; 
Cxema yCTaHOBKu us00paxena Ha pHc. 2. B kamepy ynapHoft tpy6n J 


NOMaAeTCH BOSAYX NO O0.1bIUMM MaBICHHeM, NOM MeHCTBHEM KOTOPOrO 


O HeperyaspHoM oTpaxkeHHN yQapHOli BOVIHbI 115 


| paspriBaetca ava@parma D. TMocae paspblpa AnapparMbl NO KaHadly Tpy- 
| Obt 2 ABYWOKETCH yZapHad BONA, OTPaxkeHHe KOTOPOM M3y4aTOCb Ha MOJe- 
| JAX, HaXOMAMMXCA B padouelt uacru TpyOn. IlapamerpbI BOJHbI MH MOTOKOB 
| ONPeeAATHCh MO PoTorpapuaAM, MOyueHHbIM C MOMOMIbIO Npudopa Ten- 
| 1epa (6, 7). Togcpetka mpu6opa ocyulecteasach HCKPOBLIM pa3paHH- 
| KOM (Se, 5, I) onnoKparuoro smelicrsua. CHHXPOHH3allMA MOWadH MCKPbI 
| C MOMEHTOM TpOXOxKAeHUA YAAPHO BOMHOM PpaboueH YacTH TpPyOBI Ocy- 
| MECTBIAeTCA AZByMA cmocoOamu: |) a7eKTpHuecKHM — C NOMOIIbIO (paHTa- 
| CTpoHa 3 uckpoBoro pa3pamqinKa (3—d); 2) MexaunyecKHM — JByMA TeJe- 
| CKONHYECKHMH Tpy6Kamu (9), mepemenieHHe OAHOH W3 HUX H3MeHACT 
|| BDeMA OT MOMEHTA MPOXOXACHHA yMapHOH BOJIHOH CeYeHHA @ 10 MOMEHTA 
| 3€MbIKAaHMA KOHTAKTOB JO, 3anycCKatolllux UCKPOBOM pa3spAqHUuK. WoTorpa- 


|@upOwanne yAapHbIX BOAH MpOM3BOAMAOCH TeHeBLIM MeTOAOM (pute. 3). 


Puc. 3. Texepoie dororpaduu norokos. 
a — oTpaxkaioulee Te10 — mpoduuab, O1M3KHH K KAHHY; O — OTpaxkaioulee TeO ~ Kann. 


SKCHePHMeHTHI Obi MpOBeeHHI WA KAMHAC YriOM © = 38° n creHKu, 
“mpod@utb KoTOpohH MoxeT ObITb 3a7aH ypaBHeHnew (1,1), rae 


tego =0,781; a=2,5; c.=—6 x" (2967) 
| OTHOCHTeIBHOe OTKMOHEHNE OPAMHAT NpO*uAA H KWHAa B paccMaTpHBae- 
| mo o6macTH 

ae 
tg wx 


» 


< 18%. 


Tlepenaa 2aBeHHi B HEBO3MYIJCHHOH YapHOH BOJHE oO = 2,98. Ta- 
ul 


KOli BEIGOP OOYCAOBIeH 2KeaHHeM CPaBHUTb pe3yJbTaTbl 9KcMepMMeHtTa 
|B cayuae KMHa C pe3ybTaTaMM TeOpeTH4eCKOFO pacueTa MIA Takoro xe 


\ 


33 [P2 
| KIMHa WH YJapHoli BOJHbI MOUTH TOM 2K HHTCHCHBHOCTH in 2,78), pe- 


3yAbTaTBI KOTOPOTO ONyOAMKOBaHEI B paooTe [6]. 
' CpapHenve TeHeBEIX dororpapua (puc. 3) nOKa3bIBaeT, 4TO AMHHM 
Q@pouTOB OTParxkeHHLIX BOWIH Y KAMHa H MpOPuAMpOBaHHOH CTCHKM MpakTH- 
-uecku copnagaior (OTKIOHeHNe OpzuHaT < 8%). 

MaxosBcKue BOJHbI OTIM4aIOTCA Ha BeIMUHHY, KOTOPY!O C TOUHOCTHIO 
Hallero pacueTa MO2XKHO CUNTaTb MAJIOM, 4 UMeHHO: B TOUKe HaH6Ou bilero 
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HX pacxowKgeHua —Touke M pa3Hula OPANHaT MMeeT TOT 2%Ke MOPAAOK, 
uTO HM pasHilla OPAMHAT KMHa H WMpoduia, WH XapakTepusyeTca Oe3pa3- 
MePpHOH BeIHYHHOL 
tho 
a 


rye @—CkKOpocTb 3ByKa B O6macTH (2) (cM. puc. 1), a C= 1,2-10°* cex 
Jia PUKCHPOBAaHHOTO B SkcnepHMeHTe MOMeHTa. TakOe CpaBHeHHe TOBO- 
PpuT O CNpaBeqivBOCTH B paCCMaTpHBaeMOM Cjlyyae MpeANOOAeHNA O : 
61v30CTH HCCemyeMOrO NOTOKAa K aBTOMOJ€bHOMY. 

B cayyae K1KHa JIHHHH pa3spbIBOB MOUTH He OTMM4AaIOTCA (OTKMOHEHHE 
opauuaT <5%) oT momy4eHHEIX B’padorte [6]. 


3. Onpewenenue napamMeTpoOB NOTOKa Ha NOBEPXHOCTH 
OTparxkatollen CTCHKH 


— — 0,181, (2,2) 


i 
T 


aa ompeqeisenua MyHKOMH S Ha MOBCPXHOCTH OGTeKaemoro Tewa 
uepefiemM B ypaBHeHun (1,11) kK HOBbIM TepeMeHHBIM 10 opMydam (cM. 


puc. 1) 
s=€Ecoso+ ysinw, 
(3,1) 
n=—€Esinw + 4c0S o. 


3anulieM moayyeHHoe MpH 3TOM ypaBHeHHe (BBMAy MazocTH paccTos- BR 
HuA) Ha OOpasyiouleH KuHa, rae [6] 


ay Yo 

nS oS (3,2) 
Opp eae i) 
one 
0 Po oa Aol/g {0U 9 . 
0S COS2w (“os “+ cos +) as (3,3) 
aS const, 
Pore J 


M, KpOMe TOPO, BBINOJHAeTCA ycoBHe (1,7) H COOTHOWIeHHEe Ha XapPaKTe- — 
pucTuKe TpeTbero CeMeHCTBA, T. €., B YaCTHOCTH, Ha CTeHKe KuHa [7| 


U du + V,dv + oe = [Qui +R,v+S, = Z| coswds, (3,4) 
: 0 
re KOsPPUUNEHTH! B NpaBOH yYaCTH—UHB3BECTHbIE Ha MOBEPXHOCTH KAMHa 
@yHKUMH NapaMeTpoB OCHOBHOrO HoToKa [7]. 
IIpu stom ypaBHeune (1,11) He GygzeT cORepxKaTb MPOU3BOAHbIX HC- ° 
KOMBIX (YHKIMH MO M WM MaCT HAM Ha CTCHKE KAHHA OOBIKHOBeEHHOe Zud- 
epeHyHabHoe ypaBHeHHe 


& _ r(s)3=q(s), (3,5) 
rye 


tape ices 6 : 
r(s)= 
(s) ee a8 Tr pad (3,6) 


q(s) = E (scosw)* UA; COS @ rl 
on ene 


Pemenne ypasuenna (3,5) 
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rae ea ee onpemeisercu PPaHH4YHbIMH YC.IOBKAMHM 3agaun. Pacuer 
MPOW3BOANTCA OTMebHO Ha yuacTKax npoduaa NOS u MS (cm. puce. 1). 

Popmy.ta (3,7), onpenenatoulan 6, CBUAETEIbCTBYeT O TOM, 4TO B Halleli 
3afaue, B OTAHYHH OT ABTOMOACJIbHOH, 9TH JIHHHH HE ABJAAIOTCA H39HTPO- 
MaMvW. OuesvAHO, 2TO CBOLCTBO B elle OObUIeH CTeNMeHH CKaxKeTCA B He- 
JMHCHYBLX #anayaXx, QA OTPaxaloulHX CTEHOK, KPHBH3Ha KOTOPHIX BeMKa. 

@PyHKUMA UV MOXET ObITh OMpememeHa Ha CTEHKE H3 yCOBUA O6TeKa- 
Hua (1,7), ecm OyzeT usBecTHO uw. Tora 3aa4a CBOANTCA K OnpeesIeHHI0 
WBYX HeH3BeCTHBIX (YHKIMH: p UU. 

OueBHHO, HaHOOJbIINe H3MCHEHHA MapaMeTPOB NOTOKa AWA Hallero 
Npo@vA MO CpaBHeHWIO C KJHHOM OyAyT MMeTb MECTO B OOmacTH (4) 
(cm. pre. 1), T. €. Ha aAHHHM Mpoduaa MS. Onpenesenne ux Ha MHYK 
MS mMoxer? cTaTb MpocTbim B Cly4ae, KOra MOXKHO MpHHATD cesyomee 
JONOAHHNTebHOe NpeANOMOMmeHUe. 

PaccmMOTpuM Cay4ai, KOrqa Npv ompeseeHHH TpaHM4HBIX ycaOBuh 
B Touke M oOKaxketca, 4YTO UW, MaJO 10 CPaBHeHHIO C 3HAYeCHHAMH OCTAJb- 
HbIX H€H3BeECTHHIX B TOUKe M. Jlaa npoduas (1,1) ecrecrBeHHO OKNAATb, ITO 
HCKOMBIe (PYHKIMH Ha AHHUH MS u3MeHAIOTCA MOHOTOHHO H MpHHHMAlOT 
MAKCHM@JIbHOe TO aOCOMIOTHOH BemHUMHeE 3Ha¥eHHe B TOUKe M. I[lpegzno- 


= du s, = 
TOMRKUM TOla, 4YTO UU’ H —— Ha BCeH AHHHH MS MaJIbl IO CpaBHECHHIo Cy 


ds 
dp 
u ae B 9TOM Cay4uae COOTHOMeHHe (3,4), mpeoOpasoBaHHOe C MOMOLIbIO 
(1,7), (3,2) u (3,3), gact HaM uid ompeseneHua p ypaBHeHue 
a z= 
ee ae 3,8 
ds ~Do pe aS) ( ’ ) 
re 
1 a Py - ob ke a—1 
F(s) = {— 55, Geo — Vout ge Lis cosy” aa] + 
; Sei cos w apy __ Ou ee 
+ Pp sin w¢ (S cos ) 10 | SoU ae (a1) ppCOS Ome pai 


Pemenue storo ypaBnenna 


Bee __ Onts 
20 le Om 
= Ht ils as’, 3,9 
pai [py t\e(s) = as| (3,9) 
SM 
THE Poy = Py (Sy), a the = Peasy OnpemeAeTCA H3 PpaHHYHEIX yCAOBUH (B 


Touke M). 
Vitak, Ipu CleaHHOM MpeANOOXeHHH, A PCWIeHHA 3afau Ha JIMHMM 


MS caenyet onpesemuth ¢ no dopmyae (3,7) p —no copmyae (3,9), » — 
He (1,10), v na" (1:7) (np u=0). 
B rouxe M sBpinOaHAWTCA, OYEBHAHO, CEAYIOWMe PaBeHCTBA: 
7 a 2 bis 
y HG” 


Tipeo6pa3sya c uxX MOMOUIbIO KOS@UUMeHTHI TpaHHyHEIX ycaosuli (1,9) un 
uckmiouad ~’ c nomombio (1,7), NOMy4HM QOPMyvIbI AIA ONnpeweeHHnA 
MCKOMBIX yHKUNH B TOUKe M 

== » a a—1 + 

u =sine cos» {25 Mae — ¢ (sos ») uit (rh) 


oe as Sy ee 
U,= u,tgw+c(scos)” Uy ; (3,12) 
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p= sin wp, 95 49 ; (3,13) 
de: __ 4(% + 1) sin op) Tet) By (3,14) 
i by (2M, + * — 3)? - } 

¢,=p,—a?, p, 5 (3,15) 


T. K. pemleHHe HULeTCA TOBKO Ha CTEHKe OOTeEKAeMOrO Tea (BeHYHHA 9” 


He MOMKeT ObITh ONpemeena uepe3 ¢), ycuoBua (3,11)—(3,14) manyT B 
Touke M yerbipe ypaBHeHHA C MATbIO HeH3BeCTHbIMH. IlosTOMy 3eCb 
HY2KHO BOCIOJIb30BaTbCA, HaNpHMep, 3HAYeHHEM ¢, MOY 4CHHBIM 3 3KCrIe- 
pHmeuta (onpeseiad KOOpauHaTH! TOUKH M no 1eHeBOH oTorpaduy, kak 
3TO Chesako mpnH onpeszenenun (2,2)). TlonyyuB 3aTeM 3Ha4YeHHA HCKOMBIX 
yHkKunh B TOUKe M, MOKHO CYAHTb O TOM, JONYCTHMO JIM B pellaemMon 
3alaue MOb30BaTbCA AVIA ONpeweeHHA JaBseHua Ha aAMHHH MS dopmy- 
0H (3,9). 

Ecim B HalleM paCNOpA2xKeHHH HET 9KCIEPHMCHTAIbHEIX JA@HHBIX, 103- 
BOIAIOWUX CYAHUTb O BEMYHHE Y, HO, MO aHa/lOrHH C paHee paCCMOTpeH- 


HbIMH HOJOOHBIMU CLY4aAMH, MOMKHO MPCANOMOKUTL, YTO Wy NpPeHeOpexH- 
MO MaJlO, TO, IPHpaBHAB Hyio IpaByio yacTb (3,11), Momy4yHM 


2 ie + 1)¢(scos o)*—} “6 | 
SCAN po, * ae s=5 40° (3,16) 
[logcTaBuB NoayyeHHoe H3 (3,16) 3HayeHHe ¢ B dopMyant (3,12)—(3,15), 
nOAYYHM. BCe PpaHHYHble yclOBHA B TOUKe M. 

IIpH Mpou3sBOAcTBe KOHKpeTHOrO pacueTa yQOOHO B MOJYYeCHHHIX pac- 
yeTHBIX QopMyax mepeHtH Kk Oe3pa3MePHbIM BeIHYHHaM, MpousBenA 
3aMeHYy 


i 7 ute) : ay ott} ; ~ ary 
5 ’ = ap 4 Ps ’ 
~ ott} ~ oft7! ~ s ; 
O == a ; s= Pe z eae (3, 1a 


Pe A, P2, Py —MapaMeTpb! NOTOKa B OOvlacTH (2) (cm. puc. 1). OueBugHO 
v3 (1,2), uro MpH »TOM Oespa3sMepHble NapameTph uccaegyemMoro noToKa 
OMPeAeAIOTCA BbIPAKCHHAMH: 

“i ly 


= — a: kA a an Bag Pin a i] Po _ 
a; ag.) YS an ee 


P22 Pr po 


Tak, B YCOBHAX MpOBeAEHHOFO SKCMEPMMEeHTA, MPH NOy4YeHHOM U3 (2,2) 


Gy WH BRIYHCJICHHBIX IO 3IEMCHT€AM OCHOBHOrO HNOoTOKa B To¥UKe M 


ua —w 86: Bi — I 999 0 0 ATA 
ae ) ’ a V m,— ay Mey og _ =F ’ 5) 


oO 


MOYYHM, C momoutpio (3,11)—(3,15), caeayiomue PPaHH4Hble 3Hau eCHHA 
MCKOMBIX PYHKUNA B TOUKe M: 


“ et Culeees 

Py = 2,00 Sin Oud aoe ey ee 0573 : 
d Pe fot y : 
9,6 sine oo (M,—1)_ 

., == OR 


6; 
BL 9, (eee Ca 
a, 
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shes bs 
Sy —=Py— 1,4 Mie ay ae rap OS WO (3,19) 
ey. = = + 
Uy, = Sin cose |0,8342M,2 — (cay #7") (s cos)" a = — (7,084; 
as ss = + 
eo 0 Uy=tgouy, + (ere aaes| (scos o)*7! a = — 0,346, 
rae ca; ‘t*' = —0,161. 


Takum O6pa30M, AIA uCCTeAyeMOrO NpOmud MAKCHMaAbHOe H3MeHe- 
HMe MapaMeTpoB (B TOUKe M) no cpaBHeHHiO C CYLIECTBYIOWMMH 3Ha4e- 


HHMAMH TIPH OTPaxkeHHH TOW %#Ke YAapHOi BOJHBIE OT OM3KOTO KJMHA 
cocTaB.aer: 4 


Wa WaBienua — 30%, 
Aa maoTHoctu — 15%, 
MAA CKOpoctH — 29%. 


IIpu sTOM H3MCHEHHE TOPH3OHTAABHOM CocTaBAIOWleH CKOpOCTH uO 
CpaBHeEHH!O C COOTBETCTBYIOMIeH BeEAMYHHOH TeEYeHUA OKOAO KMHa COCTAaB- 
ACT TOMBKO 9%. 

TlostoMy B Hale€M KOHKPeTHOM MpuMepe AA pacueTa U3SMeHeHHA 
Japnenna Ha anHHH SM moxHOo nomb30Barbca cbopmyaon (3,9). 

Henocratouwe HCXOAHBI€ AaHHble AIA pacueta (rpamqHMeHTbl NAOTHOCTH 
OCHOBHOrO NOTOKa Ha JHHHM KanHa MS) Obi1u B3aTHI u3 padoTH [6]. Tak 
Kak B Cay4ae KIMHa CTCHKa ABAACTCA H339HTPONOH, AaBeHHA Py ObLAM 
MOACYHTAHb MO MOJYYCHHBIM 3HAYCHHAM IVIOTHOCTH 0, a 3HAYeHHA TOPH- 
SOHTAAbBHOHM COCTABAAIOWeCH CKONOCTH Hy — NO 3HAYCHHAM Py H Py C NO- 
MOUbIO BTOPOrO ypaBHeHna (3,3). Pe3yabtaThl pacueTa mapaMeTpoB Teye- 
HHA Ha AMHHH mpoduaa MS wanecenpt na rpaduKx (puc. 4). Tam xe 
MIPHBeeHbI MOMyYeHHbIe MO pesyabTatamM 9KcMepuMeHTa u padotH [6] 
KPHBbI€ MIOTHOCTH, LaBIeHHA MW TOPH3OHTA/IbHOH COCTAaBAAIOULeH CKOpOCTH 
Ha CTCHKE KJIHHa, KOTOpbIe OMIM MOMOX#KCHbI B OCHOBY pacueTa. 

PaccmaTpuBadx MOTOK B TOUKe M ycaOBHO KaK pe3yJIbTaT 3aTeKaHHA 
yaapHot sounp 7M (cm. puc. 1), MoxHO CpaBHuTb BeanynHE! (3,19) 
C SKCNEPHMCHTAJIBHEIMH JaHHbIMH N10 3aTeKAHHIO yapHblX BOJH, MOy4eH- 
HbBIMM Ha 98TOH 2#*Ke ycTaHoBKe. Jia paccMaTpHBaeMOrO Cly4an 9TH AaHHble 


ganyt > = 0,75 i 5 = 0,88, 4YTO YOBJIETBOPUTeIbHO MOATBeEPxKMaeT pe- 
0 0 


3YAbTaTh pacueta (2 =0,70 u ~ =0,85), 

Tlocae Toro, Kak no dopmyvam (3,!9) OblIH NOACUHTaHb! 3HaYeHHA 
MCKOMBIX (byHKuu B TOuKe M, MO2xKHO OMeCHHTb TOUHOCTH pacueta. Tou- 
HOCTb J\MHeapH3OBaHHHIX ypaBHennit (1,3)—(1,6) onpegeaserca [7] KBag- 
paTOM HaHOO“biuero 3HaYeCHHA HCKOMBIX (PYHKIMMH, T.e. B MaHHOM Cay4uae 
cocTaBigeT mpuMepHo 10%. Ty 2#e TOUHOCTh AaeT HW 9KCMEPHMeHT, C TO- 


MOILbIO KOTOPOrFO NOJYYeHbI HCXOAHbIC AaHHble, H CHeIaHHOe TIpeAMO/O0- 


*wKeHHe O MaocTu wz. TlosTOMy MOXKHO C4UTaTb, YTO MapaweTpbl ucceAye- 
MOrO TIOTOKa OmpexeteHb! c TOYHOCTHIO WO 10%. 

Ha puc. 5 npuspeqeHa MOmyueHHad siopa AaBleHH Ha YacTH OTpa- 
maloule mopepxuoctu MS. Ona nokasbipaeT 3HayMTebHOe YMeHbINeHHe 
Harpysku (g0 30% B ocHOBaHHH BOwHEI Maxa) aaa paccMaTpuBaemMoro 
Ipouad m0 cpaBHeHHI0 C OIM3KHM KAHHOM B TeX Ke YCOBHAX. 

Cnenyer oxkusaTb (CM., HanpumMep, dopmyab (3,11—3,15)), yro mpu 
OHOM VM TOM 2K OCHOBHOM MOTOKe, Aaa BorHyToro Hpodusa tuna (1,1) 
{mpu c, >0 H ¢y > 0) pacueT mokaxeT yBeM¥eHHe Harpy3KH TOTO Ke 


}20 T. [. KoadoécKan, H. A. Comes 


NOpsKa, YTO WH YMeHbWeHHe Harpy3KH B cyyae BEINyKorO npoduaK 
(aaa TeX 2#xe 3Ha¥eHHH % u |[C,|, HO npuH ¢, <0). 

PexomeHAyemblit B padoTe [7] MeTOZ NO3BOAeT PaCCUHTHIBaTb MapaMeTPbh 
MOTOKa pH HeperyAAPHOM OTPaxKeHHH YJlapHbIX BOWIH OT WHIMHAPHYeCKAX 


Ke 


TNS ES 
Te NS ES 
7 Na 


Puc. 5. Jmopa Taplewuu. 


J — 4a npomuas; 2— 24a kKsaMHa. 
Puc. 4. Ylapametpbi Teaenua ss Bs 


BHOAb YacCTH OTpaxatwuleH 


eTenKu, MS. MOBEPXHOCTeH, KPHBHSHa KOTO- 
1a Dacre (orparkarQulec Te x6 PHX He CIMUIKOM BeauKa. K Ta- 
Pe 6 Ais KUM NOB@PXHOCTAM MO2KHO OTHe- 
RES ae pial io ha CTH. pa, ECTECTBCHHBIX CKaqOK 
= (oTpa2karoulee TeE10 — KHH). MCCTHOCTH, BHEINHHE KOHTYDPbE 
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HeEKOTOPHIX COOPyKeHHH H T. M1. 
B 3aKIOUeHHe aBTOPbI CYHTAIOT CBOHM NPHATHBIM JOAPOM BbIpasHTb 
6naronapHoctTb H. B. AnexcaHazpoBy 3a 6oOabITyIO NOMOMb B NOCTaHOBKe 
9KCIEPHMeHTAa. 
Summary 


_ A way of the calculation of the parameters of the flow on the surface 
of cylindrical reflective wall of not very high curvature is suggested. 
The problem is solved by the method of Paper [7] with some addi- 
tional assumptions. The results of calculations show the considerable 
decrease of the load (till 830 per cent in the foundation of Mach shock) 
for the profile under consideration in comparison with the near wedge 
(deflection of the ordinates < 18 per cent) in the same concrete conditions. 
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1961 BECTHHK JEHHATPAXCKOIO YHHBEPCHTETA Ne 13 


B, C. Hopocenos 


SIKCTPEMAJMbHOCTb NPHHUHWNA TFAMHJIbTOHA- 
OCTPOFPAACKOFO B HEFOJOHOMHOM MEXAHHKE 


Tloka3aHO, 4TO JIA M@Xa@HH¥YeCKHX CHCTeEM C HerO.JOHOMHHIMH CBA3AMH 
Tuna Uetaepa np onpexerenun Bapvauni no Boponny dyHKmMoHas npuH- 
muna lamMuabTrona-Ocrporpayckoro AA MaJbIx OG6acreH uHTerpupoBaHua 
MMe€eT MHHHMYM Ha Je@HCTBHTeIbHOH TpaeKTOpUH. 
| PaccMOTpeHb! Ba Mpumepa, B Me€pBOM H3 KOTOPBIX yKa3aHHbIt PyHK- 
‘IMOH@ HMC€CT MHHHMYM Ha JeHCTBUTeIBHOM TpaeKTOpMH He TOAbKO MpH 
Ma10OM NPOMeEXKYTKe HHTeCrpHPOBaHHA. 


§ 1 


Byem paccMaTpuBaTb IBY2KeHH€ Me€X@HHYeCKHX CHCTeM, NOOKeHHe 
-KOTOPHEIX NOAHOCTHIO OnpewemseTcCA S MarpaHxKeBbIMM KOOPAMHATaMH Gj. 
IlycTb Ha ABYXKEHHE CHCTEMbI HaJIOXKeHbI ¢ HEFOAOHOMHEIX CBA3eH Tula 
H. I. Uetaesa [1] 


: : OF 
EG, Gis t) = 0, a ie: (1,1) 
i] i 


Ecau mpHHATb ompemeneHue Bapnaunh II. B. Boponua | 
bq, = 5 89,, Cee Amt oe We 1dr), (1,2) 


TO JIA YKa3aHHBIX HEPOOHOMHBIX CHCTEM MO2KHO NOKa3aTb [1] cnpaBer- 
AMBOCTS NpuHUHna TamuipTona-OcTporpadcKoro B OOBIYHOM Buse 
t, 
8\ Ldt=0, 29,| =89,|, = 0. 
1 2 


t 


IlpegcraBaaeTCa HHTEPeCHbIM H3Y4YHTb BOMpOC 06 9kKCTPeMaJIbHOCTH 
Ip yka3aHHOM cnoco6e BapbupoBaHuA *yHKUMOHaTa mpHHyuna Tamuap- 
TOHa-OcTporpaycKoro 

ty 
V=VL Gp Gp t) at. 


t, 


Paspewum ypaBHenua (1,1) COOTBeETCTBEHHO OTHOCHTEJIbHO 34BUCHMBIX 


| cKkopocTel H 3aBHCHMBIX BapHalni 
l 


é E 0914 Te 
Gai Gael) CU, ») ae of) el = 5 pee (1,3) 


yl uy 
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Ycuosusa (1,2) npHBosATcA K BULLY 


I f l , 
d » OUisk 9° SS ad 99,4 | 
6q, a dt og, ’ OF rik Pan ‘ “6q. Og, = dt 0g 8q, * (1,49 j 


v=1 yv=1 


BelyvcauM BTopylo Bapvanuio dyHkKuun JlarpanxKa » 


orL 
eLl= a0) == 6 
Ll Sie = bana, +25 op - 89,29, + —— ee: 34, has) + 


B cuay (1,2) u (1,3) umeem 
27 d d x9 
OO no ie HO ek} (1,5) 
1 l ig 


ao 0? aihen eee P4145 NS Ogiee ree te, 
an Ya ta, + aa tt Py ahaa ee EN 
vaget 7 Rs T= q, q, wet q, Visu 9, 

Ha ocuopaHnu dopmya (1,3)—(1,6) Bropaa Bapwauuan dyxHKuun Jlar- 
paHxKa 3amuuleTcA B Bue 


5 d Oe 
oy ee ee ee (1,7) 9 
— : 99i+k 
SeCb BeAMYHHa 5 paBHa 
l r : ig ; 
Neal O2L d 03; aq 
is A. 89.8 2 Se ye S250 
Si S vy q, q, =e 199,09)4% dt 0q, == an 
% y=1 kel k, p=l 


OL d 0g), RL ORB. 50g, 
X iaoane a aig oe Sie chan 
Vir? Arp. dy 1y99, 09,09 14.2 09, 


r 


r 5 5 
PL O9y +k O91 +k PL O94 
+ aeag a | Tea: SOS ee Ca a. 
0914299, 99, 09, 974 R974, 99, 
k=l ky pat 


t= P= 
‘i (eh -2 a) 9,9, + Ss «Mie _ x 
i OF;4n AE 09,4.) 09,09, bea: ad dt 09, 99,4299, 45 
: r , : r : : \ 
sega ie » ae d 1+ ad OF +k | o2L cle # 
0 0914299, dt 0q, ‘4 agit 0q, 097429914 5 09, 
ie UE A y O21 an Ome Oi, OL cies 
0q,99, 99,09;4n 995 we 04, 991429914, © 99; 


OL d OL 02414 k - Od 4h 09j45 N / 
Firz dt 09744) \ 99,09, Ty 09,09; 99, ; | 
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B dopmyue (1,8) mpunato o603Ha4eHue 


2 é 7 z ; : 
= ve 9 o2L Osh 994% ORL O94. 
i 0gs0 0q, 09 Herre ee 
9,09, eels OI OTe OF a 09, 9974 n 9914, © 99, 
Tak Kak B rpaHW4HBIX TouKax ¢, u ¢, Bapnanun C0, (ial a ae) 


paBHbeffy.tio, TO AAA BTOpoH Bapnanun ponnna te V noayuuM spipa- 
*KeHHE 


t, 
BV = | odt. (1,9) 
t 


TakuM o6pasoM, Bompoe 06 sKkcTpeManbHoctu dyHKuMOHaa V cBe- 
WeH K H3y4eHHIO SHaka uHTerpawa (1,9), mOogbIHTerpambHad PyHKUMA KO- 
TOporo onpexeanetca opmyaon (1,8). 

Byaem cuntaTb pa3sxHoctp ¢t,—t, mao. ae AAA mzo6oro Masoro 


MPQM@2%KYTKa BbINOJHACTCH HEPaBeHCTBO ae 
Tak Kak 6q, ese = 0, TO uMeem 


Mgt a(t 4), 


OTCWa TOJY4YaemM 


eV Si y A,,89,89,dt + O(t, — t,)°. 


i, vy y=1 


KpagpaTHunad dopa 


L 
»» Ab 
Gog 


y, y=1 


MOJOHKUTeIBHO ONPeTeeHHaA, TAK KaK MOMKET OBITh NOAyYeHa U3 NOM0- 
WHTEIbHO ONpeeAeHHOH KBaapaTHuHOH opMbl 


iS 
WE a 
sed 09,09, 1081 


C MOMOILbIO HeEOCOOeHHOTO ete es 


: : 0q, 
Dead Ny By os 3 , 
ay 04, 


TEM CaMBIM JOKa3aHa. 

Teopema 1. Jlna mexanuxecKux CUCMEM C HEZOAOHOMHELMU COAZAMU 
muna Yemaesa npu onpedenenuu sbapuayui no Bopornyuy gyxnKkyuo- 
HaA V OAL MAAUX OCOAACMeH UNmMe2epuposanuAn UmMeem MUHUMYM HA 
OelicmeumeAbHOu mpaeKmopuu. 

B3Bameuanne 1. Jina w3yyYeHHA SKCTPeMAa/IbHBIX CBOHCTB @YHKIMO- 
Hama V mp HeMaJIOM IIPOM@2xKYTKE MHTerpHpoBsaHHa CaeyeT paccmor- 


2 


pets dynkunonaa | cdt mpu mo6nx sHayennax ¢f,—f,. Kak u3BecTHO 
: 


[2—3], Md TOMOHOMHEIX CHCTeM IIPH HeMaJIbIX OOMaCTAX MHTerpupoBaHnA 
ykasaHHbl PyHKUMOHaT HMe€eT MMHMMYM Ha HeACTBUTeIBHOK TpaecKTOpHH, 
CCAM TOJIbKO KOHCUHBIA Mmpemkesl MHTEPPHPOBAHHA He JI@EKUT 3a KMHETHYe- 
CKHM (OKYCOM TPaeKTOPHH. 

Jind HETOMOHOMHEIX CHCTeM MpH BbIOpaHHOM cmocobe BapbHpOBaHHA 
(SF, #0) B KayecTBe KPHBbIX CPaBHeHHA He MOFYT CAYKUTb TPaeKTOPHH 
CHCTEMbI, MOSTOMY TCOPHA KUMHETHYCCKUX MOKYCOB 3IeCb HempHMeHMMa, 
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AOE ee 


Sameuaunne 2. B cayyae AMHEHHBIX HETOJIOHOMHHIX CBH3eH 


ers 
Meee OG, 07° 


roe L — dyxkuusa Jlarpanxxa L, npeoOpasoBaHHad K He3aBHCHMBIM CKO- 
poctam no dopmyute (1,3). 


B paccMaTpHBaeMOM Culy42e BbIpaxKeHHe 6 = He COL€p2#KUT BapHa- 
WMH arpakHoKeBbIX CKOpOcTeli, NOSTOMY BTOPOH yen mpaBow uacTu dop- 
My.ibt (1,7) He 3aBHCHT OT BapHauHl aarpaHxKeBbIX yCcKopeHH. B 93TOM 
cilyyae MOKHO He nepexoguTb oT 6°L kK o NO ykKa3saHHOH Qopmyae (1,7). 

Aaa sropoh Bapvauun dyHkunH JlarpanxKa pH JMHEHHBIX CBA3AX 
B cuay (1,8) 6yaqemM HMeTD BbIPaxkenHe 


i! r 3 . r = is 
l=») ie 8 Bj en |e 
= vy q, q. 09,04;4, at 0q. 04, 094% 9914 x 
yy k=1 = k, p=t : 
d -Ogpm Gry. Tea ure! Oy 2 Aa Oe O9j+k 
SS — ——__ + ~ == ee » - == ——_——_ - ——— 
dt 0q. 09,09, — 09,90; 4% 0g. = 99; 299, 04, 


. . a eee Tr . . 
O14 OL Fin cE OTe 1 1n ep 

1 SS a eee —— 4 ———— -—] |x 
09% OU eT 28, aad Gg Bae\ OFF; OE Olas ena 


k, p= 
ii iy | ee ee ee 
fy wma dt 09, 09,4094, dt Og, — 
- Rie) ony 
a o ‘f - 
49 cE 4 ON +p 4 Ok Bie se 
0914299, at og Sm dt 97, ~097;4299 45 0q., 
o2L d O2L anne 0g o2L 09). 
+ +2 S'- is a oe 
09,09, a 9G,09;4~ 99, = 09, 99;4n9914, 99, 


: ; : x : 
4 SS OL [ Oa,» a NI ye lees 91+ y Lis 


r : r aye . 
4 (Pius Mint HieeVIgagl. 8) 
et 91+ at 09,09. 09,09). 09, y ‘ ; zi 


IIpapaa uacTb Popmyap (1,8’), B OTM4He OT MpaBOH yuacTH dopmy- 
Abt (1,8), He COMeP2xRHT BTOPbIX HPOH3BOAHBIX sarpaH2xKeBbIX KOOPAMHAT. 
TlostoMy MpH M3yYeHHM 9KCTpeMabHBIX cBOlicTB @yHkuuoHata V aaa 
JIMHCMHBIX HEFOJOHOMHEIX CHCT€M C TIOMOLIbIO dopmywtn (1,8’) He Hazo 
YUHTHBaTb YPaBHeHHA ABUXKEHHA. 


§ 2 


PaccMOTpuM Ba IpuMepa, B KOTOpHX dyHkuHnOHant V umeeT MUHH- 
MYM Ha N€HCTBHTCbHOM TpaeKTOPHM HE TOJIbKO pH MaJOM MpOMexyTKe 
MHTerPHpOBaHHA. 


ze [4] 


| BePTHKaJIbHOH OCH, MpOXxOomame uepes 
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a) J[BuxKeHHe MO HHEPUMH BLOM roOpH30HTaABHOM maocKocTH agpo- 


| CaHeH WM aBTOMOOHAA C YIVIOM pyaa B Buye 3ananHHoli (yHKUMH Bpe- 
menu Y(f). 


Ilyctb cuctema (x, y) HemOgBHxKHA M pacnomaraeTca B ropu3OHTasb- 


| HOM MVIOCKOCTH JBuxKeHHA CaHeli (puc. 1). OSosHauuM Yepes x Ht y KOOp- 
| AAHaThHl WeHTPa TAXKECTH CaHeH, KOTOPHIi NycTb wexNT Ha anuHuu AB. 


JInnux"AB nposogutca u3 onopHof TouKu nepelve ABDKH, MapammerbHO 
3aHMM JIbDKaM. 


TlomoxeHHe CHCTeEMEI ONPCTCIAeTCA TDEMA MarpaHKeBbIMU KOOP AMHa- 


| Tamu xX, y Hw %, re ©—yrou noBopora caHeit. 


Kunernueckaad 3Heprua CaHefi umeeT Bug [4] 


TF [m(e ty) +1 + heb + hi], (2,1) 


| rae m u J—coorsBercTBeHHO Macca ca- 


HeH HW MOM@CHT HYHEPUHH OTHOCHTeJIBHO 


WeHTp TaxKecTH; /) — MOMeHT HHeEpLHH 
mepeHeH XOMOBOH CHCTeMbI OTHOCH- 
TeJIbHO BEPTHKAaIbHOHM OCH. 

YpaBHeHHa CBA3eH, pa3peLeHHpTe 


OTHOCHTEbHO X HU Y, 3aMMUlyTCA B BH- 


x = (lctg pcos — asing) 9, 
(2,2) 


‘Pics D: 


y=(lctg bsing + acos¢) 9. 


3necb /—paccTosHHe MexAY ONOPHOH TOUKOH MepeqHeh «AbOKU U 
ONOPHOH JIHHHeH 3a4HHX JIbDK, @—paccTOAHHe WeCHTPa TAXKECTH OT ONOD- 
HOH JIMHHH 3aHHX JDK. 

B dopmywtax (2,1) u (2,2) cucrema wMeeT OHY CTeneHb CBOOOABI. 
B paccmaTpupaemom cayyae 2=1; R=2; Q=%; Wyy=X%s MWao=Y 
He oe J, 

B cuny dopmya (2,1) u (2,2) Beipaxenne (1,8) mpuHumaeT Bus 


2 Pie ine . 2ml cos UU. 2 42 led - 
a= (mit ctg?y + 1) (34)*— MESSY sabe + (MES 4 MAlPE) (a5), 
rae WpHHATO o6osHayeHne l=I1+ ma’. 
Otcrwoaa HMeeM 
; : ; a tad 
gi== ml? [ctg pde — ee a9 | +1 (89)? + = (9). (2,3) 


TlycTb WeHTp TAxKeCTH CaHeM He HaxOMuTCA Ha AMHUM AB, a CMeLeH 
Ha BeMUHHY @, B HampaBieHuu, nepnexsuKyapHom AB. 
B 9sTOM Cayuae CKOPOCTh WeHTPa TAH2KECTH UMeeT TPOeCKIWMH 


Vy = <x + .a49.C08 9, 
; Vy = yr aye Sin ?, 
Tae X HW Y— KOcpAUHATH! TOUKH Oy ABM AIOWLCHCA B 3TOM caryuae IIpOeK- 


wuel WeHTpa TaxecTH Ha AMHHIO AB. Benuynupl xX MY YAOBMeTBOPAIOT 
ypaBHeHHaM cBa3sen (2,2). ‘ 
KuneTnyeckad 9Hepriud 3amumietca B Bude dopmyapi (2,1), B KoTOpon 


3 ; 
x? + y® cnemyeT 3aMCHHTb Ha Uy+ Vy. Mbl MO1y4uM 
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T= [m (x? + y) + Le? + 2mayg (x cos ¢ + ysing) + 


of hooey a 154°] ’ (2,4) 
re /,= J+ ma*— MOMeHT HHeEpHH BCeX CaHeH OTHOCHTCbHO BePTHKaJb- 
HOH OCH, MpOXOAAwWeH yepe3s TOUKY C KOOPAHHaTaMH X HY. ; 

Bropas Bapvauua dyHkunoHata mpuHunna Famuabrona—Ocrtporpal- 
cxoro V B cuay dopmya (1,8) u (2,2) 6yzeT paBHa MHTerpaty OT BbIpa- 
2K CHHA | 

a= [m (Lctgy + a,)? +1] (69)? + 2maagdgog + ma,ag (2¢)’. 


TlonyyenHad (dbopMysa He no3sBouneT O6e€3 yueTa ypaBHeHHH BH KeHNA 
ClesaTb BLIBOJBI OTHOCHTCBHO MHHMMa@JbHOCTH dyHKUHOHaa V npn He- 
MaJIOM IIPOM@KYTKE HHTErPHPOBAaHHA. 

BuryncaumM B 9TOM cayyae 672 cormacHo 3ameyaHnio 2. Ha ocHOBaHHM 


dopmya (1,8’), (2,2) u (2,4) nonyaum 


ideals ; male: : = 

sin?U ae Se Gras a (d¢)%. (2,5) 

Popmyani (2,3) nu (2,5) moKa3bIBaoT, YTO Ld pacCMaTPpHBaeMOH 3aza- 

UH JIBHXKeHHA agpocaHeH HAH aBTOMOOHIA QyYHKUHOHaI MpHHWuna 

lamuabToHa — Octporpagzckoro npu ¢y > 0 OyaeT MHHKMAJIbHBIM Ha DeH- 
CTBUTeIBHOH TpaeKTOPHU Mp JIOOOM MpOMexXYTKE HHTEPPHPOBaHHA. 

B uactuoctu, mph }=O ypaBHeHua cBaseH (2,2) uNTerpupyloTca 

WM TpaeKTOPHH TOUeK CHCTeEMBI MpeActaBAaior COOOH KOHMeEHTpHYeCKHe ~ 

OKpyxXHOCTH. J[ByoxKeHNe CHCTEMEI BNOAHE OMpeeAeTCA ABH2XKCHHEM TOUKHK 

C(x, vy) aunnu AB. YpapHenue TpaekTOpHu yKa3aHHOH TOUKH HMeeT Buz [4] 


(x — C,)? + (y—C,)? =F ctg?y + a’, 
Ci = x,— Ictgvsing,;—acose%, C,=yvo +lctg bcos %— asin gp. 


Tak kak ypaBHeHHe TpaeKTOpHH TOUKH C He 3aBHCHT OT Hava bHOH CKO- 
PpOcTH, TO TpPaeKTOPHH TOUKH C He MMEIOT KHHETHYeCKHX Moxycos. Ilostomy 
(@yHKuHOHaT V MMHHMaJIeH Ha JeHCTBUTeIbHOM TpaeKTOpuu ua s1060r0 
TIIpOMeKYTKA HHTCrPpHPOBaHHA, H MBI NOTyyaeM NOATBepxXKAeHHe MpaBHb- 
HOCTH BHIBOMa, Clelyroulero u3 dopmya (2,3) u (2,5). 

Ecau 9p > 0, TO TpaeKTOpHa WeHTpa TAxKeCTH NpemcraBaaeT co6ok 
3aKPYUMBAIOWyIOCA CMpadb. BupTyaibHoe x#Xe NepeMelleHne B CHY op- 
MYJ 


OL =m) (icetgb + a,) oe — 


ix—=(Ictgpcos¢—asing) ty, x= dx; 


v= (lctgysing tacosy)&9, dSy= az oy 
mpesctaBsneT COOOH OeCKOHeYHO MaJbIii NOBOPOT Ha yroa NO OKpyxXHOCTH 
a ED Pa ea 
panuyca V ’ctg*p+a*, Orcioga caenyeT, 4TO KMHeTMUeCKad 9Heprua 
WeHTPa THKECTH CHCTEMBI OyAeT OObUe, CCH HEKOTOPHIH yuacToK Jef- 
CTBUTeCAbHOFO ABYXKCHHA 3€MCHHTb YK@3aHHbIM BUPTYabHBIM. 


Ecan gp <0, TO TpaexTOpuA WeHTpa TaxKeCTH MpezcTaBAaeT cobok 
packpy4nBalollyioca ciupaap. B aTom cayyae 3ameHa HeKOTOpOrO yuaciKa 
AeHCTBUTEIbHOrO ABY2KEHHA BUPTYAIbHbIM NPHBOAMT K YMCHBINeCHHIO KHHe- 
THUCCKOH SHEPrMK WeHTpa TaxectnH. MH mp HeKoTOpom BEIGope cKopocTu 
ABYW2KCHHA CHCTEMBI K HEKOTOpOH MyHkunH Bpemeuu ¢ (¢) BTOpad Bapualnd 
(pyukuvonana V na HeEKOTOPOM npomexyrTKe unTerpupoBanna (t,, t,) MoxeT 
OKa3aTbCA MeHbIWe HYAA. 
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JlelicrBurebHo, nycth gp <0, |e|>n|%|, 89 =a8(t), rne n —HeKo- 
(TOPOe NOMOKUTEMBHOE YNCNO; &@— OECKOHEYHO Maman HOCTOAHHAA BeVIH- 
anna; §(¢) — nexoropas @ynkuua Bpemenn, OOpallaioulaica B HYJIb Ha KOH- 
max mpomexyrka (¢,, ¢,). B cuny dopmyay (2,5) umeem: 


ee i t, 
eV <a? | A; | Pdt+A, | |06|dt— A, (an—1) | Pat}, 
h f . t, 


32€Cb NPHHATHI OOO3HAYeCHHA 
A, =nan6. (m(lctg p+ a)? +1’, 


. [ctgb + a,)¢| mlh2 
Aa y) ' | ( g 1 eee t 
. ml nano, Uae TLE A; = Haun. sin? 


JlerkO BUReTb, 4TO MPH OOKIX NOMOXKUTeADHEIX BemHuHHax A,, A,, 
as AAA JIOObIX BapHalni u m10060rO NpOMexKyTKa BpeMeHH, AIA KOTOPOrO 


2 

\ (dt He ABAAeTCA BeEAMUMHOM GecKOHeUHO MadOl, 3a CueT BHIGOpa ZocTa- 
i? 
| touHO Oombwmoro nm nomyuum eV <0. 
PaccMOTpeHHBIt MpHMep NOKa3blBaeT, YTO HapyWleHHe MMHMMaJBHOCTH 
IMyHKWHOHaMa V ANA HeETOMOHOMHEIX CHCTeM IPH HeEMaJIOM MpOMexyTKe 
}HHTeTPHPOBaHHA CeA3aHO KaK CO CBOMCTBAMH TpaeKTOPH CHCTeMBI, Tak 
c CO CBOHCTBaMM J\UMYCTHMBIX MpH oOnpezereHHn BapHwaynii no Bopouuy 
| IBY2KeHHH,. 

: 6) IIlpumep Anneuas. 

B paOote 1911 r. [5] Anneab mpnBoguT caenyioumi mpumep Hean- 
HeMHOH HePOJIOHOMHOH cBa3H. IlycTbh HOMKa Kpecia ONMpaeTca Ha Kpyr- 
/0€ KOMCCHKO, KaTAWeeCH 6€3 CKOADKEHHA MO FTOPH30HTAIbHOH MIOCKOCTH. 
KowecukoO Mp NOMOWM BYJIKH COCAMHEHO C HOXKKOM, MpHueM XOMYTHK, 
(KOTOPbIM OKAHUMBaeTCA BUJIKa, OXBATBIBACT HOMKKY MU MOKET CBOOOLHO 
HBOKPyr Hee BpamaTEcs. IlosToMy MAO0CKOCTh KOMeCHKa MOXKET NMOBOpayH- 
dBaTbca. Kpome Toro, KOJeCHKO MOXKET MOBOPayHBaTICA BOKPYr TOPH30H- 
jTabHol OCH, YKpeMeHHOH B BHJIKe,. 
| IlycTb KOJIECHKO COCAVHEHO Ip NMOMOWM HEKOTOPOH NepezayH, Haxo- 
AAuleHCA BHYTPM BHVIKH, C BEPTHKAIbHbIM CTEPKHEM, 3aKIOUCHHBIM BHYTPH 


4 
{ 


1 
HHO2KKU MW HeCYLIeM Ha CBOe€M KOHWe MaTepvabHylo TouKy MM, 
KoopaAuuaTh 8TOH TOUKH OTHOCHTebHO HENOABHAKHOK CHCTEMBI MYCTb 
HOyayt (x, y, Zz). TIpeqnomoxuM, 4uTO TocpesACTBOM Nepewayn ocymlect- 
IBIAETCA COOTHOMEHHE 


i 
5 


dz = bdg, 


rge b=const>0, ¢—yroa nospopota KovyecuKa. Mb, CaeqOBaTeAbHO, 
MpeanoaraeM, YTO BePTHKabHOe MepeMemenue TOUKU M nponopmMoHa.b- 
HO yray mOBopota KOeCHKa. 

Ecau maeyo BHJIKH MaO, TO KOOPAMHAaTbI TOUKH KaCaHHA KOJeCHKa 
Oyayt paBHBI KOOpAuHaTam x u y TouKOH M, CxemaTuyrto MOMeb Mph- 
Mepa yKa3aHa Ha puc. 2. 

[Ipu OTCyTCTBHH CKO/IbxKCHHA KOeCHKa OYTeM HMeTb 


Aas ee, 


rae r—pamvyc Kowecuka. : 
| Maccy m MaTepnaJIbHOH TOUKU MOXKHO CYHTATh DOCTATOYHO OOMbINON, 
a Mexanu3M nepemaun ufeabHbIM. B 9TOM Cayyae MOXKHO mpeHeOpedb 


MOTepAMH B MeXaHH3Me HM ero HHEpUNeH. 
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Mbt MpHXOMMM MO9ITOMY K 3afayue O TPOCTpaHCTBeHHOM ABU KEHHH 
MATepHabHOH TOUKH, CTECHEHHOM H@JIMHeEHHOH HEFOJOHOMHOH CBASbIO 


5 a ae (2,6) | 


re a= + const == 0; 

Uro6nl paccMaTpHBaeMadA CBA3b Oblla HeabHOH, CAeAyeT MPHHATb 
TaKOe ONPeAeeHHe BUPTYa/IbHbIX NepeMeMeHHH, MPH KOTOPOM BUPTyadb- 
HOMY MOBOpoTy Komecuka 69 OTBe4a- 
eT BUPTYaIbHOe Me PeMeMleHHe ILCHT- 
pa ré¢, mexKaulee B MOCKOCTH KOve- 
cuka. IlosTOMy HanpaBaeHHe mepe- § 
MeULeHHA FO¢ COBMadaeT C HallpaBse- | 


HH€M CKOPOCTH WeHTpa KOJIeCKKa VU, 
BuptyaIbHOoe BEKTOpHOe MepemMe- 

meHHe WeHTpa KOMeCHKa MMeeT Mpo- 

eKiHH 6x wu Oy, MO3ITOMY HMeeM 


IN —/ 
160. = COS (3 x| x + cos (UV, y) Sy. 


HampaBjaloljve KOCHHYCHI PaBHbl 


ee i’ Xx Bis 
cos (Vv, x)=——, cos Pent 
re 


Orcioqa Hatem 
rode = xdx + yoy. 


Jia WeaibHOcTH CBA3H CrenyeT 
TaKwKe CUHTATb, YTO 82 = bd. OxKoH-f 


Puc. 2. yYaTeIbHO HandeM 
1 — yBe CBOOOAHO CKOAb3ALIHe HOKKU. BN ae OS 
ig ee 
V 2+ y? 


Tlou1yueHHOe COOTHOWIeHHE MOKa3bIBaer, UTO PaCCMaTPHBAaeMaA CBA3b 
OyqeT UMeabHOH, CCAM MpuHATO ompemetenue H. [. Ueraesa ana BUp-f 


TYAIbHBIX TePeCMeCULCHHH. YKa3aHHYIO CBA3b MOSTOMY WemeCOOSPa3HO OTHE- 
cTH kK Tuny Ueraesa. 


Ms uMeem 

THE (+42), Lames, 
(2,7) 
| 


B cuay dopmya (2,6) u (2,7) Beipaxenne (1,8) sanucnrBaeTca B BUE 


cam |x)" + (35)7] + mat BEEII 


x22 


L=F (e+ y+ 2%) —mgz. 


nu 2ma® (yx — xy) (xdx — yby) (xdy — ydx) 

(x2 + y2)2 as 

g xx + yy \ (ydx — xdy) (vox — x8 

ni m(s +a aan: z_) CSB Gs = 9) ss 
x24 y 

+ mot a a xy)? 

(x? y?)3 


(x2 + y2)? 
(ydx— xdy)?. 
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B Bbipaxkenue Jd o BXOAAT X My, OSTOMY clekyeT HaHTH 3TH Be- 
VIMUHHI C MOMOMbIO ypaBHeHHH JBMKeHHA. 


YpaBpHeHwA jBuxeHHA Tuna C. A. Uanapirnua }1] 8 Jar pal 2K eC BBIX 
KOOPAMHATAX HMeIOT BH 


a or ee or ivr A) ar (ied Ok 
oe * at oq, 0g ; ves) 


HalleM C1yuae 
i=2, M=x*, d=), r=, G41 = 2; 


TH  m(1 + a?) (x? : 
ES Ce 22 see ee 
: VeLy? 
lik d y ' x 
9 =a =— mga = Q=— mga 2 
at 1 5 5 5 
V 2+ 52 Vey : 8 V 2+y2 
ByeM MosTOMy MMeTb Ba ypaBHeHua Tuma Uanapiruna: 
pe ey aka 
Bay Vere’ 
oe ay (xe yy). Bay 
xt y2 V 242 


Orciola HaxOJUM 
oe . ere ee o- . . a ——————— 
xy—xy=0, xx +yy=— oe V 2+y (2,8) 
BpIiCHHM XapakTep JBHKeHHA MaTepvabHOH TOUKH. Jia 9TOrO pa3- 
jpeliuM cooTHOmeHuaA (2,8) OTHOCHTeIBHO X UV 


epee! ek 00 Sie ae ae ak ee Rea yt ee) 
re Vape te arp 
Vuterpupya, uMeemM 
y=cx, c=const, y— al oat 


a 

v=Verty= note. 
ga? : 

a ce k 


Tpaexropuu touku M mpenctaBasior cob6oH mpample 
VireG—2)= 2 yy) 2 


mpHuem FHakKJOHBI K OCH X MpoekuMH TpaekTOpHi Ha TOPHSOHTAaAbHY!0 


’ 


MIOCKOCTh XY OMpemematoTca KOSPPULHeEHTOM c=, 
%o 
C nomompio cootHomenni (2,8) MpHxXOAHM K paBeHCTBY 


9 (xdx + yoy)? _ _ ga (ydx — xby) (ybx — xB) 
yx 2 $ 2 Oe (x03 Pee, a cae a ea 
= (8x)? + (By)? + ee ee: x 
(x2 + y?) 
He napyiad OOU[HOCTH, MOXKHO C4UKTaTh ABHXKCHHE TOUKH MPOHCXO- 
IAULMM B BEPTHKabHOM MIOCKOCTH, KOTOpad MpOXOAMT yepes OCb X. 
[lostomMy OyeM MMeTb 
; 2 gabdyoy — 
o= (1 + a?) (6x)? “te (éy) WCE wz, + a2)v ° 
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Mbt “uMeeM 


ty ts ; 
dysy 4, _ ( ad By)? 99 
j Brae — |e (2,9) 
os ¢ 
CkopocTbh WeHTpa KOMeCHKa UV MOHOTOHHO yOpipaeT. OTcioma ceayer, 
yTO BapHaluio Sy Ha mpomexyTKe (¢,, t,) MO%KHO Tak BbIOpaTb, YTOORLD 
unTerpad (2,9) Obl MeHbUIe HYJA. OfHakO JIA MOCTaTOUHO OOBUOLO 


2 


mpomexyTKa (t,, t;) MOKHO yka3aTb TakHe Oy H 8x, uTO | odt >0. 


ty 
Mp moKa3av, uTO B mpumepe Anneaa dyHKuuoHaa J He uMeeT MUHH- 
MYMA@ Ha JleHCTBUTeAbHOH TpPaeKTOPHU AA m1060r0 NpOMexKYTKa BPeMCHH 
ABYKeHHA. 


Summary 


It is shown that for the mechanical systems with non-holonomic con-f 
nections of Chetaev’s type in definition variations according to Voronetz’s,| 
the functional of Hamilton—Ostrogradsky principle has a minimum of they 
real trajectory for small regions of integration. 

Two examples are considered. 
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YUEF BUXPEOBPASOBAHHS! NPH CBEPX3BYKOBOM OBTEKAHHH 
PASBEPTbIBAIOWUHXCSH KPbIJIBEB 


B padore [1] 6n10 noctpoeHo npHOmxKeHHOe ananuTH4ecKoe peme- 
HH€ CHCTEMBI OOBIKHOBCHHHIX LupPepenWHabHbIX ypaBHeHHH, Mpeai02xen- 
| HBIX C. B. Baananzepom [2] qa cBepx3ByKOBOro OOTeKaHuA PasBepTbIBalo- 
“WUXCH KpblibeB. BplO MOKa3aHO, YTO 9TO PeMIeHHe ABAAeTCH peuleHHeM 
OOUIMX ypaBHeHHH ra30BOH JMHAMHKH,. YOBAeCTBOPAIOINHM YyCJIOBHIO O6- 
TeKaHHA WM YCOBHAM Ha BCeH MPHCOeCAMHEHHOM MOBEPXHOCTH pa3pbIBa Cc 
TOUHOCTbIO LO BeJIMYHH TPeTberO NMOPAAKA MAJOCTH BKJIOUHTCAbHO JAA 
BCEX Pa3BEPTHIBAIOWUXCA KPbIMbeEB UC TOUHOCTHIO AO BeHYHH YeTBEpTOTO 
NOPALKA MaJIOCTH BKJIOUHTeIbHO JIA TEX H3 HAX, KOTOPHIe MMEIOT Hywe- 
BYIO KPHBH3HY B HOCKe XOTA OBI OAHOFO V3 3aMaHHblX npodusen. 

HesBpiiouHeHue yCOBYH Ha paspbIBe NpH yueTe BeMuHH YeTBeEpTOrO 
NOpALKa MaJOCTH JIA KPbIIbeB, HMECIOUINX KPMBU3SHY B NepesHel KPOMKe, 
OTAM4HYIO OT O, NPHBOAHT K BHIBOAY, 4TO WA pelWleHHA MOCTaBeHHOK 
3alauH C TaKOH CTeNeHbIO TOYHOCTH HEOOXOZUMO Y4eCTb BUXPpeOOpa3soBa- 
Hue. 

B Hacroameh padore Haliwenbl WOmMpaBKH K THApPOMWHAaMMYeCKUM 9ve- 
MeCHT@aM, YUATHIBAalOWIWe BHxXpeOOpasoBaHue. CoorBercTByloulad 3THM 0- 
WpaBkaM KpaeBad 3a4faua CBOJNTCA K XapakTepHcTHyeckOH 3aqaye Kon 
iA BOJIHOBOFO ypaBHeHHA C TPeMA HE3ABHCMMBIMH TI€PeCMeHHEIMH, KOTO- 
pad pemiaetca 3aremM MeTOZOM Bowpreppa. 

Tak Kak KJaCC pa3BepTHIBalOIlMxCA MOBEPXHOCTeH COJepKUT BHYTPH 


| ceOA WHIMHApM4eCKHe MOBepxHOCTH, TO NOMy4yeHHOe B paboTe [1] H Ha- 


cTOAIWeH paOoTe aHamMTH4ecKOe pellenve 3ama4uH OO OOTeKaHHN pasBep- 
THIBAIOUMXCA KPbIIbeB ABAETCA ECTECTBCHHBIM OOOOWIEHHEM Pe3y.IbTaTOB 
A. E. Jlonosa [8], nomyueHHbIx NOCIeAHUM AIA WIOCKOM 3ama4un. 
HenocpexcTBeHHad MpOBepKa, CBASAHHAA C JOBOAbHO JVIMHHBIMM BbI- 
YHCICHHAMH TO Wpemvaraembim B pa6ote [1] u HacTonmeh pa6bore dop- 
Myiam upu p(t)—q(t)=0 yOexmaeT B CMpaBeAIMBOCTH 9STOTO yTBep- 
*K CHHA. . 


§ 1. Yuet BuxpeoOpasoBaHHA HW COOTBeTCTBYIOWaA KpaeBad 3afaua 


Jia yueTa BuxpeoOpa3s0BaHHA PaCCMOTPHM NapadeAbHO Be 3aayn: 
(1) — moctpoeHHe TeYeHHA paspexXeHHA OKONO pasBepTbIBaloulehca M0- 
BepxHoctu [2] (o606mjeHHOe TeyenHe IIpanataa-Maliepa) c TakuMM 3Ha- 
YCHHAMH PH APOMMHAMMYECKHX BJEMCHTOB Ha MepBOH XapaKTePHCTHKe, ka- 
KH€ MBI HMe€eM 3a paspHIBOM B TepeqHeli KpoMKe xkpbia, wu (II) — oOpbr4- 
HY1O 3afauy OOTeCKAHHA Pa3sBEPTHIBAIOWeCrOCA KPbla C NOBEPXHOCTbIO pa3- 
ppipa B nepeqHeh KPOMKe. 


Q* 
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B pa6ote [1] Ono moKa3aHo, ¥TO pemenne sanayu (I), KoTOpoe Ha- 
XOJMTCA C HOMOIbIO CHCTEMbI OOLIKHOBCHHEIX ZUMMepeHUMaIbHbIX ypa- 
puenult C. B. Baamangepa [2], 1B1aeTCA OJHOBPEMEHHO PelleHveM 3afa4u 
(II) qa nepBEIx Tpex npHOM2KeHuH. 

B yeTBepTOM pHOMxKeHHM, ecaH 3agauy (1) samucaTb C MOMOIIbIO 
ypaBHeHHli B YaCTHHIX MPOMSBOLHBIX rasOBOH AMHaMUKH 21d MONpaBoK 4-ro 
MOpaaKa, B MpaBblx wacTaxX OyMyT CTOATH 4eHBI 4-rO MOpAAKa MaJOCTH, 
COCTaBICHHbIe€ H3 pellleHuli B NepBbIX Tpex MpPHOAMWKeHHAX, YE U3BeCT- 
HbIX H 3aBHCAWMX TOJIbKO OT OMHOH mepemMeHHOH 7. 

B sagaue (Il) ypaBHeHHA B YaCTHBIX MPOWSBOAHBIX TasOBOH TMHAaMUKUM 
B 4e€TBEPTOM TPHOWKeHUH COepxKaT B NPaBblX WaCTAX YWICHBI YeTBEP- ff 
TOTO NOPALKa MaJIOCTH, COCTABJCHHBIe U3 NOMpaBOK K rHAPOAHHaMHMYeCKUM fh 
3CMCHTAM H€PBbIX TpeX IIpHOAMKeHHH, UPHYeM Takue 2%Ke KaK MH B 3a- B 
maue (I), 160 Mbl MoKa3samu [1], uTO B MepBbIxX TpexX MpHOmM2KeHMAX pe- Ff 
menua OOeHX 3amay coBnamaior. JleBbIe 4YaCTH CHCTeEMBI ypaBHeHuh aa 
HOnpaBOK yeTBepToro NOpauKa B 3afaye (Il) HMeloT TOT %e Buz, 4YTO UF 
B T€pBOM IpPHOJIMKeHHH. i 

BpizeIMM B MOmpaBKaxX YeTBepTOTO MopsAAKa K THApOLMHaMuUeCKUM |p) 
3I@EMeHTAM, CTOALJMX B JI@BLIX 4YaCTHX yPaBHeHHH 3agauu (Il), “actu, co- { 
OTBETCTBYIOWNMe pelleHHio 3aqa4uH (1), 3samMcaHHOH B Bue ypaBHeHHH Bi 
YaCTHBIX MpOW3BOAHHIX. Torfa WOOaBKM K 3THM uacTAM OyyT yoBuert- 
BOPATb Y2KE OLHOPOAHOH JMHeEHHOM CHCTeMe ypaBHeHHH B U4aCTHBIX IIpo- Hf 
WU3BONHBIX, COBMaaiolleH C CHCTeEMOH NepBoro NpHOWKeHHA. | 

IIpousBoqa Takoe xe pasOneHHe HoMmpaBoK yeTBepTOrO MOpayKka Ha B 


Be uaCTH B YCIOBHAX Ha NOBEPXHOCTH pa3pbIBa H B YCAOBHH Ha OOTe- 


KaeMOM MOBEPXHOCTH, MOJYYHM KpaeBHle YCOBHA Jd OOaBOUHBIX cua- § 
raemplx. KpaeBad 3afaya WIA 200aBKOB, YUHTHIBAIOWMX BUXpeoOpa3z0Ba- fp 
HHe, PellaeTCA CAaMOCTOATEAbHO. | 

VMrak, CormacHo BbILIeH3102*XeCHHOMY, IpeCTaBMM Oe3pa3MepHEle ruspo- 
AMHAMHYeCKHE 2JIEMeCHTHI B 4-OM TIPHOM2KeHHU B BU: 


4 4 4 
La | ++ X Xt); y= we : ro) Mw; 
n=1 Say 
4 


n=1 
4 
t=0,+¥ 1”. » =1 ae ow”). (1,1) § 
n=1 n=1 
ibs : Diese hotis o= Pye yep ea’, 
0 0 0 


kM, ’ eVe ’ Po ” 
roe XY?, 249, 22, 1, o” ~o(¢”). Bnech t—Tanrenc yraa HaKaona Ki 
-MJIOCKOCTH Y==0 JMHMM MepeceyeHHA KacaTebHOH MIOcKOcTH K moBepx- f 
HOCTH Kpblula, MpOBeeHHOH yepes ee OOpasyriolllyw, C MIOCKOCTHIO z=} 
= const. Pa3pepTbipalollaacd MOBeEPXHOCTh Kpbla CTpouTCA MO ABYM MIpo- }) 
(PUAAM, PaCNOAOXKeHHBIM B CeYeHHAX (puCyHOK) 


z= [x = 9, (¢) =—1f/x=%, (Cf) 
Cy=e(d ee Miers 


B jaibHeiliemM O603Ha4eHO 


P(t)h=9, (t) — 9, (2), 
q (£) = v2 (t) — 92(2). 


J{ia TOHKOFO, C1a60 M30rHyTOTO pa3sBepTEIBalolleroca Kpblia C OCTPbIMH |” 
KPOMKaMH IPH MaJIBIX yrviax ataku ¢< 1 — ocHOBHaa Mawad MepBoro no- JI 
pamka. CumBosiom o(¢"), kak uw B paG6ote [1] o6o3Ha4ueHa BeanuMHa, NO- |) 
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PAHOK KOTOPOH He Hue, YeM t”. Voe,, My—cKopocTb, MIOTHOCTh M 4H- 
cio M B waGeraiomem motoxe. 4%, 7) 2”, 1, wo” npn n=1, 2, 3— 
M3BeCTHHIe PYHKIMM H3 pewenuA 3anauu (1) B Tpex npHOmMxKeHUAX [1], 
Ne aA MM, 1) wo — ycxomne (PyHKWHM YeTBeEPTOTO MOpsAyKa MavJo- 
cTH. Tepenp TOJIO2%KUM: 


Tey eT Ve 


ay = dy) +S 
he he 22), 

m = mi? + 11”, ee) 
ie aan Gta OR 


4 4 4 4 4 ° 
rae ee Wee oe rf - w\) — napecrune ®yHKOMN NepeMeHHOH ¢, NOyueH- 


HBIe U3 pemenua 3agaun (1) u mpuBemeHHEIe B padore [1]. AW, As?, AP, 
m1, o$” — ncxomere @YHKUMU OT XxX, Y, Z, 
VUMTHIBaIOIwue BuUxXpeoOpasoBanue. Jha 
| ymoOcTBa OyqeM ux O6O3HAYaTb MpocTo 
yepes hy, hy, hes Il, ®. 

Ha OCHOBaHHH BbIMeH310#KeCHHOLO, JIA 
BUXPeBbIX MOMPaBOK K fTHAPOAMHAMMYeCKUM 
Q@M€HT€aM B UeTBEPTOM TIpHOMKeHHH 
MMeeM CJleAyIOWly!Io AWMHeHHY!IO OHOPOL- 
Hy!O0 CHCTeMy ypaBHeHH B YaCTHBIX Mpo- 


W3BOJHBIX B OeC3Pa3MePHbIX BeHYHHAX: z zf 
Pome 8d), fen = bola, Ol de. 4 Ole Ohy "Ole 
eee al Me aay =o ag geil Gera i ieg ye igs ee 
2 OIL Ow 
Mo 5, — 57 = 9: (1,3) 


WH Ce LyIOUlMe KpaeBble yCOBMA Ha MOBEPXHOCTM pa3pbiBa: 
1 


tee = -—hy + H,(x, Z), 
Vuj=1—p) 7 
h = et Seo), +H (x, Zi, 
ae) ae 
Tl = —)A, + Ay (x, a): (1,4) 


o= — Mohs + H,(x, Z). 


Snecp H;(x, z) npu i=1, 2, 3, 4 npuBezenn B pa6ore [1] (coorsercr- 
BeHHO (opmyal (5, 19), (5, 20) (5, 21) uw (5, 22)), a dynKunn Ay, Ay, Az, 
Il, © MOXKHO BHYMCIATH Ha XapaKTEPHCTHYECKOH MIOCKOCTH HEBO3MYILeH- 


HOrO HWOTOKa 
os X= Pie 
Ba 


io Va 1 eer - 
OwMOKa Mp 3TOM MMeeT NATH MOpAAOK MasocrTH, 
Nn=plt)y=h (¢,) — 1 (4), 


rie t, 3HaueHHe Mapametpa ¢ B mepesHeH KPOMKe. 
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YcnoBue o6TeKaHna [1] 
My = AS? + (q— tp) 


c yyeTom (1,2) macr ycaoBue Ha MOBepXHOCTH Kpbia Win PYHKUMU Ms 
KOTOPO€ MOMXKHO OTHECTH K HAOCKOCTH y=O, CoBepliad MpH 3TOM OWMOKy 
MATOFO MOpAAKa MawJOcTH, 

hy =O np y=0. (1,5) 


YROOHO WIA LaibHehwero KpaeBble ycrosua (1,4) 3anucaTb B mepemMeH- 
HEX y, Z 


_,=— Wrarae + iy (y, 2), 


= Soran + f(y, 2), (1,6) 


ee es 
Le MP, + Fi, (y, 2), 
pH a= VM ee Vee (17 
M3 nmepporo ypaBHeHua cuctTembl (1,3) cpa3y no7zyquM 
eS eee (Sele 


roe f(y, Z2)—npou3BoibHaa PyHKMMA, KOTOPad Ha OCHOBaHUM TpeTbero 
M3 KpaeBblx ycoBul (1,6) umeer Bug 


T(y, 2)=Hg(y, 2). 


Il=—i’, + As (y, 2). (1,8) 
Ilatoe ypaBHeHHe BMeCTe C NepBbIM ypaBHeHueM cHcTeMbI (1,3) maeT 
ia a= VEE I ¢(y, 2), 


rae 9(y, Z) — npou3BoibHad. PyHKUMA, KOTOpad Ha OCHOBaHHH 4eTBeEpTOTO 
M3 KpaeBHIX ycoBMh (1,6) umeeT Bua 


Tie. o(%, 2)=Ai(y, 2). | 
= — Mx + Aa (y, 2). (1,9) 


TakuM OOpas30m, 


Torga octajbHbe 3 ypaBHeHua cucTempl (1,3), yuntTptBaa (1,8) u (1,9), 
MOMHO 3alucaTb B BH: 


Ohy hs Ohy 2 OHs(y, Zz) ___ 
Ox oy oy 
On Oe Wek Om 2) 


Be EU yy (1,10) 


(Mi cailogcn ae e 


Ha oOcHOBaHHM TepBbIX AByX ypaBHeHH cucTempl (1,10) MoxkHO HamNcaTb 


2 
he + Hs(y, 2), 
my 
ly= et (1,11) 
09, 
2 "Oz 


i, — 5 + Aly, 2). 
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TKy la 
O®, (x, y, Z) __ OD (x, y, 2) 
Ox oe oes Gall 
WIM, HHTeErpHpya no x, 


oe = ®, (x, Jy; Z)= ®, (x, y, 2) Herts 2s 


ne F(y, z) — mpouspoibHad dyHKunA, NOoAMexalaa onpeszesennw. 
603Ha4uuM 

®, (x, y, z)=@(x, y, 2). (1,12) 
Torja 
D, (x, a zZ)= OM, V5 2) Ey, z) 


O® 
hy = Bet es os 


Sept (1,13) 


Tlonctapaaa (1,13) B TpeTbe ypaBHenue cucTembl (1,10), nomyauM HeOZHO- 
potHOe BOJHOBOe ypaBHeHHe JA Onpewenenna PbyHKnuu D(x, y, Z) 
2b Pb Pb PF 


(Hales eee ey (1,14) 


lloncraBaaa Tenepb (1,13) B mepsppe apa u3 ycoBnh (1,6) u B ycoBHe 
(1,5), Nomy4uuM KpaeBble ycnoBna gaa dyHKoun O(x, y, 2): 


o® o® 
=< Gan ee nied) o)— 115% z), 
Ox Vane eis ; (1,15) 
coer Pi A 2 
See es shee? 
mph «= VM?—1—p? y+ pz 
o® 
ul ae npu y= 0. (1,16) 


‘O6o3HauuM 3HaueHve D(x, y, Z) Ha XapaKTepucTuyecKot mmocKocTn (1,7) 
yepe3 O(y, 2). 
‘Torga 


®(y, 2)=&(VMi—1— py y+ pz; ¥ 2), (1,17) 
dB (y, 2) — dy + de = (24 2V mM — 1-97 } dy + 
at (3 + Pi az) dz. 
VUau, wa ocHopanuu Kpaesbix ycaosun (1,15), 
dy 4 Pde=[A(y, 2—Hsly, \VM—1—pi dy + 


+|5F + Hal, 2) + Pi (Hi (y, 2) — As (Y, z)) |az 
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OTKY la D 
= lH (y, 2)— Hy, IV Mo—1—pr , (1,18)|] 


ea 4 ly, 2) +a (0, 2)— Ay, 2). (1,19)|f 


Vuterpupys (1,19) no 2 or O go Z, no”y4uM 
O(y, z)=Fly, z)+ 


+ | (Haly, 2) +P, (ils Hay, 2) dz +900), (1,20) 8 


roe ¥(y)— npou3sBo1bHad PyYHK UMA. 
Van, qupdepeuyupya no y, 


> OF , oF 
=F + oy | (Hay, 2) tps (Hh (52) — Bs O 2))) de 8 3), 
oTKy#a, Ha OcHOBaHHH (1,18), Nony4uM 
Fe) zZ 
set oe | ay. 2) +01 (Ai 0, 2)— As, 2) de + 4'(y) = 
0 


= (A, (y, 2)—Ag(y, z)] VMs —1—pi 


IIpounrerpupyeM nocieqHee paBeHcTBo m0 y oT O go y 
F(y, 2)+ [[Aa(y, 2) +a (y, 2)—Ag(y, 2))] dz + ¥(y) = 
0 
a 
=V Mo —1 —pi | (4, (¥, 2) —Hg(y, 2)) dy +X(2), 
0 
roe “(z) — npousBobHad PYHKUUA. 
Orciona Haligem dbyukunio F(y, Z) 


= SY 
F(y, 2=V Mo—1—pi [ IA, (y, 2)—Hy(y, 2)] dy — 
0 


—{[H.(y, +P, 2)—Aaly, Didz-9O)+%(2). 21) 

(0) 
Tenepb, nogctapaaa (1,21) B (1,20), nomyaum BpIpaxenue naa pyHKOMM 
b(y, 2) 


0 


Bpejem BMecte (x, y, Z) HOBy!IO HeH3BeCTHYIO dyHKynIo W(x, y, 2) 
mo dopmywe 
W(x, y, 2) = P(x, y, Z) —X(z). (1,23) 


llogcrapiaa B ypapHeunne (1,14) dopmya (1,21) u (1,23), nonyyum Bo.w- 

HOBO€ YpaBHeHHe, KOTOPOMY JOKHA YOBMeETBOPATS PyHKuuAa W(x, y, 2), 
2 ew @e2W ew 

(Mo— 1) a7 egy paige ae nes (1,24) 
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PA€ 


Sees Ae OS 
2(y, = VM—1—p? a2 | (h(a, z)—H,(y, z)| dy — 
0 
(6) 
get — ae sy) 2) + pi, (yy, z) SH, yy 2): (1,25): 


Kpaepre ycaosua qua pynKkgun W(x, y, z) nomyuum us (1,16), (1,17) 
u (1,22) c yyetom (1,23): ee enOay HAC IG) ata) 


Fae EP aD, (1,26) 
= aoe y 
W(x, ¥, 2)=V Mo —1— pif [M(y, 2) — A (y, 2) dy 
0) 
npa «= VY M?—1—p?y-+ p.z. (1,27). 
Kpaesyio 3amayy (1,24), (1,25), (1,26), (1,27) moxnHo cBectu K XxapaKTepu- 
cTnueckolt safaye Kommu. [na sToro onowHMM 3aqaHMe yHKuUH 
W(x, y, Z) Ha mmockocTu x= YV M?— 1 — p? y+ pyz, vt. e. (1,27), 3a- 
manvem W(x, vy, Z) Ha CHMMeTPHYHOH MIocKOcTH «= — V Beye Wl te 
+ P\Z, 4 UMeHHO: 


aa 
(x 2) VW 1 ap? ( [H.(—y, 2)—Ay(—y, z)] dy, (1,28) 
3 


up x=—VM—1—p? y+ pz. 


Kpome Toro JoonpezeimuM Qaia y< 0 cBOOORHHIM w1eH B ypaBHeHun (1,24), 
3afaHHh tia vy > 0, no1OoxuB 


a2 7 


Q(y, y=VM—i—pi =; | [A (—y, 2)— Aa (—y, z)lay— 
(0) 


3 : 
Se ae ia 2) ps | (_Y, 2) “H,(— 9,2) |} pay <0; (1,29) 


Torga dyHKuun W(x, y, Z) OymeT ueTHOH OTHOCHTeIbHO y, H yCJIOBHe 
(1,26) 6yneT BEIMOAHeHO. 

TakKuM OOpa3oM, AIA OTHICKaHuA cbyHkuuH W(x, y, Zz) HYxKHO pe- 
IUHTB BOJHOBOe ypaBHenue (1,24) c yyeTom (1,25) u (1,29) npn saqaHHbIx 
3HayueHHaXx (yHKunH W(x, y, Z) Ha DBYX XapaKTePHCTHYECKUX MIOCKO- 
crax (mepBoro uM BTOporo ceMeHcTBa), BHIXOAAUIMX U3 MepewHeH KPOMKH 
Kpbia. Peutenne 9TOH mocteqHeH 3afaqu, BHIYHCIeCHHOe AA y= 07M 
jaeT HaM pellenue nocrapaeHHot s3amagu (1,24), (1,25), (1,26), (1,27). 
Tlocae Toro, Kak OyyeT waligena dynKuua W(x, y, 2), BeMUHHBI hy, Ay, 
hz onpezeaum na ocHosaHun (1,13), (1,21) u (1,23) m0 dopmyvtaM: 


OW Poe 
hye= 5, tay, 2), 
OPI 7 (1,30) 
ga 


ees A ee ee SP eS J 
petal aaa Yi Seer =e | UA (y, 2) —Hs(y, 2)] dy + 
0 


+p, [A,(y, 2)— As (y, 2)| + 42 (9, 2). 
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§ 2. Peurenue Kpaesouw 3aaun 


BBOAA HOBYIO NMepeMeHHYIO 
x 
a 
Viera 
M OOO3HaYaA ee CHOBa uepes x, 3amMlem ypaBHeHHe (1,24) B Buze 


ew 2W ew _ 04 
Spibm oie aa Gea ew eee z), (2,1) 


rae 2(y, 2) Bbipaxaetca dopmyaamu (1,25) u (1,29), u Kpaesble ycroBuaA: 
d y 
W(x, y, 2) =VM—1— ph (IO 2)—Fa(y, adv 2,2) 
: 
La 1 Ree 
me eee Pris + pz] (1); 


Wee), DSi wien \ i, (—y, 2) (2) av Ce 
0 


mpi ae (—VMi—1—pivtaz) (i. 


Pemenue sagauu (2,1), (2,2) u (2,3) sanumertca B Buge [4] 
. 1 o ‘ ow oV 
Pen tesa iL (Uae fever] 
D 


ST+ Sy 
Smecb 


V=In| GaaF 1424), (2,5) 
rae 


FV EVN) ee eee (2,6) 
(Xo, Yo, Zo) — TOUKA, B KOTOPOH BEIYMCAaeTCA 3HaYeHHe HCKOMOH yHK- 
nun; S; u S|,— cooTBeTcTBeHHO YacTH naocKoctel (1) ama y>O nw (Il) 
naa Y<O, HaxXOMAMMeCA BHYTPH XapaKTePHCTH4eCKOrO KOHYCa, BbIXOAA- 
UlerO ¥3 TOUKH (Xo, Vo, Zo). XapakTepucTuyeckui KOHyc ypaBHenua (2,1) — 


oo Tv 
KPYrOBOH KOHYC C yrMOM MOAypacTBOpa, paBHbIM —-, HMeeT ypaBHeHHe 


(¥ — Yo)” + (2 — 29)? — (x — Xo)? = 0. (2,7) 
IIpuyem GepetTca Ta MOJIOBHHa KOHYCa, KOTOpad OOpauleHa B CTOPOHY 
yOpiBalollnx 3HaueHHH x, D—o6anactb npocrpancrBa, OrpaHwueHHas KO- 
H)com (2,7) wu maocKocTamnu (I) u (Il). 
Hlanee, ¥— KOHOpMaulb Ha mMOoBepxHoctu S,+ S,. B manHom cayuae 

cos (vy) = cos (ny), 

cos (12) == cosine), ‘ 7 (2,8) 

cos (vx) =— cos (1x), “hid 
T. @. HaNpaBJIeCHHe V ABAACTCH 3ePKAbHBIM OTPaxKeHHEM B TMAOCKOCTH 
Xx =(Q HanmpaBleHHA BHeWIHeH HOpMaH mM K NOBepXHOCTH, Ha KOTOpOH 
3aaHbl 3HayueHuA PyuKuun W. 

SaMeTHM, 4TO pemenne (2,4), yROBAeTBOpsIOMlee yCAOBHAM, 3amaH- 
HbIM Ha YIvIOBOM HayvaIbHOH MOBeEPXHOCTH, KOTOPad COCTAaBJeHa H3 JBYX 
Ne PpeCeKaloulMXCA XaPaKTCPHCTHYECKHX MOCKOCTeH, YAOBJETBOPAeCT BOVIHO- 
BOMy ypaBHeHuio (2,1) Kak mpegeabHOoe pemlenve sToro ypaBHeHua. 
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Hicxoza 3 Toro, 4TO AAA onpeneneHua paBAeHUA B TOUKe (oan Voreea) 
HYKHO uddepenuupoBatTe dynxrnio W (xy, Vo, Zo) TOMbKO HO  yoopnn: 
HaTe Xo MU 4TO HaC MHTepecyeT NaBeHHe Ha MOBepXHOCTH Kpblla, MOACUN- 
TaeM 3HayeHue PyHKunH W (xy, Vy, Zo) UpH yy=O0. Tonaraa B (opmywe 
(2,4) Yo =0, mpousBoaza mpu stom MHTErPHpOBaHHe B TPOMHOM uHTerpase 
MO KOOpAWMaTe X MW MCHOb3yA TOT PakT, uTO Ha MOBEPXHOCTH XapakTe- 
puctnteckoro KoHyca 


X— Xp _ 


~=—1 uV=0 


| MH BCe NOABIHTerpavIbHEle PYHKIMM ABAAIOTCA YETHDIMA CPYHKUHAMH OTHO- 
CHTEJIbBHO Y, TOYUMM * 


W (Xo 0, 20) = 25 \f (vse Ww) as — 
Sy 


= [focal [VE 


X;— Xo (x;—%)2 
— a*| + jy eases = | ds.) (2,9) 
-OeCb 
= (x — x9)? x —x 
v=in| V r2 1— r | b) (2,10) 


W(¥, z) u Q(y, Z) matorca cooTBetcrBeHHo dopmyaamu (2,2) u (1,25); 


1 2 on 
4 = Mo— 1— + piz); Pala 
I V we = Wie 0 Pil Pi ( ) 
6, = 9, — mpoexuua o6mactH S,=S,, Ha naocKkocTh yz. Hanpapaeune y, 


ompeleiaemMoe dopmyzamu (2,8), copnagaeT c OOpa3y!oluluMu xapaKkTe- 
PUCTHUeECKHX KOHYCOB HEBO3MYIMEHHOFO MOTOKA, MO KOTOPHIM OrHMOalomlad 
xapakTepucTuyeckan WoOcKOCcTb (I) KacaeTca ux. 


CremopaTeibHO, ecm 3afana dyHKuua W una xapaKrepucTuyeckon 
maockoctu (ycaosue (2,2)), TO usBecTHa Ha HeH WM MpOM3BOAHAaA 9TON 


dyHKUUH ove 
ey aKG ov * 
PaccMOTpHM NOBeEPXHOCTHHIM HHTerpal 


h=({ (vg —w 4S. (2,12) 
Sy 


Yqoouo B untTerpawe /, pH BHIYMCMeHUM NMOAbIHTerpabHOH pyHKuuu 
WM OOacTH HHTerpupoBaHHA TepelitH K HOBbIM OCAM KOOPAMHAaT, CBA3AH- 
HBIM ¢ HocKocTblIo (1). Hayaio0 KOOpAMHAaT OCTABHM IIpe@2%KHHM, a 3a OCH 
BO3bMeM ©, v H Pp, Te HallpaBseHHe v ONMpeedeHo (2,8), » J1e2KHT 
B xapakTepucTuyeckoH maockocTH (I) MH NepMeHANKYAAPHO ¥, © —— HepneH- 
ukyaapHo maocKkocTu (1). Opwextaunio ocel ©, v HM p BO3BMEM TAKYI0 
“Ke, Kak y ocef x, y, 2 (CM. pHCyHOK). 

Torga Jaa mepexoga oT crapblx oce K HOBBIM MMeeM CAeYIONIME 


OpMy.1bI: 
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Baie oy 
Tee 
Viae 27: 1 — pr Pi 
LL = (» —v)— +p, 
y2V M1 V m1 | (2,13) 
V 2 vn 
Pi 0 1 
SS SSE (w — v) + —_— 
V2V m1 Va 3 
XapakTepucTuyecKkad miocKocTb (I) B KOOPAMHAaTaX ©, ¥,  SaNMLWeTCA 


B Bue 
=O. (2,14): 


Tlepexoaa B.uuTerpane (2,12) K KOOpa~MHaTaM vy Hu p, TOb3yacb (2,13) 
u (2,14), noayyum 


by 2 (B) 


ow OV 
Nes [ ap | (Vig WG) a (2,15): 
bs %, (p) 
SEC 
_ V=V(p, v3 Xo, 20); W—= Wp, y); 
% (1) = TEL b— ypasnenne mepeqHe KPOMKH; 
My ly 
: oV MIF , | | 
== ee ee 
(v) v3 Pi oa) [2 st Zo ) 
2 


—ypaBHeHHe mapaOoub, saABIAIOMeHCA TepeceyeHHeM xXapakTepHcTHye- 
cKoro KoHyca (2,7) c maocKocTbl (1); 


. 


Vier Vae=1 
2 ea (2 — Xo); 
V M15; (2,17): 
V a1 =p 
: : (Zo + Xo). 


Pa ea oe eee 
2 2 
V m—1—p? 
Tak Kak B MepemHeH KpomKe W=O0, a na xapakTepHCTH4eCKOM KOHYyce- 
V=0, uuterpat (2,15) MoxHO mpeqcTaBHTb B Bue 
Bo V9 (») aw 
i= 2\ de | par (2,18): 
by (B) 


IIpoguddepenuupyem unterpar (2,18) no mapamMetpy %X,. Tak Kak 
V(e, v2 (4)) = 0. 


2 vs 
V (i v2 (p)) VMj—1—Pi 
Ae See 
_ V 0 mine 
2 
V me—1 


ow 
ul yHkuua OrpaHvueHa, HMeemM: 
VHVy 


Ola oV aW 
in = >|) ome oe oS: (2,19) | 


0 
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Srecb ; 


SRA a 
ee a ger re ae 


ra 


as Loe eRe Or 2 
. V Mj-1—p; . Pi v + Py ol oe vane 
po aan PR aaee -=/ 479s OF 
VoV Meat oy ei V3V M1 V m1 


Oe ial A RED: ' PP 1 
y WIR ( se Lae I teens Sie Mees be 


V Mp—1 =r} 9, +, V M1 
F ' UCL Saar BIE 2! 
ws MP, ar Py V Ma —1—p? : 
— Sy eee en ee he 
"TEV MR VM—1 
————— 7 F 2A 
(V Mj —1— pie, +P; V M5 —1 1) 
cee eee MR 
ra PiP, Py V Mj—1—p; | 
——— ss ——————————— 
" VIVa=1 V My—1 
au Re ———— or 
(VM —1— pi 9) +, V Mp1 2} 
— | 4 ar|* 
V M3 —1— 2; Mo Ls Py (Mo —1— pi) 
; at SSE eae k 
Of elise, peter 
Me SV 1 V Mi! 
% ay LS Oe 
aS 7 | Saar o| e 
: 4 Mj —1—p; PP 
Mo 9 9 
ee Mop pi) 
4 2 2)3/2 
(Mo—1— pi) ; : 
ceaneipae 8S 8. 
( PRA — ih Pik (2,23) 
10 pe 
L/h oe Mo 2 ee A 
eee 
(Mo—1 — 27) Pry 


+K, "Ne 


(2,22) 


rye 


Bb] 


| bee 
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B 
K=-% (42) ee ih 
= — 5) 2 72 
6 Moai apy 

12 3 

t VRS Mo 2 ty 
Ki=3¢ (= —___"__,(Mc—1) ——5 5 
(Mp—1 — pi) 


Tlonctrapiaa B (2,19) BEIpPaxeHue oY , (2,21), (2, term 


Xo V( y ee 4 
(Fa-4) ot 


NOJy YUM 


Oe OW = Ns gs) (Oe 
aie fv 2 pxmereres » Vao=s | a 
we or 


ol 
M3 Bpipaxenua (2,24) BugqHO, ¥TO MHTerpal Jur WBaAeTCA HeECOOCTBEHHBIM 
0 


HHTerpaJiOM, TaK Kak NOQbIHTerpadbHad CyHKWMA OOpaliaeTcA B O€CKO- 
H€YHOCTh Ha YacTH rpaHuub oOwacTu S,, T. e. mpH v=vo(p). Laas ompas- 


| 
WaHua nad Pepen eee uuTerpama /, 10 MapaMeTpy Xo NOKa2KeM, YTO | 


MHTerpad G~- PaBHOMEPHO CXOMTCA OTHOCHTEABHO Xq.. PaCCMOTPHM 

YQ () ow 

ov 
dy, 2,25) 
5 V ¥2(¥) —¥ @; ’ 

Y, (p- 
uo mycTtb A = max | ~ ie A. =.0 
Tora 

ow 

Ov A 


Vaw—| Yue? 

HM 10 mpH3Haky Koumim unrerpaa (2,25), a caegopaTebHO, u (2,24) cxo- 
JMTCA AOCOMIOTHO HM MPHTOM paBHOMePHO OTHOCHTEbHO X), TAK Kak 
nOcTOAHHad A He 3aBHCHT OT X,. Tellepb pacCMOTPHM BTOPOH MOBepxHO- 
CTHbIM MHTerpad, BXOAAMNH B Popmyay (2,9), 


= Oty err (er 


re 
9] (Xo) 


=e ey oe —1} a (2,26) 


Smech x, onpeneseHo opmynoli (2,11), u oOnacTb (x) uMeerT CBOMMH 


rpaHhwaMu MpOeKUHIO TepewHel KPOMKH Ha MIOCKOCTb yz, T. e. y, =O, 
M MpPOCKUMIO JIMHHH MepeceyeHuA XapakTepucTuyecKoro KoHyca (2,7) 
c maockocTblo (I), T. e. napadouy 


1 = 
y2(2)=7 |— (Cz + D) + V(Cz + DP —A(B2 > 2Ez FI, (2,27) 
rae 
joo pa Mo—1=Fi oe eee 


Ma alee oe Lee (2,28) 
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IIponuppepenuupyem unterpaa (2,26) no mlapaMeTpy X , HCnOb3ya TOT 
akT, 4TO Ha NOBepxHocTu XapakKTePHCTHYeCKOFO KOHYCa <= =— |, 


T. €. B JaHHOM ca1yyae 
xX; — Xo | 


=e 
+ - Iya, (2) 


sf Gam 
] xX} — Xo xX; — Xo xX] — Xo 
Aya (z) + Cz + D | r in(y/ r2 saat ae r )+ 


me /°s Al Gis ie 4| ore 
V=Vy (Z) 


mpu Ay.(z) + Cz La O, uw dyHKuua 2(y,(zZ); Z) orpanuyena. Tlonyuum 


ol. 
aa |) 2 Vi 2) rox 
ail 
yp Gi est “(x — %0)? m0 (x; — Xo)” 
DX Oxo | Ps In l/ 72 1 el yf Shas 


BumoiHad LuddepenyupoBanne MO 3HaKOM HHTerpasia C yyeTOM Toro, 
4TO X, H€ 3aBHCHT OT X), HMEeM: 


he = hy a0 Z) VA) 2 Xo <2) a yaz. (2,29) 


ef 


Snecb dyuknua V(y, 2; Xo, Z) onpemetena copmyaot (2,10) mpu 3Ha- 
YeHHAX X= X,, BHIYHCAeCHHBIX 10 (2,11), u 


— (KV MB = 1 — pit 2K,) pips H+ 


a See ah 
a0 (K, Pe PP Br ae as 


13 
Q(y, 2) = Ki PP ame 
1 1 


ae 
HS 9K, V Me 1 — pi— 4K) pipr ue vali 
+ pz 
12K, Sa a 3 ( 9% 7 ae 
4ORG es A2. See AS + Kis 4 afk Ad? (2,30) 
Trwe - 
d= V Ms—1— pi( 9, +212) —AiPiy. (2,31) 


Tocrosuusie K,, K,, K,, K; ompegessiorca no. popmyaam (2,23), a Kg, 
K;, Ks, Kg—n0 opmysam: 


8 
k+1\2 Mo 3 
K(f pai 
: neta 
1 /k+1\2 Mo 2 1 
K=7(-7-} Ree SAL [3Mo— 4 (1 +p; )| Py th, 
2\ 4} (Mj—1—27) 
» op (2,32) 
k+ oP 0 f 
peER hey nla P,Pi hi, 
Kg ( 4 (m3 ize ae 3 
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em 3(E) Geen’ 


3ametuM, uTO uddepenuupoBanue uHTerpana /,(x)) MO MapameTpy Xo 
BO3MOMKHO MOM 3HaKOM MHTerpada, Tak Kak MObINTerpalbHax MyHKUMA 
B (2,29) we umeer oco6enHocteli. JefictButenbHo, dynkKuna Q(y, Z) 
Pea eo ABE BCIOMY B HHTepecyloulel Hac OOmacTH, V(y, 2; Xo, 2) HMeeT 
OCOOeHHOCTh B MepeqHei KpoMKe npw ¢7 =O Buza Inr, HO pH 9TOM 
bynkuna L(y, Z) = be 
Takum OOpa30M, MNOACTaBIAA HaHeCHHbIe BbIPaxKeHHA re (2,24) u 
ol 
ate (2,29) Bs dopmyay (2,9), momyuuMm ucKoMoe s3HayeHHe MyYHKIMH 


v’ (Xo, Yo. Zo) Ha MOBEPXHOCTH Kpblia B Bue 
1 
W (Xo, 0, Zo) ee es 


oe ow 
yy OS, 

ds + 2-Vde |. (2,33 

| V¥3 (2) —¥ i ) 


iar =o 


B3necb dynKunu W(p, v), (ph), L(y, 2) u VG, 2; Xo, 20) ompemereHEt | 
COOTBETCTBeEHHO (bopmMyviamu (2,22), (2,16), (2,30) u (2,10). IIpngem | 
B (2,10) HyxHO MOTOuKUTE <x = x, Tae x, oOnpegenaetca us (2,11). 
Briuncienvem dyHkunu W pemienve rHqpOAHHaMHYeCKOH 3afauM He 
sakaHunBaetca. HyxHO ele ompezemuTb BemHunHy I]— Buxpesyto nO- 
mpaBky ueTBepToro mMOpsyKa K Oe3pa3MepHOMY aBJeHHIO. | 
O6pamasch k d@opmyatam (1,8) u (1,30), BHauM, 4TO 


[| a : ot 20) : (2,34) 
V mA 0 
T. €. QA TOTO YTOGH ONpegemuTh 3HayeHne Il Ha nOBepXHOCTH KPpbI12, ] 
’ 0 
HY2KHO BBIYHCJIUTb MNPpOU3SBOAHY to Ne PaccMoTpuM MHTerpal 
ow Be as 1 
een her ie Pern etin . a Yee) —9 Ca 
St (Xo) (») 


VUuterpupya mo uacTaM BHYTPeHHHA HHTerpat B (2,35) mpH yc7oOBHH 
OW (p, i} 
= =(Q, no1yuHM 


v=, (2) 


I, (ego ie oa Ve) — vas. (2,36) 
S| (%) 
Tenepb, audcdepenunpya unterpan (2,36) mo mapameTpy xX) u ucnoubsya | 


TOT (aKkT, 4TO NOMbIHTEY paIbHaA (yHkuuA OOpamaetca BO Ha KOHType & 
IpH v= yo(v.), Hazem 


Os (Xo) __ | OPW Ov (5 Xo) | L as 
ax a7 Ox, a eae 


(2,37) J 


Si (Xo) 


re v,(") onpemzenaetca mo dopmyae (2,16). Tlompinterpanpnaa ynKuus | 
B (2,37) umeeT ocoGeHHOCTh Ha YacTH rpaHHub OOmacTu S,(x)), T. e. mpH | 
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v== v(t), HO 10 mpusHaky Kom sTor uaTerpaa cxogutca paBHOMepHO 
OTHOCHTEIBHO Xo. JleficrBuTebHO, 


1 PW dvo(", x9) A 
¥%2(p)—v Ov OX ye ea 
rye 
$f Am max OPW dv, (4 Xo) 
Ov2 OX) 


AAA BCEX WH X) M3 HHTepecylomenh Hac OOsmacTH u 
é epeHILy A Ie) Xx 
Wee sos Auppepennupy 0 


rf (x) = {f Q(y, z) Vy, Z5 Xo, 2y) a3, 


51 (0) 


YUHTEIBAaA TPH 9STOM, 4TO Ha KOHType mpH y=y.(Z) dyHknua 
mie; 05825) 0; naiinem 


al ( 
(4) — {f Q(y, z) ds. (2,38) 


Vo XK, — Xy)2 — £7 


oF (%p) 


IIpuyem unterpa (2,38) cxogurca paBHOMepHO OTHOCHTeIBHO xX, (MO 
apv3Haky Kou). 


Hak, OKOHYAaTeJIBHO, Mbl MOXKEM HalIlHCaTb 


| |=- a : . E — << 
. V we] V ?(-74 <A J (ey) = 9 
= 


o2W ov 1 
XG Ox, 1S + | | ESS ae]. 2.389) 


Srecb W(v, p), 2(y, 2), (ph), x, (¥, Z) Oompemensiotca cooTBeTCTBeHHO 
dopmyaamu (2,22), (2,30), (2,16), (2,11) ¢ yuetom (2,31). Brraucaennem IL 
3aKAHUMBAeTCA ONPeeCMeHHE BEHYHH, HEOOXOAHMBIX JIA pacueTa MaBAeHuA 
10 NOBEPXHOCTH Pa3BePThIBaIOMeroca KPblia B YETBEPTOM NPHO.MKEHHH. 


Summary 


Corrections to hydrodynamic parameters including the presence of 
vorticity for the supersonic flow past some wings of finite span are found. 

The solution obtained together with that from [1] is a generalization 
of the known results of A. E. Donoff for the profile, for some wings of 
finite span. 
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AHAJIHNTHYECKOE PEWIEHHE 3AXAUH Ob OBTEKAHHH 
PEWETKH KOHHYECKHX JIONATOK CBEPX3BYKOBbIM 
NOTOKOM TA3A. II 


B pa6ote ,AnajmuTHyeckoe pemenuve 3afauM 06 OOTeKaHHH PelleTKH]) 
KOHHYCCKHX JOMaTOK CBePpX3ByYKOBbIM MOTOKOM raza. I* [1] Opima pac-s 
CMOTPeHa YKa3aHHad B 3ariaBHH 3aa4a B NepBOM IIpHOHxKeHHH. BEE 
aHbl PeKyYPeCHTHbI€ COOTHOMIECHHA, NOSBOMAIOUIME BLIYHCIHTb adspOHHaMH-|y 
YeCKNE QICMCHTHI B MOCTEMOBATeJIBHEIX OOMaCTAX, OOPa3sOBaHHbIX yJap-| 
HBIMH BOJIHAMH M@XKAY DBYMA npodustamMu. OTMeTHM, 4TO TAaHreHI[HaJbHblell 
pa3pHIBhI B MepBOM MpHOmMxKeHHM OTCyTCTByIoT. B HacToalel paboTee 
paccmMaTpHBaeTca BTOpOe MpHOW2KeHHe B YNOMAHYTOH BBIMe s3azaye.|y 
CoxpaHeHbl NpexHHe MpeAMOOXxXeHHA O XapakTepe OOTeKaeMHIX NpOdu-f 
Je WH WHPOKO HCIOb30BaHbI OOOSHAYCHHA H Pe3YJbTAaTH NpeAb Ay ulenip 
paodorTnl. 


§ 1. Huterpupospanve cucTeMb! ypaBHeHHi BTOporO npHOrHMKeHHA 


ByeM CuHTaTb, 4YTO aSPOAMHAMHYECKHE 9SJIEMCHTHI B BOSMYLICHHOM)P 
oOacTH MpeAcTaBHMbI B BUTE | 


heel ae RE ADTs ky yh ae ee eas 
Ty ee ae. to ee eee” (1)| 


1 1 1 1 1 
roe MY, 08? 2?) 1, o — bynkunu, w3BecTHEIe u3 pemlenua 3afaunip 


2 2 2 2 2 
B epBoM mpH6amKenun, a ro), AM, AY, 1°, o)—HeusBectHBle dbyHK-|f 
UHH BTOPOrO NopsAyKa MaylocTH BMeCTe CO CBOHMH MpousBoZHEIMH. Tlog-| 
CTaBAAA COOTHOWEeHHA (1) B HeJIHHeapH3OBaHHble ypaBHeHusA (5,) uv mpeHe- 


OperaA MaJIbIMM BbIIWNe BTOPOrO NopsAaKa, MOayuaem [2]: * 


(2) (2) (1) (1) 
1 On, 1 oe us Tie 40 ant vit 
bee RO R Of OE 
an! (1) : 
= (yh es 
(2) (2) (1) Je 
1 oP Sytg hanged Oe TS Se eee asia) 
ie ane) ‘gee t Ce He a am) am!) 
cade Lea at ei Ge st Wages hire 


1) 
Le ee Nore eat 
et (% a) — BN) Se ON AE (2)} 
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1 Sy (2) (2) (2) 2 
Pap ape ey! Daereay KOK ee 1 OD 
oF kh’ OF On ie ag ho F0t mah 
ani) ani?) any) 1 dw) dw!) 
tO os Ti Sekt Wee Lng tga a vee (1) (1) (Lye Star 
+ oq 1 On ee Ez oe Sees os, uli aaa 


08 Me 2 me” 
leppoe H MATOe ypaBHeHHA 23TOM CHCTeEMBI aloT 
2 2 Pifien (ye 1)2 2 
ee ie | en). 
' 3) 
(2) Mes a ( 
Ey pe er gree ye "+ £2 (x), 


roe £1 (4) H S2(y)— MponsBorbHHe PyHKuNH. 


YcIOBHA Ha YapHoH BonHe (22), (23,) BO BropoM mpnOnmxKeHHu 
IPHBOLAT K COOTHOIMeHHAM [2]: 


WO = 


= 2 
Wn? — a jC vat % : 1 om eon (4) 


Ha yaapHO BOJHE BHINOTHAeTCH TaKxXE YCOBHe 
95 (1)2 12) «(2 
Ria ae Ei (5) 


Ps ae Se ee ee "| =0. 


Ha ocuopannu (3), (4) uw (5) MOKeM YTBepxaTb, 4TO BO BCef pac- 
CMaTPHBaeMOH OOaCcTH MexAY NpoduslamMu 


2 5 (2 l 1/2 1)2 1)2 
tS She ee Nee a) ae (6) 
ys ot wo? — 1 (a)? 
ate i die wernt: Seat (7) 
MW cuctema (2) MOxeT-6bITb IpuBemeHa k BuLy [2] 
pone? an) 
. ¥ — x = e 
R - 6G on ; 
ant?) an) an?) 
Rees a “is re snaaes roa is (8) 
oo a ON? an?) M? OT» 
Oe on | ° OF rm Oui Gah eae dee? 


rae 
fr aa eae? 2 2 2 
T= (454 w+ 1} POo Oey Oe 


B xapakTe pHCTHYeCCKHX Saale 3, t cucTema (8) uMeeT BUA 


any) n(?) an?) an?) 
es a ey. Sys 2 + 2ko—— — 2ke = = 0; 
on) a pen) ar?) 
prea Gas) + &(1—9?) = —k (1-7) = =0; 
102) an) 42) (2) 9 
= +2) zd pas See iw) 
an) ai 
Seay IS yay ig () 9) 


10* 
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Le 
t—s M2 OT) 


Lol @, =) = 2 ee (10) | 


Jiubdepenuupya mocaequee ypaBHeuue cuctempt (9) mo € coraacHo dop- | 


Mywle 
@... ove) [eS a o+[ @ 
B= tas ie: RO) oA (i1)) 


2 2 es i 
nu uckmouaa dy) x ee TIpH MOMOLWH NepBbIX IJBYX YPaBHeHHH CHCTeMBL, 
moayyaeM 


ee > (12) 
DLE 
1 6) 


L,(s, 8) er emai oe o (3, 7). 


Vinterpupopanue ypapHenna (12) maert 
ky = Gz (3, 1) +f,()+F, (2), (13) 
rie GG, t).= \\ L, (3, t)do dt — uapectuan pyuKuna, a f,{s) u F(t) — 


MpPOM3BObHbe PYHKIMH. 
V3 nmepBbix AByX ypaBHeHMH cucTembl (9) c yyeTom (13) ony a 


re = G,(s, t) + fi(s) + Fi (t) + ©, (m), (14) 
dE? = G(s, t) + fy (o) + Fs (*) + ©, (1), (15) 
rye G,(s, t) H G,(s, t)-— H3BeECTHHe MYHKIMMH: 


G, (6, J= are Gs(> ie) do] se 


1 sh (SoS eay 
G; (3, )=\ apr &(> fea} da 
/ c= 


o+T 
l-o 
Go (3, Di eR 
Qo )=' t= 7) eS 
VMmetrot MecTO COOTHOIIeHHA: 
afy Chars? ayy) ae eee 
ada Qke da? 7a a 
(16) 
GEA. hat dF, dy 1-38) gh, | 
dt 2Rt oe ike. ie ee at? 
dt, 1 d®, 
dip wae Ue 
rye 
t 0G 
P(1) = sq [AU +2 aye et ee 2) Be) he ven ey | 
0G, (s, dG. (<, : 
2H) ay MA HE, 9) 


[IpousBorbupie noxa pyuKuun f,(s), F,(t), ©, (4) B ganbHefiimem 6yayt 
ONPeAeeCHbI H3 COOTHOIWECHHH Ha Pa3spLIBaX HM TPaHHYHEIX yCoOBHi. | 
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§ 2. CooTHoweHHA Ha paspbiBax M rpaHH4Hple yCOBHA 
BO BTOPOM npHOsMKeHHH 


CuntaeM, TO ypaBHeHHe yapHoH BowHbI uMeeT BHA 
eS At (1) 2 

: marth + of) (E) 4 (6), (17) 
rae 1 SE + 8 — ypasnenne cooTBeTCTByIoMeH XapakTepucTuKn, e) (&) — 
BeAMYNHA MepBOrO NOPATKa MaJIOCTH, M3BeCTHAaH M3 PpelIeHHA 3anauH 
B M€pBOM MpHOMxKeHHH, a e)(—)—Benn4nHa BTOporo NOpALKa MasocTH. 
M3 nepBpoh yacTtu paoboTH caegyert, uro e)(§) ecth annelinan PyaKuna 
or §&, pasiMuHad Ha pa31W4HBIX xapakTepucTuKax. Tp COOTHOUeHUA Ha 
yHapHOH BOJHE, CHECEHHbIe Ha COOTBETCTBYIOULYIO XapakTepHCTHKY, MpH- 
BOAAT K DBYM COOTHOWeHHAM, He ComepxautuM ©?)(), H OMHOMY, COmep- 
*KalleMy 2TOT AO6aBOK. Boinuwiem nepBble JBa W3 YMOMAHYTHIX COOTHO- 
WeHHH Ha XapakTepHCTHKe o—=sa: 


2 2 o2 + | 9 2 
AS a. = SS Oke oN en MS?) Ie Q: ’ 
(18) 
9 (2 2s == , (2 < 
"ees = ) — 3 = ae aa Ny a et Q,, 
r 
rare 
1 dee) (A) (1) 
et ae > 
| (19) 
| 


ee 5 
) ym (Easley 1G). 


Ormetum, uTo Q, u Q, — u3BeCTHBIe MOCTOAHHHIe, MOcKOAbKy e)) (€) — aH- 
en a = ae 
Helivaa yuHKuua — uw pa3snocth Aye — NG pH ¢==9 Takxke MocTOAHHa. Co 


BePWIC HHO aHaJOTHYHO Ha XapaKTeEPHCTHKe t—7T HMCEM 


We ae mel; @) +) 
MM ra = hee Oh: (Ay2 a yi) + Q; ) 
(18’) 
2) (2 iS ye Oya VO) 
M2 — hy = — rs (19) — yi) + Q,, 
rye Q, u Q, cyTh NOCTOAHHIe, KOTOPbIe BbIPpaxaioTcA copmyviamu (19) 


pu t = 7. 
TpeTbe COOTHOMIeHHe Ha yAapHOH BOHE aeT Cremylomlee ypaBHeHHe 
fina e()(€): 


é Dy) 21) \2 dz) i 2 
ae” (a+ 6) — pe — 4 (4) (2 — 1) ec" B+ Sel — 


ag 2 


(1) 
Hite ave yy [1 ode) (1) Les ae 
— ett} (0B — a0) | a Se + Gel — pt S| - 


M4a2 (x-+-1 2 + (2) 9° 
Sy (29) 


Ycaopue oO6OTeKAaHHA C TOYHOCTbIO JO MaJIbIX BTOPOTO MOpAAKa Ha 
HWKHEM po ~use UMeeT BUA 


19 —[Lor En? +(o@—to' OH) + 


an) 4 
o@| =), 2) 


t=—9 


re y= © (§) — ypaBHeHve BepXHeH YacTH HHKHETO mpodpusia W paBeH TBO 
T=—<o paBH OCHIbHO 71=0. 
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Ha Bepxuem rpoduae 
a | La rey ease any ; (1) 
Ay =|F7 (€) Ax Oy fa ES d-y, (5) On aH (v1 (§) Th ay (Eva. a 
dated (22) cf 
1l+d-7 2 die 


+a0P] 4g =H) Fd? 


= 


rae n= d+ y,(&)— ypapHenue nuxHeH yacTH BepxHerO Npomuua. | 
Byem CuuTatb, YTO YpaBHeHHe TaHreHUMaIbHOrO PaspbiBa, BbIXOMA- 
Wlero H3 TOUKH Cm MepeceyeHva yapHbIX BOWH (puc. 1), HMeeT BHA 


q=pte@) +2), (23) § 


rye n=p +g" (§)— ypasuenne JIMVHHH TOKa, Mpoxoxauler wepes TOUKY 
Cm, 342auM NepBOro NpHOwMxKeHUA; P —OPAHHATa TOUKH Cy; g@((§) — Ma- 
Jaa BTOpOoroO NOpssKa. 


Puc. 1. KayectBeHHad cxemMa pa36veHHA MexKTONATOWHOrO 
IipOCTpaHCTBa pa3pbIBaMH. 


JIMHUA TAHTeHWMabHOrO paspbiBa ABAAeTCA AMHHeH TOKa, HM CKa4yoK | 
WaBeHHA Ha Heft paBeH Hy10. TaHreHWvatbHbl pa3spblIB B MepBOM mpH6- | 
JMKEHHH OTCYTCTbYeT, H 9TH YCIOBMA DAA JIOOBIX JBYX OOmacTeH ma, wu | 
M,, Pa3sMeNeCHHBIX TaHTeHIHaJbHbIM Pa3PbIBOM, C TOUHOCTbIO JO Max 
BTOpOrO NOPpAAKa HMeIOT BHA 


(2) 2) tm (2) tm 
M+ ak, p) + pm, p) 1 (Ep) =0, 

(2) abe ane’ | 
4 Ee + a8, p) + prs &, py aA ™&, p) =0, (24) | 


,2) [ms] (E, BS 2) [m,] (E, p)=0, 
roe a(&, p)— uspecrHad U3 MepBoro NpHOAMxKeHHA PYHKUMA 


(aa? a7.) [ms] (2, 4) 


. (1) [7m,] (1 
a(é, P) aa kb dé he j (6, Pp) it 34 : Oy a 
: =P: 
onl) Uma] (e p) (1) 
ay org iS (1)5 (1) [15 dg a 
pet gle, py— EE (E, p). 


1=p 


Ycnosun (18)—(22), (24) qaioT BO3MO2xKHOCTh ONpeeINTS NPOUSBOUb- | 
Hble (PyHKUMH, BXOAAWWMe B MopMywp (13—15) u HalTH Cc TOUHOCTHIO FO 
MaJbIX BTOPOrO MOpsAKa ypaBHeHHA YAapHBIX BOJH H TAaHreHIMabHbIx 
Pa3pbIBOB. 


§ 3. PekypenTHble COOTHOWeHHA 


YROBIETBOPAA COOTHOWICHHAM Ha YJaPHBIX BOHAX HW yCOBUAM OOTe- 
KaHHA, MOJyyaemM pemlenue B OOmacTaAx 1, Hu ly (cm. pue. 1) 


1 


AnvaJiuTuyeckoe peluieHHe 3aaun 00 OOTeKaHuH peweTKH KOHHYeCKHX JIOMNaTOK 


Lol 


Bi (=) 1, (2) — BE (2) 7, (2) 


(2) (1) a 
hy (s, 9) =F \ 


gen) — 1 1 


+j 
- 0 


at (t) Bi (t)— y(t) Bi (t) | ae, 


“1479, 


1+ co? 
Qko 


te) 


IPN (a, oy = J 


al (t) Bl (2) — al (x) 8! (+) 


dyj+G, (s, 1) hoe G, (s, —s) + W,(s); 


| 


Bl (— 9) 4, (—0) — 8! (—0) 7, (— 2) 


dG,(¢,—s)  adW;(s) | 


ds ds 


el 


ai (— 8) Bj (—s) — al (—2) pl (— | 


2) [1, 
La Gmcapee 


2k, 


+ G, (9, t) — Ge (a, *) + Q:; 


o 


Nl (a, a) f 


Bi (—) 7, (—9) — 6! (— 9) 7, (— 8) 
at (—s) Bt (—s) — aj (—s) 8} (— 9) 
1 ft @y@-101© 
m a4 (t) Bt (t)— a} (x) By (*) 


* LI 


1—to, 


2 
o—1 


20; 


(13) Gc ed 


1 — o2 
26 


1 1 
I= \ a "3 (2) B (2) — 23 (3) 89 (¢) 
Ps 


™m+9 


1—7,9 


d—7 
1+d- 


+P) arta. { 


s 


Tt 


2a 


i \ BOLOTBOLO gg 
a} (6) BS (¢) — ag (3) 83 (s) 


d2 +1 69 (8) 124) — By (3) 72 (3) 


dW,(s)  dG,(c,—s) , 
ds ds J 


|as+ 


+P (a) an— 


| 


peeee NeaOy 


1+79, 


1 (a, =) + Gs (2, 2) —Galor, #) + Qe 
d 


a} (s) ¥, (3) — a} (3) y, (3) 


ey 


ae: 
i aso PR 
1+74%, 
j=? f (s) iP (s) — fe (2) ip Ors. a 
ah (2) h(a) — a4 (@) Be) 
™m+s 
roa 
Aq (F) Yo (5) — 4 (F) Yo (9 
a 2 See ee a + 
BO —3@8© | ws i 
+a% 


(1+ d-t)? als) 54 (a) — a5 (2) 69 (3) 


u 


| 


a (fae) S22 (2) 10 (2) | 


d—t : Mol ae :) 
l+d-t NS Gir oe 
dt ai at 
oy yjiscel + 
2s d—t 2U 
im ttdec | 


ak (6) 84 (c) — a} (a) 84 (3) 


| 
c= 
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Qt 


dsl roa Pees ) 
a) EMIS! Sis Sa Rees, ae oe — 


at at 
dx + 
Cees 
leah at pe 


da? +1 69(2) (6) — 6 (2) t2(9) pss _ i] 
1 d—t jie 
za eg Cage {d-G, fee J = G, bear *) —d-G, (s, 7) + 


1 : 1 dV, (x) 
+ 24 {| Ss dt ir 
Vaan t hes se 
1 G 


(1-4-2)? a! (0) 2 (0) — ah (a) Gh (0) | 2s 


faxn 
eT Deas G, (9, u) + VY, @} +66 t); 


d—vt 
dG ye, 
MPil ig ct) = VoEeed d tere ‘ — 
4 2kt ; rt dt 


et Os 


Ty 


ae hi fe] ets 52 (s) ve (5) — Bs (2) 12 (9) i=? q 
(1 + d-7)2 aJ(s) 84 (c) — a4 (c) By (s) ( Qc I ol 
l+d-t ; 


2 
W,(c v 9 
yay 10) } ge — MP l(a: 1) + G2 (6, t) — G, (6, 41) + Q,; (25) 


dG, Hee =1 eee 

= | aes a+ Eos GGG) eae 
at (1 + d-t)? a} (c) 64 (c)—a3(a)ph(c) \ 2s | 
Keke 
a 

a4) 1 25 (¢) 79 (¢) — 23 (9) y2. (9) 

ef ad | é a} (c) 6} (¢) —a} (2) 3) (a) __ +P ei) sae 
o+%1 = 


1+77; 
1—ot, 


ao) en ou 
ay Qt, y (9, |) + Gs (3, *) i G; (s, 41) + Q,, 
rye 
2 
Ca 1 ONeey] 
m SR oe aeons 
ed ie ee Oks” 
re of +1 oF ae Il 
6 be 2Rom (1 — tam)? ” 


reece eee 


ay (*) a 25m = Qt 5) 


AuvasutTuyeckoe pemenne 3anaun 06 oOTeKaHHH peWeTKH KOHHYeCKHX JONaTOK 
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Je ce oF sei 1 — to, 
Pi A) rea De mn Nasr + om |? 
2 
tT + i o2 1 ] 
og (= att st (26) 
ef ~ 
Me ame +1 
F(a 
2 2kt (1—79)?? 
I 1 — o? 
a2 (c) SE a => IG 5) 
z 2 2 
ee ees pk 1 — ty 
B2 (s) ~~ (l=t_)9)2 Os, si Tm +o |? 
wie x dG, (s;, t) 0; ze l dG, (94, t) 
WAG ear dt Yoh dt 2 
5 ea | Rees 
a s dGs (>, 7) 9; dG, (o,, 7) PON et: +o, roy 
(1 (= - at 20, dt 1 — ts, / (1 — t0,)? ” 
ie dG2 (9, %) est dG) (9, 7%) 
1 er eae Dkr, ds? 
2 
fant —. dCs (cs, 7) a ae 1 aa, (9, 7) P T% a Co lai 
Y2 (a) = — ds oe ds ‘i P= <,¢ | (tf — 7,0)" 


Ilycrbh H3BeCTHO pewleHHe B OOMaCTAX m, Hu M,: 

Ay’ 1(3, 2) = fi (a) + FI (e) + OM) + GT, 9), 

XP) Uma] (gs) = (c) + FS (t) + GH (6, t), 
AP (5, 2) = fh (0) + FS (2) + OP () + GH (, 2), 
Plo, x)= fe) + FPG) + Of (nm) + OF, 2), 
Pes, N= pf) A ah, -), 

AY? Ml (g, +) =f! (6) -+ FY (x) + OP) + GP! (ce, 2). 

TlonyauM peleHue B OO6acTAX m, u my. Ycnosus (18) u (18’) gawr 


BO3MOKHOCTbh OMPeAeHTb B OOMACTH mM, PYHKILMIO, 3aBHCAILyIO OT g, H 
@YHKIUM1O, 3aBHCALLYIO OT 4, a B OOMACTH M,— OT Tt HM 7: 


ye | a OLB OTT) ee fre ds+C 
a =| ay’ (3) 65" (2) — a9"(s) 89" (s) ‘ 
y) eo. ae i) 
J a ie —At TF (c) 3 
of (y= |ererroae one a+Cc=|Tdnt¢, 
“im ‘ pes “im 
BY (x) PY" (t) — BY (t) PT () mee (oe 
CG) = | ad = Wdcanc, (27) 
ae is (=) BP (=) — a (a) BM (=) 2 


™m 


R =" wise 
2 =| ar” (2) PY" (t) —a” (2) PY" (2) 
()= | mere a” BF) 


t= 
Nm 


dy +C= | mindy +, 


Im 
1+7%m 


Q=s 
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rye C — r1pov3BobHad MNOCTOAHHAA HU 


9 f 7 +5m 
o, 41 (a cy, a(S) acl (om 


ry (t) = 


Dkom \ de at | dt 
AGP) (Gm, 2) AGE (om, 2) AG (6m, =) APRN) 
a dt a dt = a + ae a 
(2), t+om 
1 = Is dt dat aah he 
dG?! (omy 7) p [2Sn ‘abe dG (5m, 2), dF S) (2) 
aa dt rare (Lap)? de ae 
9 fea eke, 
dey (; — =) aay? (Sm, 7) ; 
dt Be dt i 
yf t%m+s 
Sh etescal (wit (2) aot! (Fas ) dG (2, tm) | AGi' (8, =m) 
To (c) = ken, ae as as: ds ne ds 
AGS (6, tm) - dG (6, t%™) — dfhl(a) \_ 
ds a as 7 ds ; 
f 
; [1]/ tm +s : 
=m ERMC uae = ;} dG}! (3, =m) 
rz (3)= auemmerty rromccraet re 
2 ite ds ds ds 
dG\'l(¢, tm) \ p(imts tm + I _ aay (3, tm) 
ae ds “if ( = (1 —tm3)? ds 
[1]/ tm + ¢ 
silin _*99(@225) cle 
dl May Sere RE Lo a 
ds ah ds as ds Z 
3 4 
af! (3), fo(2). @)3(n), FS (c), FS (s), 0% (1) Berpaxatorca aepes 


?4 
fi"), OP (n), FM (®), el (y) mo dopmyaam (16). 


YcuoBuaA (24) 3aMeHHM CJeAYIONNMMH TPEMA YC/IOBHAMH: 
1 dg) 2) [m, 2) [m, 
rae 2 (5 Phe (py — hy ep) 

2) [m, 2) [m, 2) [m, (2) [my] 
prem! (py Ay Ep) = he ee, py ep) 
2 3 2 4 
me™(E p) a" (E, p) =0. 
{Ba nocweqHUX H3 HUX Lalor 
Fi! («) = Fi" (2), 
(k = 1, 2,3) (29) 
4 3 
b (0) =f (9). | 

HanomMuuM, 4TO Haliqennble panee dyHkyun Fi! (t) u fR! (2) Onpe dee HI 

C TOUHOCThWO AO MOCTOAHHOFO CaaraeMmoro. 

TakuM o6pa30M, uMeeM AA OOnacTeH m, u my, caeqyroulwe BbIpa- 

“Kenna MO, ee i): 


nO) m8) (4, =| 1(0)ds+ | m (zt) dz + | L(n)dqg+G,(3, + C= 
Sm tm Vm 


=?) [ms] (s, t=) +C,; . 
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Tt 


(2) [m5] pe ° 1 + o2 Tee 
NOVI (g, jy=—f “Gi £0) ds — | 1° m()dt+ G,(e, )+Cr= 


a7 


m 


2 NE ek Out 


oe t ; 
(2) [ms] _f 1-2 eee aes 
NI (a, s)—= | EU) da + | GH mG) de + | (FE +P ant 


+ G,(s, t) + Cn = el (s, t) + Cin; 


NP) ml (g, y=] L(s)ds+ \ m(t)dt+ | m(n)dn+G,(z, t) + Cv = 


lo} 
m Nm 


ee (2AM, 
SA (tt Crs 
2) (my < 
12) led (g, zt) = a0 el tht ny 


(2) [mn P12 pies aa 
n’ (o, )= (Elo + |Z moa: + { (Fm) + POD) an+ 
Sie G, (g, 7) ts Gy =”) re (3, t) + Cr i 


Jaa onpegenenua wecrw moctosHHpx C,, Cy, Cy, Cy, Cir Hatleg, 
wMeeT WeCTb ypaBHeHHH: 


ne 2 
(2) [ms] (2) [m, ee 
Ne EUS een a rt em mea ee VC nC 
“m 


— KP (5, in) Ci) + Qs; 


+5 (2) [ma] 2) (my 
hz (s, Tm) Ky ht (3, Tm) + Cr =a 


2 
tm — 1 (5 2) tmJ 9) [m, 
aie ef yO irelifateg, pe laO) Pala ECA Oe 


2 Cm 
sat 2 mM, 2 Ms 


4A 
om +! (~(2) Im) (2) [m, 
ot ae FY ed Cope ny tas t) + Cry) + Qi 


2QRom y 
5 2) [na 2) [m, 
ae)" ‘(Sm ) ue hom t) Cy 


\ 
\ 


peak Val 
m ( i?) [m,] (oan 7) = ee [1m] CF «) + Cy) + Ore 


Dos 


pe ad Dy ag Ge i (Ep) po. — C= 


se NZ aN ane Oe AON 
Ogee Cis 


ABHEHMA JIMHHH TaHPeHUMabHOTO paspbIBa HMCCM 
MHTErPpHpOBaHHe KOTOPOTO CBOAMTCH K mpocTou 
A ONpedeiaeTCA U3 yYCAOBUA 
10 TOUKY Cm. Haxowmenne 
poBaHHO MHeMHOrO Aud- 


Jina onpeneieHua yp 
neppoe u3 ycroBuh (28), 
KBaipaType, MpHYeM MPOWSBONbHaA NOCTOAHHA 


IIPOXOXK]ICHHA JMHMM PaspbiIBa FePe3 HSBeCTHY 
ypaBHeHu yapHBIX BOJIH CBOAMTCA K HHTErpi 
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dbepentvanpHoro ypaBHeHua mepBoro mopagKa (20) ana 2(E). IipousBoab- 
HbI€ MOCTOAHHBI€ HYKHO ONPeAeAtb H3 YCOBHA NMpOXOMMeHHA YapHBIX | 
BOJH 4Yepe3 TOUKH, KOTOPbIe MOMYUaIOTCA MPH UX MOCMEAOBATCABHOM TO- ff 
CTPOeHHH. al 
Bulle IpHBeeHb! MOpMyIbl MpPOMOKeHHA pPelleHHA U3 OOMaCTeH 
THMa M7,, mM, B OOMACTH THNa M3, M, UM ONpemeteHa AMHMA TaHreHIMab- 
HOFO paspbiBa, Ppasqenaioulad O6acTH m, Hu m,. TIP yKa3aHHOM MIpodO- 
2%KCHMH HE YUHTHIBAIaCb LO3MOXHOCTb HaIMYHA B OOMACTAX M, MU Mz TaH- 
TCHUMAIbHBIX Pa3PbIBOB, OKAHYMBAIOWUXCA Ha OTPe3KaX DmCm U Cm m+. 
Haauaue TakKWvX pa3pblIBOB He Me- 
HAeT PMOPMYa Nepexoja H CKa3bI- 
BaeTCA JIHIb B TOM, 4TO agspodH- 
HaMH4ECKHE 3JICMeCHTHI HMEIOT Pa3- 
PpbIB Ha 3THX CTOpOHax. YnOmaAHy- 
TbI€ BbILIe (POPMYVIbI e€CTECTBEHHO 
Puc. 2. Cxema pa3pbiBoB, MOAyYaeMbIX BO NpWBOAAT K NPOMOJ2KEHHIO TAaHPeH- 
BTOPOM IIpHOJIHKeHHH. IHa/IbHbIX Pa3PbIBOB B OOaCTH Ms 
Hw m,. IIpoqomxKenue u3 OOnacTeH 
mum, B oosacTH [m+1], nu [m+ 1], mpon3sBo_uTCA COBepIIeHHO 
aHaIOrHuHO, HO C YYeTOM yCAOBHH OOTeKaHHA Npoduen. 
TakHM O6pa30M, BO BTOPOM IIpHOWKeHHH TpH MpOMOMKeHHH azpo- 
- MMHAMHMYCCKHX QEMCHTOB H3 OJHOH OOaCTH B CAeAyIOUWWMe MOFYT BO3- 
HHKaTb BC€ HOBbIC H HOBbIC TAHFeCHIHaJIbHbIe PaspbIBbl, HO MOAMexaT cne- 
WHaIbHOMY OMpeeeHHIO JIMLIb Te M3 HUX, KOTOPbIe BbIXOJAT H3 TOUCK. 
nepeceyeHHaA YfapHbIX BOJH. OctTabHble MOMy4a1oTcA HeENOCpeACTBEHHO 
W3 CaMHx (OpMya NpOMoWKeHHA. OTMETHM, YTO YKa3aHHBIA BbIINe Mpomecc 
MPOAOKCHHA, NOMYYAeMbIA MO BTOPOMY MPHOHKeHHIO, BHIABIACT HENOI- 
HY1O KapTHHY TaHTeCHUHaJIbHBIX Pa3PbIBOB, aHaJIOPH4YHO TOMY, Kak TepBoe 
TIpHOJIMHKeHHE BOBCe HE BbIAB.IAIO TaKHX pa3spHIBOB. BO BTropoM npH6.1H- 
MKCHHH HE MOMYYaIOTCA TaHTeCHUHaIbHbIe€ Pa3PHIBbI, BbIXOJAUIMe H3 BO3- 
MOXKHBIX TOURK MepeCeyYeHHA TaHPeHIMabHbIX pa3pHBOB. Kpome Toro, 
BO BTOPOM IIPHOHKEHHH TAaHeHUHaJIbHBI pa3pbIB 3aKaHYHBaeTCA Mp 
NepeceyeHHH C TaHFeHWHaJbHbIM Pa3pbIBOM, BbIXOAAWIMM H3 TOUKH mepe- 
C@4YCHHA YaPHbIX BOJH. OOulad CX€Ma Pa3PbIBOB, MOJyYaeMbIX BO BTOPOM 
NpHOHWKeHHH, MpHBewena Ha puc. 2. 


Summary 


A second approximation is proposed to solve the problem of super- 
sonic gas flow around a lattice of conical airfoils. 

The system of shock waves in the space between the airfoils is con- 
structed. 
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ACTPOHOMHA 


B. A. AHTOHOB 


®HFyPbl PABHOBECHA BPALMAOINENCS 2K UKOCTH, 
OBJIAZAIOWHE OCOBbIMH TOUKAMU 


BOAbUIMHCTBO paCCMOTPeHHEIX 2O CHX Top duryp paBHoBecuaA Bpa- 
UlaloWeHCA ONHOPOAHOH HM HeOAHOPOAHOH xKuAKOcTH [1—3] OOnanaerT 
T€M CBOHCTBOM, 4TO Ha HX NOBEPXHOCTH PaBHOeCTBYOllad CHIbl TALO- 
TCHHA WH WeEHTPOOeKHOH CHIBI BCIONY OTAMYHA OT HyA. JA HeEKOTOPHIX 
MpOOWemM TeOpeTHYeCKOH ACTPOHOMHH, CBA3AHHBIX C BOMpOCaMH O BO3MO- 
%WKHOCTH HCTEYCHHA MATeEPHH MPH NOTepe ycTOHYMBOCTH, MPeAcraBsAOT UH- 
Tepec Takue MHrypbl PaBHOBeCHA, Y KOTOPBIX 9TO YCAOBHE HE BbIMOHACTCA. 

IlycTb NOTHOCTD ABJAeTCA BOSpacTalolle PyHKUMeH TaBeHNA u pac- 
mpeweiena MOCTaTOuHO PakkKO AA Toro, 4TOOBI CYMeCTBOBaIM BTOpbIe 
TIPOM3BOAHHIe NOTeHuUMana [4], To KpafineH Mepe B OOmacTH, cocTOAIeH 
H3 MOBepxHOCcTH urypbl PpaBHOBeCHA HM BHEINHerO MPOCTPaHCcTBa. 

TOUKH NOBEPXHOCTH PuryPpbl paBHOBeCHA, B KOTOPHIX PaBHOeHCTBYI0- 
wad OOpalaeTcaA B HYJb, T. €. CHPaBeAIUBbI paBeHCTBa 

0d 06 0 


= 5,0 


Ox” oy 0 


(® —cyMMapHBIM NOTeHIMal CY TATOTCHHA H WEHTPOOeKHBIX CH), MO- 
TryT HAXOJHTbCA TOKO B MWIOCKOCTH CHMMETPHU, NepmeHduKyAPHOK OCH 
BpaweHva [5]. Tak Kak yKa3aHHad MOBEPXHOCTbh ONpeeAeTca ypaBHe- 
Huem ® =const, TOUKH HCYC3HOBECHHA PABHOMeHCTBYIOMeCH ABAAIOTCA, BO- 
o6me roBpops, ocoObIMM TOUKaMH MoBepxHocTH. IIpH OOmeMpHHATOM pac- 


0® 
MNOJIO# CHHH CHCTCMBI KOOPTHHAaT ae Bceraqa HMe€eT 3HaK, MPOTHBOTIOMO#K- 


HB 3HaKky 2 [5]; Takum OOpa30M, Aa CyXMeHHA O Bue OCOOOK TOUKH 
M (x,, 0, 0) mocrarouHO paccmoTpeTb noBegeHue ® B naocKocTH Oxy. 
Bo3sbMem 3HayeHHa © v ee NpON3BOAHHIX B TOUKe M: 
2 2 D) 
CR 10e =a, Ges 2G: ae ey Bees 
x? Ox Oy Oy? Ox oy 

Kak H3BeCTHO H3 reomerpuu, upu «y— 8? >OTouKxa M aBaaetca u30- 
AMpoBaHHO TOUKOM KpuBoH D(x, y)=®), a mpu ay—f$* <0 — TOUKON 
TepeceyeHuA ABYX BeETBEH S9TOH KPHBOH; B MOCMeMHeM Cyuae 2HKAAKOCTS 
MOKCT 3aNOJIHATD WIM OHH, WIM Ba NPOTMBONOTORKH‘IX CeKTopa. B co- 
OTBeETCTBUM C 3THM BO3MO2KHbI TPH OCHOBHEIX BHJa OCOOBIX TOUeK, Cxe- 
MaTHYeCKH M300paxKeCHHBIX Ha MIpHaraeMOM PHCYHKe B CCYCHHH ILMOCKO- 
cTbIo Oxz. 

Jia TOUKH 3aO0CTpeHUA XapaKTepHO, YTO ye Mp HeOOMbUIOM BO3- 
MYLICHHH WIM yBeJIMUeCHHH CKOPOCTH BpalleHHA B 3TOH TOUKE MOXKET MPo- 
M30HTH OTPHIB HEOOAbIUINX YaCTHY OT OOme MaccHl. HccnenyemM xapak- 
Tep JabHeHMero TBYKEHHA OTOPBABUIeHCA YaCTHUbL BOAHSH TOUKH M, 
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YpaBHeHHA JBW2KeHHA BO Bpaularoulehca CHCTeEMe KOOPAMHAT 


x —Qoy—otx =; 
y+ 20x —oty =F; (1) 


Ou 


aa 


rye © — yIrlOBad CKOPOCTb BpauleHHa XWKUIKOH MaCChl, a “& — rpaBuTallHOuH- 
HbIM MOTeHWHal. 


Y EZ, 


OcHOBHbIe BHAbI OCOObIX TOUeK B CEYe€HHH MAOCKOCTbwWO O Xz. 


@ — TOYKH NpOAbIPABJHBaHHA; 6 — TOYKM CBA3H, H3YYeHHbIe TapsunomM; 
6 — TOUKH 3aOCTpeHHA (MOLe Jb Powa aaeT MpHMep JIMHHH 3a0CTPeHHA), 


Tomaraem x =x, +%,, y= Vi, 2—= 2). Jluneapusyem ypasHenua (1), 
mpeneOperad CTeMeCHAMH X;, ‘Yi, 2; B Pa3O2%KEHHH HW, KOTOPBIe BHIWe BTO- 
pou 


= Uy ~ w2xox; + > [(a— 0%) 22 + Bary + (¥— 0°) y2+ B24] +... 


rhe Uy HW 6—HeKOTOPHIe HOBbIe NOCTOAHHHIe. TlepBpre Ba ypaBHeHHA () 
IIPHHUMAIOT BULL 


ES Quy, —=ax, + By, 
Yi + 2wx, = BX, + YY). 


vt t 
TlonctaBasa X;=Ae”, y,=Be™ uw mnpupapyupaa onpemenuTetb Hy.110 


NOY 4M 
(w?—a) A — (Qpw +8) B=0, (2) 
(2pm — B) A + (w— 7) B=0, 
ut + (40? — a — y)p? + ay —8?=0. (3) 


Tak Kak JIA TOUKH s3aocTpeHua ay—28? <0, xapakTepucTuyeckoe | 
ypaBHeHue (3) Bcerma MMeeT OHH MO102%KUTCABHEIM KOpPeHb, T. @. ABHae 
*wKeHHe BOH3H TOUKH M HeycTo#uuBo. 

OnpeleHM TakxKe HallpaBleHne, B KOTOPOM yJaameTca “acTula, MO- 
TepaBuiad ycrohuusBocts. Ilpu stom chewaeM JONOAHHTebHOe peANOO- 
wKeHHe, 4YTO Purypa pabHoue Gua CHMMe€TPHYHA OTHOCHTEIbHO MWOCKOCTH 
Ox2, Torna TO, aS OO 


M3 Broporo y pabnenna cucteMbl (2) nowyyaeM, Y4HTHIBAaA, 4YTO » — 
— NOO2%KNTeIbHOe 3Ha¥eHHe, 


M1 B 2po — § Que 


Xan melee peg rage PE 
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Takum O6pa3som, ecm Yacruna yaalneTca Hapyxky OT NOBepXHOCTH 
cuctembl (x, >0), To y;<0, T. e. ona oTcTaeT B CBOeM BpallleHuu OT CH- 
crembl. B mpHMeneHuu K radakruKam Tuna SB aToT BEIBO_ CBULeTeAbCT- 
By€T B NOMb3y ,3aKpy4MBaHHA” BeTBeli (cM. Takxe [6]). 

IIpocroH nmpumep Toukn 3aocTpeHHaA MBI MOayyHM, paccMaTpHBaa MO- 
Be ec wenully 0 M3 TepHdepnyecKkoro COA C NMAOTHOCTBIO, HaCTOJIbKO 
MaJIOH, YTO CFO NPHTAXKeCHHEM MOXKHO MpeHeOpeub, uv U3 BHYTPeHHerO 
OAHOPOAHOTO Apa, uMeloulero opmy saanNcouZa AxkoOn. Kak usBectuo 
v3 Teopuu moTenmMana [1,4], 41a m1060H BHeLIHeH MO OTHOUWIeHHIO K 94- 
JMMCOWAY TOUKH 


co 
i 


a a y? et aso? 
Deriteate Whee oe aes | 
r 
roe A=YV (a? +s)(b?+ s)(? +5), a }— nonomuTeADHE KOPeHb ypaB- 
HeHHA 


9 


x2 2 22 
eee en ee (5) 


B Trouke 3aocTpeHun 2 =O, a xX HW Y YMOBAeTBOPAIOT ypaBHeHuaAM 


0d Ue as c ds ery 

x 2nGpabex | ayy a ay A +w’x=0, 6) 
r 

d® ea 

ae = — 2nGpabcy \Weranee + w?y == (0) 


JlerKO BHJeTh, YTO WIM X, HAM Y OAKHO OOpamaTbca B Hyab. B- npo- 
THBHOM Cjlyyae, COKpaTuB (6) Ha x HM Y, MBI IPH Obl B MpOTHBOpedHe 
¢ HepaBeHCTBOM 


1 1 
b2+ 8s e az+s * (7) 
Octa1oTca JBe BO3MO2KHOCTH: 
(' as wr 
y=, \ (at+s)yA —~"“OnGeabe ’ (8) 
d 
a u3 (0) cenyeT 
x=+Va't+.. (9) 


Tak Kak Sh npu y=O u Oompmux 3HaueHuax x, TO 4 >0. B cuay 
cumMMetTpun 6—0. 


+0" <0 


¢ ds 
ae 2xGoabe \ rye 
me 


B cuay (7) u (8). 

TakuM oOpa30M, CyIecTByeT SKBHMOTCHIMAIbHaA NOBCPXHOCTH, 00.1a- 
Jaiowad JByMA TOUKaMHM 3aOCTPeHHA, PaclOJOKeHHBIMH Ha MPOAOKEHHAX 
OObIUOH OCH 9MNCONAA. 

Jlis HeEKOTOPHIX 3HayeHHH 
wWeHuve TOoueK M. 


se 0,1871 0,1860 0,1812 0,1659 0,1420 0,1072 
wae p 


yrlOBOH CKOPOCTH paccuHTaHO MeCTOHAXO- 


a A SS OD ee Es) 
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( ds w? 
Qin 0; \ (82+ s)A4 | 2nGpabe 
me 


AHaJIOrHuHbIMH paccy#x TCHHAMH yOeK WaeMCA, YTO COOTBETCTBY Wad STOMY 
CYYaIO IKBUNOTCHUMAIbHad MOBEPXHOCTb He ABAACTCA 34MKHYTOH H He 
uMeeT NOITOMY (bu3sHyeCcKOrO 3HayeHuA. Crema 3a H3MeHeHHeM ®, HalpH- 
MEP BJOIb OCH X, AEPKO MPOBePHTb, YTO MOBEPXHOCTh, MPOXOMAUaA 4e- 
pes touku M (onpeneanempe (8) n (9)), aHamOrM4aHa KPHTHYeECKOM MO- ~ 
BepxHocTH MOZeau Poma [3]. 


Summary 


Principal features of hydrodynamic models with singular points which 
presumably can be used to represent the evolutionary stages of stellar 
systems are outlined. 

A particular model of a homogeneous elongated rotating ellipsoid 
with two isolated singular points at the extremities of its major axis is 
considered. When the angular velocity of rotation reaches a certain limit, 
an ejection of matter from these two points sets in. This model simulates 
the formation of arms in SB galaxies. It shows that the arms must be 
“trailing, 


HOM Es Pray Ty PaA 


1.1. Anneab. Purypbi paBHoBecua sBpamjawulelica OHOpOZHOH wmugkKocTH. M.—JI., 
Toctexus3gatT, 1936. 

M. ®. Cy66oTHH. Kype He6ecnot mexanuxu. III. M.—JI., Poctexusaat, 1949. 

B. A. Kpat. ®uryppt papyopecua He6ecupix tea. M.—JI., Toctexusgat, 1950. 

H. Uneapcon. Teopua notenuvana. M.—JI., Toctrexusgat, 1936. 

L. Lichtenstein. Gleichgewichtsfiguren rotierender Fliissigkeiten. Berlin, 1933. 

K. & Oropoguukos. JuHamMuka 3Be3qHbix cuctem. M., Pusmartru3, 1958. 


dS) 


Ls BECTHHK JEHHHAITPANCKOIO YHUBEPCHTETA Ne 13 


KPATKHE HAYYHBIE COOBLUEHMA 


| ee ane 


WM. A. Bakeabman, M. A. Kpacnocenbckuit 


OB OJHOM TIPH3HAKE PA3PELIMMOCTH JIBYXTOYEYHOR 
KPAEBOM 3A AUU 


PaccMOTpHM 3ayauy 


AC atta casy grains On) 05, hy (Od) 0, Ke cee Ly Dore sl Nomen 6D) 
rue (pynHkunn f;(t, xy,...5 Xp, Yy,---, Yn) HEMPEPbIBHEI MO COBOKYNHOCTH NepeMeHHEIX 
O<t<1, x; > 0, —~ < y, < + co H YROBACTBOPAWT HepaBeHCTBaM : 

OIG Aiv-- 23 Xp» Vivo Vn) 9; @) RO) CS hee on); (2) 


rae 9; (¢), R(t) HeEOTPHUaTeAbHbI H 
1 


0 + co 
d 
fauoae< win} { ait. zit (FM eehs (3) 
0 —oo 0 


Teopema. //pu chopmyAluposarHolx Bole ycnosuax 3adaua (1) umeem no Kpaiinel 
Mepe OOHO pewexnue. 
IIpousBenqem 3aMeHy 


SO=70), ~ = t)—0 C= 1... 7). (4) 
Torga 
} 
x (== \ Ki Gis, (6) ds, (5) 
0 
rye 
K(t -. ~#(1—s), ecani<s, 
sion S(L—1).. ccm Six f, 
ae 
il 
x,() = \ K, (t, 8) 0, (s) ds. (6) 
0 


Bonpoc 0 paspeulMMoctTu KpaeBol 3aqa4uu (1) aKBHBaeHTeH BOMpocy O CyMeCTBOBaHHN 
pelleHua y CHCTeMbI HeJMHeHHbIX HHTerpawbHWXxX ypaBHeHHA 


v(t) =f, (6 Av, (),---.A0n (Ds Boy (t),..., Bu, (d), (7) 


rye A u B aunelinpie WHTerpadbHple oMepaTophl, OMpeweneHHblIe NpaBbIMM YacTAMHM pa- 
BeHCTB (5) H (6). 

Tlpapas yactb ypapHenua (7) onpezeaseT HeaMHeliHbI onepaTop FP, wericrByomnn 
B Mpocrpanctse C HenpeppiBubix na [0,1] BekTop-pyHKuni 


v(t) = {01 (t)..--1 On}. 


Dror onepaTop OYeBHAHbIM OOpa30M OCTABAACT MHBaPHAaHTHBIM KOHVC K sektTop-byHkunn 
€ HeOTPHIaTeIbHBIMH KOMIMOHEHTaMH HM BIOAHE HelIpepbiBeH. TlocnemqHee BbITeKaeT H3 

NoaHOM HempepbiBHocTH omepaTopos A u B. 
JlonyctuM BHayaae, 4TO onepaTop F MpH HeEKOTOpPOM p > 0 yHoBAeTBOpAeT YCAOBHIO 
Fu(t)—v(eK (vek; |oll|=9). (8) 


1] Becruuk JlenunrpagcKoro yHHBepcHTeTa Ne 13, 1961 r. 
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Onepatop 
Fv (t), ecan ve K ul|lu||<oe, 


Poo= | Lt in] ecu veK u|jv||> pe 


EMOMHe HenpepbipeH # Mpeobpa3yet Konyc K B cBOW KOMMaKiHyw 4acTb. V3 mpHHunnal 


Illaynepa pbiteKkaeT, uTO F wmeeT HemoqBuxHyI0 TouKy v*. Ecau ||v*|| > 9, TO umeeT} 
Me€CTO PaBeHCTBO 


Te (= Fur(e), 
i) 
Dyer (t)— eT u*(t), oTKyJa 
Fu* (uo = (4 —1) a (4) € K, 


a 3TO MpotuBopeynT (8). Tloastomy ||v*||<e u Fu*(t) =v*(t). Mbt moka3anu, 4TO H3 
ycnopusa (8) BbiTeKaeT CyUleCTBOBaHMe pellleHHA KpaeBol 3aqayu (1). 

Takum o6pa3om, ecau 3agqaua (1) He MMeeT pellieHua, TO ycaoBHe (8) He BbINOI- 
HaAeTCA HH MpH Kakom e > 0. Ho Torga cyuecTByeT TaKad NOCAeCAOBaTebHOCTb HeOTPH- 
IaTeAbHbIX BeEKTOP-(yHKUKH 


OW) C)ies (OP Opa GO) (k= ae), 
ato |jo'")|| + co u Fo") (t) — vo) (t)e K, T. e. 


: Pe mci 
f,(t, Ao @,..., 40 (9; BoP (H,..., BO () -o™ (DS 0 ( Any a 


TlpousBeqem B NOCAeHUX HEpaBeHCTBax 3aMeHY (5) HM NOAYIMM NOCcaeNOBATeAbHOCTH AUuhp- 
be peHUHabHbIX He€paBeHCTB 


—eMQ< 7%, (629; 49) G=1,...,0;8=1,....0) 
W3 KOTOPbIX B CHaAYy (2) cnenyer 
— <P) (t) <9, OR; le) Gabe, ek |e (9)\ 


i | 


Us || vo || — co Birekaet, 470 gaa HeKOTOporoO ip MOCAeMOBaTeABHOCTS ieee (t) || 00 


(B MpOTHBHOM Cay4ae MepexoqUM K HadexKale BIOpaHHOH MoOANOCAeqOBATeAbHOCTH), 
CuaefoBpaTeabHo, HaligqyTca Takue tp, 4TO 


| x (| 0. 
0 
Torga H3 HepaBeHcTB (9) BbITeKaeT 
[i (te) | > 2. 
Tak Kak x) (0) =)? (1) =0, To HaHayTca Takue TOUKH ae 4TO 
xO (EL) =0 (i 
WUnrerpupya Hepapeuctsa (9), MOMyYHM COOTHOWIeHHA 


th th e *; (tp) 
> (k) U 
(sai\>}( Mees a ee 
, R[x, Rin(y) 
t, tr ? 
OTKY qa 
Mp 
dy 
t)dt > —— 
fe R(y) 
0 0 
u 


1 0 co 
: phd Ae dy 
{ #i0dhe on R; (y) , {xr} 
SS 0 


IlonyyeHHoe HepaBeHCTBO NpOTHBOpeynT ycaoBHIO (3). 
Teopema 4oKa3ana. 
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Summary 


; The existence theorem of the solution of two point boundary problem is estah- 
ished for fhe system of the differential equations 


Opa TG yes, Mae MX) Wom ds Docu) 


ubject to the following conditions: 
Fae 


1) f;,(¢, x;, ¥;)—are continuous and non-negative for 


a<t<b, m0 <x, < +0, —0 <x, < + 0; 
2) AG Xj» x;)| <¢() R(p;) being 
ontinuous and non-negative, respectively, on [a, 6], (— «©, + 00); 
b +b co 
1 dp 
3) flemia< > | ae 
a — oo 


M. Wi. BupmMan 


~YMCJIE COBCTBEHHbIX 3HAYEHHM B 3AJ.AYE KBAHTOBOrFO 
| PACCESAHHA 


(Sameyanun K OHOH pabote T. MK369) 


1°. B pa6ote [1] T. Wk369, yrounaa usBecTHble pe3yabtatp A. A. Mlop3uepa [2, 3], 
OKa3al TeEOpeMy pa3OxXeHHA TO COOCTBEHHbIM yHKuUuAM omepatopa L[]peguHrepa 


: —Au+q(x)u (1) 
eprom lipoctpauctBe Fg Mpv caeqywulnx OrpaHH4seHHAX Ha NOTeHWMaN: g(x) 
BajlpaTHuHO HHTerpupyema M0 Bcemy MpoctTpaHcTBy £3, HeMpepbIBHa* BCWAY, 3a BO3MOX- 


bBIM HCKJIOYCHHEM KOHEYHOFO 4uCMa OCOOBIX TOUeK HM g(x) = Oar nan) (A > 0) npu 


x|— oo. B pa3noxeHuu 10 CO6CTBeEHHbIM PYHKUHAM yUACTByeT MHTerpad Mo paccesaHHbIM 
IMOCKHM BOJHAM, aHaNOrMyuHbIM OOBIYHOMY MHTerpany Pypbe. Ilomumo 9Toro uxHTerpaia, 
TBE TAIOUerO MOAOKUTEMbHOMY HeMpepbIBHOMY cMeKTpy omepatopa (1), B pa3moxwKeHue 
3XONMT TaKXxKe PAL MO COG6CTBeHHbIM (PYHKUMAM, OTBEYAWIMM HEMOIOKATeEADHOMY JH- 
“KPeTHOMY ciekTpy. YkKa3aHHbIit pa MoxKeT, M0 MHeHMwW T. Mk363, OKa3aTbCA KaK KO- 
1€4UHbIM, TaK H OeCKOHECUHEIM. 

B 9ToH 3ameTKe MbI MOKa.KeM, 4TO PAKTHYeECKH MPH YKa3aHHbIX BbILIe OTpaHHYeHHAX 
1a NMOTeHIMal OOMLee HCO HEMONOXKMTeIbHBIX COOCTBCHHBIX 3HaYeHWH (C yYeTOM Hx 
(PpaTHOCTeli) KOHEUHO HU, CeMOBaTEAbHO, COOTBETCTBYIUIMH PAN 10 COOCTBEHHBIM (pyHKUMAM 
rake KOHeYeH. [IPH 9TOM MbI MOKAKEM HECKOJbKO OOMee OOuee IpemmoroKeHHe. MMeHHO, 
MBI OTKAXKCMCA OT MpeAMOMOKEHHA O KOHEYHOM FMCE OCOOeEHHOCTeH MH 3aMeHUM YCAOBHME 
7(x)€L,(E3) 6onee cna6pim. Hakonel, Mbl OMHOBPeMCHHO paCCMOTPHM TOT xe BOTIpOc 
\Ia omeparopa (1) B m-mepHoM mpoctpaHcTBe Ey, npu m > 2. 

Vicnoab3yemblii Hw2Ke MpHeM MO CYULeCTBY OCHOBaH Ha HEKOTOPBIX MPOCTbIX COOOpa- 
KEHHAX TEOPHH BO3MYUICHHH NOMyOrpaHM4eHHbIX OMepaTOpOB B aOCTpaKTHOM LHsbOepTo- 
30M IIpocTpaHcTBe. OTHOCAUIMeCA Cola (PakTbl ObIMM OTME4eHbI aBTOPOM B paodore [4] it 
IOMPOOHO H3n0xKeHBI B [5]. B atTHx paOotax, a Tak»xke B paOoTax aBTopa [6, 7], yka3aH'1 
IPHMeCHeHHA K MCCAeOBaHHW CHeKTpa onepaTopa (1) B MpeqmoNOKeHHn HEMpepbIBHOCTiT 
(x). B yactuoctu, Tam yKa3aHbl MOCTaTOYHbIe YCAOBUA KOHEYHOCTH OTPHUaTeAbHOTO 
MeKTpa, ABIAIOULHECA B H3BECTHOM CMbICe HEOOXOTMMBIMU, a Tak? YKa3aH CHOCO 
IMEHKU YHCAa OTPHUATeAbHBIX COOCTBEHHBIX 3HayeHU. B paccmMaTpuBaeMOM suech cay dae 
[AC MHTepecyioT AMUIb NOCTATOYHLIC YCHOBMA KOHEYHOCTH OOUlerO UNCMa HeEMOAOKUTeAb- 
bIX COOCTBEHHBIX 3HayeHHit. B cBA3H C 9TMM BOMpPOC CYMeCTBeEHHO YIPOULAcTCA A MOKCT 
BITh pelueH 6e3 OpMabHBIX CCbINOK Ha pe3yabTaTH padot [4, 5]. 


* Bonee toro, T. UKxa6a tpe6yeT, 4TOObI NOTeHWMal yOBAeTBOPAT KakoMy-an60 
caoBuio Ténpgepa. [ma Hac 9Ta pa3HHulla HeCyIlecTBeHHa. 
joa 
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Tlockoabky B [4—7] noapo6Ho paccMoTpeHO BAMAHHe Ha OTPHaTeAbHbIM CMeKTp 10- } 
BeReHHA g(X) B Oe€CKOHEYHOCTH, MbI IPHMeM 3feCb MpOCTeHIuHe MpeANOMORKeHHA MIpH | 
| x | > oo: 


g(x)=o(|xl*)  (m>3) (2) | 
as ee (i seve): (2a) 


2°. Ycnosua (2), (2a) MoKa3bIBaIOT, ITO NOTeHUMad g(x) OrpaHv4eH BHe HeEKOTOPOTO 
mapa. He yMenbilaa OO6mHOCTH, OyqeM CUMTATb, YTO M3MepHMaa SyHKWHA g(x) oOrpaHu- 
ueHa pH |x| > 1. 


m 
Iipeqnonoxum ene, YTO B equHMYHOM Wape K dyukuua g(x)eLl(K), mpHiem a= =: 


mph m>3ua>1 nupu m=—2. O6o3HauuM p(x) =| q(x)| H paccMOTpuM Ha MHOKeCTBE 
(Em) SecKOHeYHO ZNdepeHuMpyeMbIX (HHHTHIX B GOeCKOHeYHOCTH yHKUMH w(x) 
Be KBakpaTHuHble opMbl 


j | yu |2dx + f | u |2dx (3) 
Em |x l<2 
H : d 
\p | w |2dx. (4). 
Em 


CnpapeyqausBa creqyiomaa emma. tf 
JlemmMa. //ycmb u3Mmepumaa HeOmpuyamenNbHad gyxKyUA p(x) Oe@paxuiena npu 
|x| > 1, yOosremsopaem ycaosut (2) npum > 3 (ycrosun (2a) npu m = 2) u p(x) eL*(K), 


COC == > npum>3ua>1npu m=2. Tozda bcakoe mHorcecmeo gyHKyull Us 


Cy (Em), O2panuaeHnoe 6 mempuxe (3), KOMNaxmHO 6 mempuxe (4). 


Jokasateabctso. M3 orpannyenHoctn B MeTpHke (3) H Teopem BloxeHHaA [8, 
9] HeMocpeACTBEHHO BbITeKAeT KOMMAKTHOCTb B Lo B AOOM Wape. SaMeTHM TakxKe, 4TO) | 
B CHJY 9/@MeHTapHOrO HepaBeHCTBAa 


4 
EAE = es 2 
[x2 2* < (m— dp vw ax (m > 3) 
Em Em | 
4 ycuoBua (2) npu m > 3 umMeem 


pluPdx <<(R) | lyuPdx, (5). 
[x|>R Em 


rie ¢(R)—>0 npn Roo wm He 3aBNcuT oT dyHKuNN u(x). Tipu m=2 anaaormuHoe, 
He paBeHCTBO 


i) p\ultdx <<(R) [ ; | yu \2dx + { | u [Pax] (5a) 
Ey | 


Ix|>R Sale 


BbITeKaeT H3 yCnOBHA (2a) H HepaBeHcTBa (cM. [5]) 


|u|? . 
[x tn2|x|2* <4 | ya |*dx, 
EB; 


|¥|>1 


ciipaBewnBoro npH ycaopun uw (x)|—0. Ycaosusa (5), (5a) MO3BOAAIOT YTBepxaTb KOM- 
|xl=1 A] 

MdKTHOCTb paCCMaTPpHBAeMOrO MHOXeCTBA B MeTpHKe UHTerpaga | p\ultax. 
Ix|>1 

OctaeTca paccmotperb equHMYHBI wap K. Iyctp Q yy — MHO2KeCTBO TeX TONeK Mapa 


K, rae p(x) >N>0 u Ty = K —Q,,. Ouesunno, npn Bcex N > 0 paccmaTpuBaemoe MHO- 


*%eCTBO PYHKUMH KOMMaKTHO B MeTpHKe HHTerpana | p\ul?dx. Uo 6bl 3aKOHUHTD BOKa- | 


ny 


SdTeCMbCTBO, MOCTATOYHO MOMYINTb OLWeCHKy 


J plapdx<e,(N) [(iyeP+|al)ax, (6) | 
LQ, K 


d 
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rye ¢,(N) > 0 mpw N- oo u ne 3aBucur or u(x). Mpumenaa TeEOPeMY BAOKeHHA C Npe- 
QebHbIM NOKasaTesem [9, 10], HaxonuM, uTO 


a 1 1 
fpiupar<[F pax] * [flamer] < ef (pax|* fer tlePyax 
gy Sy k Qn pi aR 
mr Mae e771 
B3necb Gs a a 5a, pu m=—=2 uc > 0 —nocro- 
AHHAA, HE 3aBHCAWad OT u(x). Tak Kak neOeroBa Mepa Qj, crpemuTcsa K Hysw Mpa N—> oo, 
To (7) qaet Tpe6yemoe HepaBencTBo Bua (6) npH 


JiemMa noKa3ana. 
: Z 
3°, Hanoxum Tenepb Ha g(X) MONONHUTeADHO caenyiomee ycuoBue. 
Ycaosue A. B mape K cyiectByeT 3aMKHyTOe MHOXxeCTBO F HyaeBoi Meppt, 


Takoe, 4TO PyHkuMA g(x) KBaNpaTHYHO nHTerpupyema m0 K—F,raze F —nponsBoabnas 
OKPeCTHOCTh MHOxecTBa F. 

OuepuqHO, mpH m > 3 ycnopve A He aABAMeTCA HOBbIM OrpaHuueHvem. 

BpeeM Tellepb B paccMOTpeHHe CHMMeTpH4HbIii Onepatop C B Lo(Em), 3aqaHHblli 
BLIpaxkeHuem (1). Ero o6mactb onpexenenus D(C) =D mpu m > 3 upumMem coBnazawmer 


C Co (Em). B caysae m= 2, 3 3TO ompemeneHve MO2%KHO COXpaHuTb, ecau q(x) € L,(K). 


B mpoTtusHoM cayuae B O6aacTb ONpexeneHuaA D Bkao4uUNM BCe Te (yHKkuMN Uw (x) € Co (ns 


KOTOpble OOpaulawTca B HYAb B KaKOH-1H60 OKpecTHocTH MHoxecTBa F, JlerKo BueTb, 
uTo D maotHo B L2(E,,). Ucnoab3ya aeMMYy, HETPyQHO MoKa3aTb, YTO ONepaTop C Moay- 
OrpaHvueH CHH3y. 

SaMbikaHHe KBapaTHuHOH dopMbI 


{ (ye2+qlal)dx (8) 
Em 


onepatopa C B Lo(E,,) WpuBeweT kK €e€ pacipocTpaHeHHI0 110 HeMpepbiIBHOCTH Ha MHOKe- 
ctso D,, tomyueHHoe 3aMplKaHHem D B MeTpHKe 


| dye +1aP)dx.* (9) 
Em 
TIpouenypa 3aMblKaHHA KBaqpaTHYHOK C(POpMbI COOTBeTCTBYET MOCTPOeHHIO pacliMpeHuA m0 
Ppuazpuxcy [11, 9, 12] omeparopa C. Cnextrp 3T0ro pacuimpenua**, KoTOpoe MbI 0603Ha- 
uum C, u OymeT H3y4aTbCA HUE. 


TIpeqmoa0x%xKuM, 4TO OOUlad KpaTHOCTd HeMOAOxKUTeAbHOrO CHeKTpa C OeckOHe4Ha. 
Torga Ha HEKOTOPOM 6e€CKOHEYHOMePHOM JMHeMHOM MHOrooOpa3suu G u3 D, KBaapaTu4- 
Had dopma (8) HenonoxHTeIbHa. OOosHayaa uepes g, (Xx) HM g_ (x) COOTBeTCTBeHHO I0- 


JOKUTEMbHYIO MU OTPHUaTeMbHY!O 4aCTH g (x), 3alMLIeM, ITO 
{(yeeh+aleedx< f g_luPax, (wed). (10) 
Em ise 

Hepapeuctso (10), oueBHIHO, He MO2XKETHMETb MECTA, CCIM Q_ (x) = 0. Nyctp g_ (x) > 0 


Ha MHO2KecTBe NOMOXKUTeEbHOL Meppi. Boreaum B G OecKOHeUHY10 MOCMENOBATEMbHOCTh {Up}? 
OPTOHOPMMpoBaHHyl0 B MeTpHKe MHTerpasa 


{ q_|u Pax. (11) 
Em 
TlocneqoBatTembHocTb {Up}, OYEBUAHO, OrpaHHueHa B MeTPHKEe 
CyePtp(x)laPdx  (e(4)=19(%))), 
Em 


OTKya WerkO CaeyeT Take OrpaHHGeHHOCTh B MeTpHKe (3). Ho Torya B CHy JeMMbI 
JlOKHa UMeTb MeCTO KOMMAKTHOCTb B MeTpHke (11), 470 HeBOSMOxKHO, Takum OOpa3omM, 


WoKasaHa Cleqywulad TeopeMa. 

* TIpupeqeHnoe yrBepxKteHue oveBHnHO pu q (x) = 0. OcTaabHoe BbITeKaeT U3 TOTO 
ato uwneH {g|u|2dx ,cma6o* Bo3mMyujaeT KBaxpaTHuHy10 popmy (9). Odujee yrBepxAeHuE 
Takoro Tuma comepxUTcA B Teopeme 1.2 padorni [5]. 


** Onepatop C, KaK W3BeCTHO, CamocompsKeHHbI. Mobi He OyaeM 3iecb HHTepeco- 
BaTbCA BOMPOCOM 0 EWHCTBEHHOCTH CaMOCONPAXKeHHOFO pacliIMpeHHA olepaTopa (1). 
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Teopema. /Tycmb u3smepuman dbyHkuun g(x) oepaxuuena npu |x| > 1, yOosrzemeo- 
paem ycnosurw (2) (m > 3) (coomsemcmBenHoO ycanosuio (2a) npu m= 2), 6 eduHUuHOM | 


wape K npunadsencum La (K), 20e a= => npum>3ua>il npum=2, a make | 


ydosrzemsopsem ycaosun A. Ilycme’ C —cummempu4nnlii onepamop 6 Ly(Em), onpede- t 
ennui Ha D boipascenuem (1). Tozda onepamop C noayozepaHuuen cHu3sy u Ompuya- | 


MeAbHvL cneKmp e20 pacuupenua no Ppudpuxcy C moocem cocmoAmb Aub U3 KO- 
HeuHO2O uUuCcNa COOCMBEHHDIX SHAXYeHUL KOHeUHOU KpamHocmu. HyAb maKszce He MOICeM 


Oboimb OecKOHe4HOKpAaMHblM COOCMBEHHULM 3HAaXLeHUeM ONepamopa C. 
OTMeTHM B 3akaO4eHHe, UTO ycnoBue A UCMOMb30BaHO HaMH JIMUWb WA KOPpeKTHOrO 


onpeneieHua Onepatopa C Kak onepatopa B Le(E,). lloKka3anHHaa TeopeMa ocTaHeTCA | 
CNpaBeMIMBOli, CCAM CHATb yCNOBHe A, HO ONpezeANTh oMepaTop G HeMocpeACTBeHHO © 


yepe3 3aMKHYTYWO MOcyOrpaHMueHHy!o CHH3y KBakpaTuuHyto dopmy (8), 3aqaHHy! Ha BCexX 
@YHKUMAX C KOHEUHLIM HHTerpasom (9). 


Summary 
Conditions of the finiteness of the number of negative eigenvalues of the opera- 


tor — Au + q(x) u in a m-dimensicnal space are stated. lhe potential g(x) may have , 
singularities (local and non-local) in the finite distance. 


JIATEPATYPA 


T. Ikebe. Eigenfunction expansions associated with the Schroedinger operators and © 
mae applications to scattering theory. Arch. ration. mech. a. analysis, 5, I, 1960. i 


— 


. A. Wospsuep. O pa3noxenun eae dyHKUHH 0 POON ‘yHKUMAM UR 

ee — Au + cu. Matem. c6., 32, Ne 1, 1953. 

. A. A. Tlosp3uHep. O pa3noxeHuAx 10 YHKIMAM, ABAAIOMLUXCH cooernenaeien (yYHK- 
UHAMH 3amauu paccesuHun. JLAH CCCP, 104, Ne 3, 1955. 

M. I. Bupmau. BosmMymeHua KBalpaTHuHbIX (POpM H CNeKTpP CHHIYJAPHbIX rpaHH4-~ 
HbIX 3anay. JAH CCCP, 125, Ne 3, 1959. 

.M. Wl. Bupman. O cnextpe cHHryIApHbIX rpaHH4HBIX 3anay. Marem. c6., 1961, 
(B Tleuartn). 

. M. WW. Bupman. O cnextpe onepatopos Lipeaquurepa u Jlupaxa. JIAH CCCP, 129, 


NEU 959) 


paka. Bectuux Jlenuurp. yu-ta, Ne 7, 1960. 

.C. J. Co6o0ae8. Hexotropble mpvmenenna dyHKWMOHaIbHOrO aHaav3a B MaTeMaTH- 
yeckoH musuke. V3n. Jlenuurp. yH-Ta, 1950. 

. B. WU. CmMupuos. Kypce spoeicmeit marematuxu. V, “3a. 2, M., Pusmatrus, 1959. 

. B. I. Uapun. O teopeme saoxKeHuA -IA MpeqembHOrO nokasateas. JLAH €CGRs 
96, 905—908, 1954. 

whe Pri edrichs. Spektraltheorie halbbeschrankter Operatoren und Anwendung auf 

die Spektralzerlegung von Differentialoperatoren. Math. ann., 109, 4, 5, 1934. 
Gul ape Ilpo6memMa MMHUMYMa KBaypaTH4yHoOro (yHKMONAAA. M.—JI., Voctex- 
v3yart, | 


OOo =y oF or 5 CG tS 


ee 
NO 


. M. UJ. Bupmau. O guckpetHoti uacrH cnextpa omepatopop LIllpeauurepa u Ju- ff 


B. ®. Kpanuesun, I. b. JIMHKOBCKHH Ff 


O TIPHBJIMDKEHHOM PEWEHWH JMo®EPEHUMAJIBHOTO 
YPABHEHHS yO =F Ce, 9) 95 <5 ant 
B pa6ote mpeqaaraetca HOBbIH MeTOR Nona aeeeenons pemennua WupdepenunaabHoro 


ypapuenna y\”) — F(x, y, y’,..., y@—)) nm aaerea ouenka norpemHoctu Merona. 
Jano anddepenunaapyoe ypabHenne Biya 


yg) 2 Pievaray wate. y are (1) 
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B KOTOPOM X €CTb He3aBHCHMad TepeMeHHasd, H3MCHAIOWAACA Ha KOHE4YHOM HHTepBase 
{a, 6], y—ee uckomas cbynkunsa. Myctb tyHkuua F ytosnetsopaet ycaosuio Jlummuna 


| F (x, Vite Og. Ye Baie omg FB |e Pig SVSOSE GE Se yor he 
n-1 

: <K 31 %|. (2) 
a i=0 


Tpe6Oyetca HalirH pelmenue ypaBHeHua (1), yAOBAeTBOPAWUlee HayaAbHbIM yCAOBMAM lipk 
Xo = @: 


n—1 
Sa) aby, y" (a) 0). ey) (a) =O, (3) 
mpuyem bo, b,, ..., 6, CyTb 3aqanHble NOCTOAHHBIe. Paso6bem oTpe3oK [a, b] Ha $ or- 
peskOB TOUKaMM 
RELA CON Sy 5 BOSE (4) 
mM OyYNeM WCKaTb 3HayeHHA y(x,), R= 1, 2,..., S C HeKOTOpOH norpemHocTb. Jlanee 


0603HaauM 4epes y(x) uM y(x) TOUHOe HV NpHOnWKeHHOe pelleHHa cooTBeTCTBeHHO. Cyul- 
HOCTb MpeAaraemMoro MeTOa COCTONT B TOM, 4TO ypaBHeHHe (1) 3aMeHAeTCA Ha OTPe3Ke 
[xp *,,,], 2=0, 1, 2, ..., s—1 ypapnenuem 


yO) = Fix, Yee ¥ (xe oo Wm) (x9) . 


¢ HayadbHbIMn ycosnsamu (3). Takum O6pa3oM, MbI ToayuaeM AerkO HHTerpupyeMoe ypaB- 


HeHHe yl?) = g(x). Oka3pipaeTca, 4TO CHpaBeAAUBO yTBepxKAeHKe 


lim y (x) = y (x) (6) 


max | fara iate 4 =() 


Ha Bcem oTpeske [a, 0]. 


Jaa AOKA3aTeIbCTBa MPpOH3BENMEM OWeCHKY pa3HOcTH 
ey) — y) (ep) = y) (xg), f= 0, 1,2, .00, 0 — 1. 
Bseem HOBbIe OO6O03HA4eHHA: 


Bove zp); Sze ph ey 2, 22) (xp), 


EN yo Ee (7) 
Tora MOXKHO 3allHCaTb CUeTVIOulee PdadBeHCTBO: 
de") (x = ea = = 
— == F(X, Zo, 21, 2a+--> 244) —F(% 20m 21,0 22,0) --* Epes 


Viuterpupya 2T0 paBeHCTBO OT Xz NO x,,, MPH ycaoBHH (2) HM NepexolA K MOAyAAM, 
NOMYYNM HEPaBeHCTBO 
; Faeroe 


pela) | —| | < K J o) | zi — 2), 2| ax. (8) 
xp j=0 


Tlo @opmMyae KOHeUHBIX MpHpauleHuH HMeeM 


2j (x) = 2; p+ 241 (Fs) (% — Xx). 
Torna u3 (8) nosyuuM 


ts n—1l 
cs ‘ Visor he 

a? |] ef? | < Key S)| P| +f Dili ) 
j=0 j=0 


rae hp =|Xp44— Xe |, 6 € [XR Xp yal: 


Jlanee, MHTerpupys ypaBHeHne (1) OT xp M0 x (2 —/—1) pas M Y4UTbIBAA 0003Ha~ 
venusa (7), MO1y4HM 


n—[—2 


x x 
\) (x — xz) 
244 (x) =\---{ TB eg eio e pee Oe 8 RUNES, bys ye 


s=6 
a a 2) 
n—I—1 
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Ho 
Hees js ae a + Zj145~n S=0 1,2,-...0 sd 
Tloatomy 
pri n—l—2 wi hs | 
12), 7h < Mee > ([f*?*? | | 2p ras el) (10) 
xe [X ps R41] : $ 
s=0 

Se ia ike |e | 

[xp, *R+1) 


Yuntuipag (10), u3 (9) nonyuum 
n—l 


me ee Myhr 
| P| <| ef >| km! | 4+ Ft 
n—1 n—j—2 isd | 
+> >» | apse) pel (11) 
t= s=0 } 
rae 
n—1 i n—1 n—j—2 hs 
~\) h, ; _ 
FG G—j— Tl” LE pe >) |z j+lt¢s, Gr mal ° 
j=0 j=0 s=0, 
Ananoruyuno (8) umeem 
had ie *h+1 * = 
, od (z Sheee 7 e a (2,1 ce 2-1) (n—1) 
j n a ax = pee Se Sea eel 17 | esc hp 
ax dx 
Ke Xp Xp 
Ho 
55 n—1 n-1 
dee Snot) Opis Lees 
\ dx a2 fear Dis bison Dil e 
Xp j =0 j=0 
Tloatomy 
= 2) ae 1 x) 
| ee? |— ee alt= )}< | ef alt= hp t+ Koy my HS ef) | +3 P Disa (12) 
J=3 
Boo6me ana J = 1, 2, 3, ..., nm NOomyuHM 
I-1 hj n—1 
-1 —lI) | l 
jsf —[ek-? | < Sap 81 + ae {Seles Dial] 
71 vi 
“ 
I—1 ni, pike —1 
Rese ee |= Dulet ent +i a + a! | Pl + 
nit n—l See ee a 
+p Dy yee la ae od | 
J=0 s=0 im | 
rue | 
n—1 nee net a hs 
A= >) Mp woo + oh [2/5 1ke eae : 
” j=0 


JlAa YIpOuWeHuA BbIKIa_OK 0603HauHM 
= (a—1) |. 
| Biya ae | ep | 
Torga cormacuo [1] noazyaum, uTo 


eet ptt 2 10 +p)*— 1), (1a) Hh 
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rhe ¢ — OuWWMOKa B HAYaAbHDIX JAHHDIX, 


ee he ag 
po N) > + Kah+K a >o gee iD 


aaa | | Ca yO SUNY 
i= J=0 s=0 
2 
= * h=K ae h = max hp. 
k 


> 
B (14) Bropoe caaraemoe xapakrepusyer ouIMOKy MeTONA. 


Summary 


In any partial interval [x,, Xp4i] the equation y= F(x, y, y’, ..., y%) is 


substituted by an easy integrated differential equation yl). = g(x), where g(x) = 


Bo y’ (xp), 2, y"—) (xp). Recurrent and general estimations of error are 
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BbINHCJINTEJIBHAA MALUMHA JIA MORCYETA TPHTOHOMETPH- 
YECKUX PAOB B PEHTTEHOCTPYKTYPHOM AHAJIN3SE 


Jlid ompeweateHud KPHCTaNAHYeCKOH CTpyKTYpbl MHOrO BPeMeHH MpHxXOMuTCA s3aTpa- 
YMBaTb Ha BbINMCICHHE TPHFOHOMETPHYECKUX PALOB, C MOMOMIbIO KOTOPHIX HaXOMATCA 3Ha- 
yeHHA PYHKUHH MeXKATOMHbIX BEKTOPOB HAH PYHKUMM 21CKTPOHHOH NMOTHOCTH MCcAezye- 
Moro KpHcTatia. PaHoHatbHOCTb MpHMeHeHHA IIA STO WeAH ObICTpO H HaexKHO Jell- 
CTBYIOUIMX BbIYMCANTCAbHbIX MaIUHH He BbI3bIBAeT COMHeCHHH. Onnako cyujecTBylonme 
NOPOPOCTOAUIHeE H CNOXWHbIC BLINHCAMTeMbUbIe MAlUMHbl, KOTOPblIe MOFyT ObITb HCHOAb30- 
BaHbl pH 9TOM, He Bcerfa WOCTYNHbI AAA KpHcTansorpaos. 

Mobi Mbitaiuch pa3pa6oTaTb MPHHUMN WOCTPOeCHHA BbINHCAHTeEADHOM MAlWMHbI, C OJ- 
HOH CTOPOHHI, CyUleCTBeHHO OOsergaioMjeH uM yCKOpsioulen pacueTHyio paboTy, Cc Apy- 
ro, — KOHCTPYKTHBHO He CAMUIKOM CAO%KHOH, 4TOObI HE HCKIIOYAIaCb BO3MOXKHOCTb ee 
H3POTOBACHHA B NaOOpaTOPHbIX YCJOBHAX. 

Hawa BblYHCIHTeAbHasf MallIMHa WpeHasHayena JA CYMMHPOBaHHA OMMOMEPHDbIX 


paoB Tuna 


M M 
360 360 
N) F (h) cos Sar Ax Wan >s F (A) sin W hx 


h=1 h=1 


" N 
Maimsnagenin «= 0,1, 2. °.0., wee IIpu 9TOM aerkO Ob6eCHeYHTh BO3MOXKHOCTH OTAeAb- 


Horo CyMMMpoBaHUs “eTHEIX (4=2n) u HeveTHDIX (A=2n+1) rapMouuK. Toraa 10 oObLY- 
Holt cxeMe, IpuHATOH B MeTONaX C TpHroHOMeTpHYeCKUMU TabsMUKaMH (LITpumcaMn), C 
NOMOULbIO TaKOi MAUIMHbl MOXHO BbIYHMCAATh KpaTHbIe PALI Mp OOpaooTKe 9KCMepHMeH- 
TaNbHbIX JaHHbIX PeHTreHocTpykTypHoro uccaeqoBanus. Mauimua BbilomHAeT HanOonee 
TpYMOCMKYIO YACTb BbLYHCAeCHHH — CYMMMPOBAHNA OMHOMEPHbIX PANOB. 

PaspaOaTbipad pHHUMMbl WOLOOHOrO MmpHOopa, MBI NOCTPpOHAM MaKCT MallMHbI, BbI- 
YHCAMIOWLEH KOCHHYCHbIit PAA, COepxKaUM rapMOHUKH He BbILe BOCbMOM B TOUKAX Mep- 


Bol UeTBEPTH Nepnowa, OTCTOAWMX Apyr OT Apyra Ha = nmepuona (M =8; N=60). 

Jlefictsve Hawe2ro ycrpolictBa ocHOBaHO Ha caenywuem. Mckomple 3Ha4deHua CYMM 
pala ONpeweamOTCA NYTEM H3MePeHHA BEAMYHH! HAMpMKEHMA CHCTEMbI MOCMEROBATE AHO 
BKJIOUCHHBIX KOHZeHCaTOpOB. IloTeHuMad KaxKMOFO KOHACHCATOPa WOKECH OTBEYATb BEeAM- 
unHe F (h) cos (6hx)°. Ina 3apsukn KONeHCATOPOB ObIIH NMOCTPOCHbI ABA 91CKTPOHHbIX 
cTaOHIM3aTOpa HalpwMKeHHA, COCIUHEHHbIE MOCAEAOBATCAbHO Tak, STO TPH BbIXOAHDIX 
KI€MMbI IpHGopa oTBeyaloT 3Ha¥eHuAM MoTeHiHata B 109, 0 4 —100 6. Makcumaabuoe 
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SHaveHHe YHCACHHOH BEAMYMHbI HalpsxxKeHHA Ha 9TOM CTaOHH3aTOpe OTBEIaeT BepxHeH 
PpaHHue YCAEHHBIX 3HaveHMH F (fh), O6ectleunBaeMOH CUeTHOH MauiMHOli. JlioObIe YHCAeH- 
uble 3HayeHua F(A) Mexay HyYMeM HU BepXHeH TpaHHuel 3aqaioTcA C NOMOMIbIO MOMOWKe- 
Hui IBWKKOB Ha pse OAMHAKOBbIX conpoTuBAeHuK RK. Kawnoe Takoe MOAOKeHUE ABIKKA 
HAaXOQMTCA MO Hallps2xKeHHIO, BOSHMKalollemMy Ha compoTHBaeHHHn Rh, Mex Ay KOHTAaKTHOH 
TOUKOM ABYXKKOB M KOHIOM compoTHBaeHua FR, ecaH K OOOHM KOHaM TOCcaeMHero NpH- 
KaJbIBaTh Hanps»xeHHe v=100 6, co cTa6uaM3aTOpa HaNpsxKeHUH. f 
BapaakKa KOHJEHCATOPOB MpOH3BOANTCA C MOMOI[bIO MOTCEHUMOMETPOB, KaXKIbIH 13 
KOTOPBIX COCTABARETCA MOCACLOBATEAbHBIM COEAMHEHMEM ABYX COMpoTuBAeHHH Fy, UR, 


IIpHYeM BEAM! Ven ObIIN 3aaHbl 3apanee IIpH rpatYupoBke mpHoopa B COOTBETCTBHI 
C YpaBHeHHem 


R 


REET ee 


f 1 
= cos (64x) ain Fp —R ae (ix 1), 


Ha Koulbl 9THX NMOTEHLWMOMETPOB MOsaeTca cTaOvAN3sNpOBaHHoOe Hanpaxenne |v{— 100 6, 
BCAeACTBHe vero NayeHne HallpsxKeHuA Ha conpoTuBAeHnH AR OKa3sbiBaeTCA PaBHbIM 


4. Banommemp 


ce NS A i AD 


KOM 100 15,47 100 15,47 


TIpHHIMMMadbHad CXeMa BbINHCAINTeAbHOH MaliHHbl. Ha 
PHCYHKe TIpMBeweH TOAbKO ONMH M3 BOCbMH KOHZeHCATO- 
pow (OTBeEUaIOUINH NATOH rapMOHUKe) MH NOTeHWMOMeTpH4e- 
cKad CXeMa, Cyaan WA 3apAKU 9TOTO KOHAeHCaTOpa. 


|u| cos (6Ax)°. Ecan monoxenne JBY2xKKa Ha CoNpoTHBAeHHH R oTBeuaeT BemNuHHe | F], 
TO M@2KAY KOHWUOM CONMpPOTHBJEHUA HW erO TBYQXKKOM (Ha compoTuBAeHuu RA) BO3HNKAeT 
pasHocTb nmoTeHiHatos | F | cos (6#x)°, HeOOxoqUMaAd BAA 3apsAAKN COOTBETCTBYIOM[eErO KOH- 
nencatopa. B tex cayuaax, Korqa Hao ObINO YYNTHIBATH OTPHIaTeAbHbIi SHAK AAA COs (6Ax)°, 
COOTBETCTBYWMIHE MOTCHINOMETPHI, 3apsArKaWMlNe KOHNEHCATOPEI, 3apaHee, pu M3roToR- 
N€HHH MalMHbl, IPUKTOUaIHCh WIA WHTAaHHA OT KAeEMM 0,—100 6 cTaGnansaTopa Hamps- 
“«KeHHA. I1pH STOM BKIIOYCHUA OCYHIECTBAAINCh Tak, UTO BHELIHHE KOHUbI COMpOTHBAeHUI 
Tyy WOMaBatuch Ha KAemMMy — 100 6 nau + 100 6, B TO BpeMA Kak BHEWHHE KOH Co- 


nmpoTuBienun R peera coequHAANCh C KMeMMOH O 6. OrpuaTenbHbI 3Hak KoadduuHeH- 
TOR pata F(A) yunrpipaetca pH CYMMHPOBaHHH C MOMOMLbIO MepeMeHbI MOMO0COB IpH 
BKJIOUCHHM COOTBETCTBYWUIErO KOHeHCATOPA B MOCMEROBATeAbHYW Ilelb. 

Jina OOCTYKHBAHHA BHIUHCIeHMH PANOB C TrapMOHWKaMM He BBIWIe BOCbMOL Obra 
UCMOMb3OBAHO BOCEMb KOHJeHCaTOpOB emKocTHIO 10 mKq (THHa KBP MH—250 ea). Jina 3a- 
JaHvsA BOCbMH BeMUNH KOadduunentosw F (A) cayxXuIH BOCeMb ConpoTuBaAeHHH CII-1 co 
snayennem R — 10° om. Beanunub sHayenuit 7, HAXOMUAMC B UNTepBare 550 OM < Try, < 
< 940 om (we cuntan sHayeHui r,,=0 u ry, = oo), 

Jia Kaxkoro cOmpoTHBAecuuA 7,, BbIOUpadca HOMMHAA conpotuBaenusa CII-1, ne- 
CKOMbKO MpeBOcxXodAUMH HeOOXoWNMyIO BeANUMHY r,,. B page rapMOHUK Mp pasHpix 
SHAYCHHAX X MCHOMb3SYIOTCA OAH M Te KE 3HAYeHHA CONpOTHBAeHHH 7,,. B raxux cayyaax 
IA OOCHYKUBAHUA COOTBETCTBYIOMWMX TapMOHHK TpeOyeTCaA UNCIO CONPOTHBAeHHH MeHbINE 
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mIecTHaMlaTH (tan x« = 0, 1, 2... 15). Beanuuna rey Ha KaxkOM conpotHBaenun CTI-1 


SalaBalaCh MOMOKEHHEM WBUKKA, KOTOPOe HAaXONMTOCh C MOMONbIO WTencCeAbHOrO MocTa 
YutcTona, nocae MOHTAKAa STHX CONPOTHBACHHM Ha Taare CueTHoit mMawmupl. Haitgenupie 
NOMOKEHHA ABMOKKOB HaBcerga PUKCMPOBAANCh. 

Bo n36exanHe OWHOOK B OMpe_eNeHHM MCKOMOIL BEAHUHHDI, CBASAHHBIX C paspaakon 
KOHTCHCATOPOB, H3MEPeHHA HalpsKeHHA edawTCA C NOMOLMbO AaMMOBOrO BOAbTMeTPa. 
Muranne angia aamnbi 62K2I1 sroro Boabtmetpa OCYUIECTBAAETCA C MOMOM{bIO 31eKTPOH- 
uoro c#fSuansatopa, wozawurero BeIHMUNHY HanpsKeHUA B 350 + 0,01 «. 

Coctapaenne NOTeHUMOMETPOB U3 CoNpoTHBAeHHii ryy HR, HeOOXOMUMbIX JIM 3apAAKH 


KOHACHCATOPOB, a Take COEMMHEHHE KOHAECHCATOPOB B NOCHE LOBATeAbHYIO WeMb (K KOH- 
aM KOTOPON MpUCOeCAMHEH JaMNOBbIH BOABTMETP) NPOHSBOAATCA MepeKAOUeHMAMH, OCY- 
MECTBAAEMbIMH C MOMOMIbIO pete. OOMOTKH STHX Pee MMTAWTCH BHINPAMJCHHbIM TOKOM 
HalipaAxkeHnem B 90 6B. 

Coctapaenue NnoTeniomerpoB B HalleM MaKeTe O6cayxuBaeTCA ieCTHamaTDIC 
BOCbMHKOHTAKTHBIMH pene (PKH 7357). IIpu stom pene noyKauaer OMH U3 KOHILOB 
CONPOTHBICHHA Fyp_ K OMHOMY H3 KOHWOB compoTuBTeHHa R. Jro BHIMOMHAeTCA OHUM 
pele ONHOBPeCMeCHHO WIA BCX BOCbMH TapMOHHK AA ONpeemenHHoro 3HaYeHHA BeMH- 
4MHbI xX. 

IIpucoequHeHve KOHAeHCaTOpOR K COCTABJEHHbIM TAKUM O6pa3s0M MOTeHUMOMeTPpaM, 
a4 TakoKe COCTABIEHHE MOCIEFOBATEABHON NEM 3 3apsH2KCHHBIX KOHEHCATOPOB, OCYULeECTB- 
JAeTCH C MOMOMbIO WPyrHXx pese. 

OHOBpeMeHHO STHMH %e pete LOCTHTaeTCA MpMCOeAMHEHHE AaMMOBOrO BOADTMETpA 
K KpaiHHM KJ€MM4M YHOMAHYTOH WocweqoBaTeabHOH UWenM. Jina BHINOAHeEHUA 3THX KOM- 
MYTAIMH KOHTAKTHI peste WOWKHbI pacnowaraTbca B BUe MepeksouaTese, cpequne KOH- 
TaKTbI KOTOPHIX MOFYT MOTKIIOVaTbCA TO K OMHOMY, TO K Apyromy w3 coceqHHX Cc HUMH 
KOHTaKTOB. HeoOxoquMoe 4YHCAO TAKUX ONHONMOMOCHBIX NepekmouaTeneH WA CueTHOL Ma- 
AUMHbI ITOH KOHCTPYKUNN LOMXRKHO PaBHATbCH YABOCHHOMY UMCTY rapMOHUK B psay. 

Yerpipe pene tuna PKH Y 17! 7608 o6ecneunsaior 16 nepeKmouyatedeli, Heobxo- 
THMbIX Jd HaweroO MaKeTa. CpeqHWe KOHTAKTHI NepeksouaTeneH pene mpucoeqHMHAIOTCA 
kK OOKNaqKaM KOHZeHcaTOpoB Ch. Ilpu orcyrcTBHH TOKa B pese OHA OOKNaaKa KaxKOTO 
KOHJe€HCaTOpa COeJHHEHA C JIBHXKKOM COOTBETCTBYlOMlero compoTHBeHua A, a Bee Wpy- 
rue c HyleBpoH kKiemMoH. TakKuM oOpa30M pH 9TOM kaxcjplit KOHAeHCaTOP NpHK1OUeH 
K COOTBETCTBYIONIEMY NOTCHIMOMETPY WIA 3apA KH. 

JleicTBHeM pede Ka bIii U3 3apAAeCHHBIX KOHCHCATOPOB OTKMIOUAeTCA OT TMOTEH- 
UMOMeTpa H TepeksIoyaeTCH K BHEWHHM KOHTaAKTaM OTBeYaIONWeroO eMY JBYXIMOMOCHOrO 
nepekmiouatena (tyMOaepa). IIpu sTom o6pa3yetcx NocieqoBaTeAbHaA Web Oaronaps 
TOMY, 4TO KaxKbIH CpeqHHH KOHTAKT KaxwKWOorO TyMOdepa COeqNHeEH CO CpeXHHM KOH- 
TaKTOM COCeAHHX TYMOaepoB. BuelwiHHe KOHUbI ITOH MOCHeEMOBATeADHOH WeNH 3aMKHYTHI 
Ha JaMNOBbIM BOAbTMeTp. OHO M3 BYX BO3MOXKHbIX MOMOMKENMM KaxKLOrO TYMOMepHOrO 
epekmiouaTeia, KOTOpOe cemyer 3aaTb NpeBapnTebHO B COOTBETCTBHH CO 3HaKOM 
Koappuunenta F(h), EpewonpeweanT NOAAPHOCTH BKMOYCHHA COOTBETCTBYIOMeETO KOH- 
NeHCaTOpa B MOCAeEAOBATEAbHYIO LWellb. 

Jlad BHINHCeCHHA CYMMbI PAA MALIMHe HalO 3aaTb BEJHUHHDI UH sHakH kKoaddurn- 
CHTOB pada. ITO BHIMOAHAETCA C MOMOMIDIO PYVEK, YUPABAAIONINX NOABMKHbIMH KOHTAKTAMU 
conpoTuBaennit R (Bemuynna Koadpdpunuentos Ff (A)) uC MOMOMIbIO ABYXMOMOCHBIX TYMO- 
JepOB Ha BHIXOWe OCHOBHOTO O0Ka MauiMHb! (3HAaK KOs@puiMeHTOB F (A)). Haxounenue 
CYMMBI, OTBeYalOIleH KaKOMY 3HaYCHHIO BEHYMHbI xX, TpeOyeT YeTbiIpexKpaTHOrO Nepe- 
KMOUeHHA TYMOReEpOB (BKMIOUeHNe pete ANA 3apANKN KOHAEHCATOPOB, BKMOVeHHE pee 
IMIA U3MEPeHHA CYMMbI pAMa, BHIKNIOVEHNA YHOMAHYTHIX pene). Kpome 10ro, MO2xKeT ere 
BO3HUKHYTb HEOOXOAMMOCTh MepeksIOYeHHA TYMOJepa AaMMOBOrO BOMbTMeTpa MPH OOpar- 
HOM HallpaBJeHuM OTKOHEHHA B CTpesOUHOM Mpnoope. 

Ckopocth HaxoMKJeHua 3HayeHHA CYMMBI pala B 15 TOUKAX MOpAyKa WBYX MUHYT. 
9Ta CKOpOCTh HE 3aBHCHT OT YMCA CKMAMbIBAeMBIX TFAPMOHHK, Tak Kak CaMa Olepauna 
CIOKEHUA MpONCXOAMT MrHoBeHHO. [lorpeuHOCTh pe3yAbTaTa BbIYHCMCHMA PAA He Wpe- 
BocxoyuT 2%. Maker MallHHbI YCUeWIHO IpHMeHAICA Ha MpakTH4eCKUX 3aHATHAX MO pAIAM 
Pyppe ctyzentamu JIPY naa Boraucaenua MpHMepoOBw NpOCcTHIX rapMOHMYECKHX CHHTCSOB, 
B3ATbIX 43 “3BecTHOI cratpu H. B. Beaopa u B. VW. Moxeeson. Ilocrpoenne Maketa He 
TpeOOBalO HUKAKOFO CHelHadbHOrO CAOAHOrO OOOPyAoBaHHA. OH CO3NABAICA B YCHOBHAX 
OOMITHOH Mab6opaTOpUN WA PeEHTreHOCTPYKTYpHOrO aHa.n3a. 


Summary 


A model of the computing machine for x-ray structure analysis is constructed and 
put into operation. The manufacturing of the device presents no great difficulties pe 
in cases when special equipment is not at hand in an ordinary x-ray laboratory. a 
effectiveness of the machine has been proved by performing the Fourier-syntheses 
in x-ray laboratory practice of the University students. 
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